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Wave Pattern Selection in an Excitable System
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Wave pattern selection between periodic spirals and periodic circular pacemaker waves in excitable
media is investigated with numerical simulations in a FitzHugh-Nagumo reaction-diffusion model.
When spirals have oscillatory tails circular waves are more likely dominant over spirals, whereas
it is opposite when spirals have monotonic tails. In both cases a coherent state is achieved in an
asymptotic limit with a single period and a velocity. The observed wave pattern selection mechanism
seems to underlie the competition between spirals and circular waves observed in signaling activity of
Dictyostelium discoideuramoebae population. [S0031-9007(97)04280-4]

PACS numbers: 87.10.+e, 05.70.Ln, 82.20.Wt, 82.40.Ck

In a variety of chemical, biological, and physical me- It is our interest to know in general context of excitable
dia, we find coherent spatiotemporal patterns of chemicahedia, what the underlying mechanism behind the wave
waves referred as “excitable waves” [1,2]. Two topologi-pattern selection is and how the asymptotic state varies
cally different wave structures are known to exist inwith a systematic change in a control parameter. These
excitable media identified so far—circular waves andquestions are investigated numerically with a FitzHugh-
rotating spirals. These waves have been a subject of niNagumo reaction-diffusion model that has been used as a
merous studies during the last two decades because of thgjeneric excitable system faithfully capturing the behavior
interesting nonlinear dynamics and more recently becaus# many excitable waves [8]. Our FitzHugh-Nagumo
of their various biological or physiological implications in model is a two-species reaction-diffusion model:

a variety of living systems [3-5]. Many different aspects JU

of excitable waves have been addressed before but the dy- — =VU -V +U - U?,
namical process of entrainment between different types of ot

waves and the resulting wave pattern selection are poorly vV = _ _
understood. Understanding such phenomena would be ar OV + e(U — aV - B).

quite important in explaining many biological phenomena
including morphogenic development of amoeba population
[3], heart dynamics and associated diseases [4], and sig-
nal processing in neurons such as in the visual cortex [6].
The origins of circular waves and spirals in excitable
media are very different. A concentric circular wave train
arises from a “pacemaker” that periodically initiates a
wave, whereas a rotating spiral forms from a broken wave
end that is not associated with any pacemakers. Pacema
ers are known to be spatial inhomogeneities randomly dis
tributed in the medium. In a given excitable medium, a
spiral selects a unique period [7] for a given initial con-
dition, whereas circular wave trains (or targets) generate:
from pacemakers can have different values of period. Ir S
both cases, waves travel away from the sources and upc(b) 58
collision they annihilate. In the presence of stochastic
noise and random distribution of inhomogeneities, spirals
and various pacemaker wave trains can coexist simulta

Peouslyr,] but tco[n{f)ete.tz;l]nd u_Itln:ater .egtralr:j eachlot'f:e'glG' 1. Processed darkfield images showing two different
0 a conerent state with a singlé period and a vVeloCilyy, e competitions in populations of amoebdietyostelium
Th_e final asymptotic states are in some cases governed Ryscoideum In (a) spiral wave pattern (at 6:16) is the time
spirals and in other cases governed by pacemakers. Aasymptotic state selected from an initial mixed state of spirals
example of such competing dynamics resulting in two dif-and circular pacemaker waves (5:58) [at a cell population

.density of21.8 X 103 cells/cn?], whereas in (b) circular waves
ferentt.tc?herle r;)t W?Ve patter_ns Wta S report'ed rlfacentI)t/' Igtlre selected (11:45) from an initial mixed state (9:45) [at cell
guantitative laboratory experiments on a signaling activy,,nation density 0.3 x 10° cell/cm?]. All frames show a
ity in populations of amoeb®ictyostelium discoideum 24 x 18 (mn?) domain. The details on this experiment can be

