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Field-Induced Gap in S 5 1yyy2 Antiferromagnetic Chains
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In a recent neutron-scattering experiment on the quasi-one-dimensionalS ­ 1y2 antiferromagnet Cu
benzoate, a gap was induced by an applied magnetic field. We argue that the primary mechanism of the
gap formation is an effective staggered field due to both the alternatingg-tensor and the Dzyaloshinskii-
Moriya interaction. We explain the dependence of the gap on the applied field, as well as identify
several peaks in the structure factorSsq, vd. [S0031-9007(97)04220-8]

PACS numbers: 75.10.Jm
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Quantum spin chains have attracted much interest
a long time. This is partly because sophisticated the
retical analysis, such as exact solutions, can be appl
to one-dimensional systems. Furthermore the effect
quantum fluctuations is more significant than in highe
dimensional systems, resulting in many interesting ph
nomena. On the other hand, progress in experimen
techniques has increased the opportunity to obse
physics of one-dimensional systems. In a recent high fie
neutron-scattering experiment [1] on Cu benzoate, whi
is a (quasi-)one-dimensionalS ­ 1y2 antiferromagnet,
the field-induced shift in the soft-mode momentum
observed for the first time. Although the shift of th
momentum is consistent with previous theoretical analy
on the Heisenberg antiferromagnetic chain, the experim
also found an unexpected excitation gap induced by t
applied field. The observed gap is proportional toH0

0.65

where H0 is the magnitude of the applied field. While
the data are consistent with the power law with the sam
exponent0.65 for three different directions of the applied
field, the coefficient depends on the direction. The rat
of the coefficient is found to be0.55 : 1.0 : 2.0 for the
field applied in a00, b, c00 axes, which are the principal
axes of the effective exchange interaction. (For a detai
description of the compound, see Ref. [2].) The observ
gap can be as large as0.3J where J is the exchange
coupling in the chain direction, atH0 ­ 7 T where the
average magnetization is0.06 per site.

In this Letter, we discuss the mechanism of the fiel
induced gap observed in Cu benzoate. We argue that
primary mechanism is due to an effective staggered fie
As pointed out by Denderet al. [1], an effective staggered
field is generated by the alternatingg-tensor. We found
that the effective staggered field is also generated by
Dzyaloshinskii-Moriya (DM) interaction, and the latter is
no less important than the former. Our theory succe
fully explains the experimental data, including the ang
dependence of the gap. For quasi-one-dimensional co
pounds with alternating crystal axes, both effects are e
pected. Thus, our theory should apply to such compoun
in general.
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Since the interchain coupling is very weak in the com
pound, the gap formation should be understood primari
in a one-dimensional model. In this Letter, we restric
our discussion to one-dimensional models. As a first ap
proximation, the system would be described as the sta
dard isotropic Heisenberg antiferromagnet. Actually, th
neutron-scattering data at zero magnetic field is consi
tent with the theoretical analysis based on the standa
Heisenberg model with exchange couplingJ ­ 1.57 meV.
However, the standard Heisenberg model in an applie
field remains gapless from zero magnetic field up to satu
rated magnetization [3]. Thus we have to consider som
modification.

Even if we generalize the model Hamiltonian, the sys
tem remains gapless for generic values of the magnetiz
tion, as long as it has rotation symmetry about the directio
of the magnetization (we call this axial symmetry here
after). This can be seen from Abelian bosonization or th
generalized Lieb-Schultz-Mattis theorem [4]. Since th
gap is observed with a continuously changing magnetiz
tion, it must be related to a breaking of the axial symmetry
We bosonize, following the notation and conventions o
Ref. [5], and take the direction of the magnetization as th
quantization axis (z axis). The breaking of the axial sym-
metry allows the operatore2piRf̃, wheref̃ is the dual field
andR is the compactification radius. If this operator ap
pears in the Hamiltonian with a nonvanishing coefficient
and it is relevant (in the renormalization-group sense), w
expect an energy gap.

A simple possibility of axial symmetry breaking is the
exchange anisotropy, including the dipole-dipole interac
tion. However, the magnitude of the anisotropy is of orde
of 1% of J [1,2]. From a bosonization analysis, which we
do not discuss in detail in this Letter, we estimate the ga
induced by the exchange anisotropy as1025J at the field
of 7 T. This is too small compared to the experimenta
value up to0.3J. Thus we must seek another mechanism

Cu benzoate has alternating crystal axes, which gives
alternatingg-tensor. Because of the alternatingg-tensor, a
uniform applied field produces an effective staggered fiel
on the spin chain as pointed out in Ref. [1]. Moreover
© 1997 The American Physical Society 2883
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an additional contribution to the effective staggered fiel
comes from the DM interaction, which is also present du
to the alternating crystal axes. Both lead to a transver
staggered field; namely, the direction of the staggered fie
is (almost) orthogonal to the direction of the magnetization
As we will see, these two contributions to the staggere
field are of the same order and both are important
analyzing the angle dependence of the gap.

According to Ref. [2], the localg-tensor for Cu ions is
given by g ­ diags2.08, 2.05, 2.36d in the local principal
coordinates. Because of the alternating direction of th
oxygen octahedra around the Cu ions, the princip
axes of theg-tensor alternates along the chain. In the
experiment, the field is applied in the principal direction
sa00, b, c00d of the total exchange anisotropy. (For details
see Ref. [2].)

Theg-tensor ina00, b, c00 bases [2] is given by

g ­

0B@ 2.115 60.0190 0.0906
60.0190 2.059 60.0495
0.0906 60.0495 2.316

1CA , (1)

where6 corresponds to the two inequivalent sites. Fo
example, if we apply the magnetic field inc00 direc-
tion, the effective staggered field generated byg-tensor
is s0, 0.025, 0dH in a00bc00 coordinates. (The sign of
the staggered field is defined by referring to the eve
sites.) For field applied inb00 and a00 directions, it is
s0.0095, 0, 0.025dH ands0, 0.0095, 0dH, respectively.

On the other hand, ignoring other than the neares
neighbor interaction, DM interaction in the chain can b
written as

HDM ­
X

j

s21dj $D ? s $Sj 3 $Sj11d . (2)

Note that the factors21dj is present, as required from the
crystal structure [2,6]. When a magnetic field is applied
an effective staggered field is generated through the D
interaction. In fact, we can eliminate the DM interaction
by a redefinition of the spin variables [7,8]. For simplicity,
let us assume the$D points in thez direction. Then, the
Heisenberg Hamiltonian with a DM interaction is given by

H ­
1
2

X
j

fJ