(Fig. 1). found in Ref. [3].
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The variablesU and V represent the concentrations of source. Two different wave trains upon head-on collision
the activator and the inhibitor species, respectivaedy«,  annihilate each other. Therefore, if one wave train has
and g are parameters of the reaction kinetics, @and the a smaller period than that of the second wave train,
ratio of diffusion coefficients of two species. the spatial location where the collision occurs would
Numerical simulations of the model are performed togradually shift toward the source with a longer period
investigate competitions between a spiral and a pacemakand eventually the slower source would be entrained. The
wave in an excitable regime (Fig. 2). The spiratat 0  slower one loses its role as a source for waves. A similar
originates from a straight wave segment that is initiallyphenomenon was discussed earlier by V.I. Krinsky and
placed on the upper right-hand corner. A pacemaker i&. . Agladze in the context of induced spiral drift [9].
also initially seeded at the lower left-hand corner. The It has been known that for any excitable media there
sequence of frames in Fig. 2(a) shows a spiral wave gradis a lower limit on the period of wave train below which
ally invading a slower pacemaker, inhibiting the nucleationthe structure is unstable [10]. An excitable medium can
of circular wave, and eventually setting the period of thesupport various periodic wave trains as long as their
entire system in a coherent one of its own. By choosingeriods are greater than the lower limit. A spiral is then a
different values ofe and 8 for the pacemaking region, particular wave state among the many allowed states by the
however, it is also possible to have a pacemaker with anedium [11]. This is also true in the FitzHugh-Nagumo
smaller period than the rotation period of the spiral inmodel, and it can be best illustrated on a dispersion curve
otherwise the same medium. Figure 2(b) shows such shown in Fig. 3(a) [12]. First, there exists a minimum
case. Thistime, the pacemaker wave train gradually takgseriod ;). When a pacemaker hasrasmaller than
over the spiral territory and sets the period of the wholer,,;,, no wave can be initiated at all or the wave initiation
system to the one of the pacemaker. The broken wave erskips at every two or three periods, or becomes intermittent
at: = 140 is no longer able to generate waves of its own.[13]. For these cases, the average period of the wave train
The two asymptotic states shown in Figs. 2(a) ands longer thanr,,;,. For the given parameter values spiral
2(b) are significantly different. First, one has spiralselects a unique period) and velocity ¢,) as marked
and the other has circular waves. Second, they hawith a square [Fig. 3(a)]. Hence, if there is a pacemaker
different periods and wavelengths. These differences the medium that happens to have a period betwggn
originate simply from the fact that the pacemaker inandr,, it will eventually entrain spirals. In the opposite
Fig. 2(a) [Fig. 2(b)] has a period longer [shorter] than thecase, spirals will entrain slower pacemakers.
rotation period of the spiral. We find that the competition If we assume that pacemakers with different periods
between two different wave trains is based solely on theito appear are equal in a medium with random inhomo-
periods, regardless of the nature of the wave-generatingeneities, the size of the gafhnin < 7 < 75, then should

FIG. 2. Two different competitions between a spiral and a periodic pacemaker. In (a) the spiral entrains the pacemaker, whereas
in (b) the pacemaker entrains the spiral. The spirals have a rotation perfdddof The pacemaker (a small region with a radius

of 4 grids) in (a) and (b) produces waves at a periocb@fi and44.3, respectively. For the bulk mediuna, = 0.12, a = 1.0,

B = —0.2,andé = 0.1. The pacemaking region in (a) and (b) has=t 0.06, 8 = 0) and € = 0.04, B8 = —0.12), respectively.

The equations are computed using a fourth-order Runge-Kutta method with adjustable time step. Each ird&ge 48 grids

shows theU field in 256 grey scale.
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15 . T T T humps [Fig. 4(a)]. The origin of these extra humps can be
(a) understood by examining the delicate structure of the flow
generated by the local dynamics of spiral around the fixed
point of the associated homogeneous system as shown in
Figs. 4(b) and 4(c). While the trajectory generated by
the local dynamics approaches the fixed point from the
left and escapes to the right immediately wher= 0.06,
it approaches and makes a few small loops before being
reinjected to the right whee = 0.12 and0.14. During
10 30 50 20 " 110 the extra loopings, _the variati_ons i and V are very
T small but the dynamics are quite slow.
A simple linear stability analysis on the homogeneous
T T system shows that the associated fixed point is a stable fo-
(b) cus except for small values ef (0 < € < 1.66 X 107%)
for which it is a node. Hence, the flow generated by
T the homogeneous system spirals into the fixed point for
§ most parameter regime that is being considered. The lo-
50 F : cal dynamics of the spiral in a diffusively coupled system
T. is, however, not the same as the dynamics generated by
i the homogeneous system, since it is strongly influenced
€48y by the neighbors. Foe < ¢,, the perturbation from at-
0.00 0.05 0.10 0.15 tached neighbors is strong enough to completely bypass
the spiraling loop, whereas fer > ¢, the perturbation is
not strong enough to avoid the extra loop. The abrupt

10 r

05

0.0

FIG. 3. (@) A typical dispersion curve [velocity vs periodr]
numerically computed for the FitzHugh-Nagumo model,,;,
and v,,;, are the minimum period and the minimum velocity
of a periodic wave train that can be supported by the medium. € =0.06 €=0.12 €=0.14
7, and v, are the rotation period and the velocity of a spiral (@) — T T
determined by the medium. The parameter values used are the
same as in the caption for Fig. 2, except 0.06. (b) 7, (dot)

and r,,;, (diamond) plotted as functions ef U

reflect the probability of having a pacemaker wave state -1
as the asymptotic pattern. We thus investigate hqw

and ,;, vary with a systematic change in a control pa- (b)
rameter [Fig. 3(b)] [14]. It is found that,;, slowly de- 05F T F )
creases monotonically with increasirg On the other
hand, 7, initially decreases very much like;, with in-
creasinge but starts to increase abruptly and sharply be-
yond €, = 0.1175. With the decreasing sequence af —

a similar discontinuous transition occursegt = 0.1085, ] S | SR | SR
slightly smaller thare,. The two abrupt transitions are (c) -1 v 1-1 u 1-1 v !
hysteric, forming a narrow bistable window [12]. Conse-
quently, the gap between andr;, stays very small and 037

hardly changes before the bistable window, but sharply IR—— - Q
increases thereafter. Accordingly, the probability that the I j
circular wave state would become a final state from an ini- 4

tial mixed state is much higher in the region to the right aeee=

of the bistable window. This becomes more pronounced-0.42 . . .
ase increases beyoné,. -0.62 U -0.52 -0.62 U -0.52 -0.62 U -0.52

The abrupt increase i, at €, is directly related

with the qualitative shape change in the refractory tailFIG. 4. (a) Time series dfl field obtained at a fixed location

of spiral. For e < e, (for example, e = 0.06) each aWay from the spiral's core in simulations of spiral, (b) time
wavéJ monotonicall lae(<:a s to tr?e next wav)e but for o o> of theU and V fields plotted in U-v phase plane,
y Yy ’ (c) blown-up pictures of (b) near the fixed point (marked with a

€ > €, (for example,e = 0.12 and 0.14) each wave square) of the homogeneous system. Plots in each column are
has an oscillatory tail showing a few small amplitudeobtained with the values af given on the top.
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transitions of the bistability are due to the underlyingexperiment for statistical analysis of the pacemaker pe-
threshold dynamics and the hysteresis is due to the differiods and quantitative investigation of the wave profiles.
ing perturbation strengths that are set by the wavelengtBince the FitzHugh-Nagumo model has been used suc-
of the associated wave train. cessfully as a generic excitable system for investigating

The qualitative shape change in the refractory tails withvarious phenomena in diverse excitable systems, the ob-
a change in control parameter can be also noticed in theerved phenomena would likely occur in a broad range of
signaling patterns of amoeba. In Fig. 1(b) at 9:45 mosexcitable systems.
waves have a noticeable secondary hump shadowing the We acknowledge many helpful discussions with
primary wave peaks, while in Fig. 1(a) no such secondarf. Cox, R. Goldstein, and A. Winfree. The work was
hump is visible. According to our model analysis, thesupported in part by the Ministry of Education of Korea
probability of having pacemaker waves as the asymptoti€(DSRI-96-2444), the Ministry of Science and Technology
state is great when spirals have an oscillatory tail, wherea@1PC-COSE) of Korea, and Korea University.
it is low when spirals have a simply decaying tail. The
experimental results shown in Fig. 1 seem to be consistent
with the model analysis.
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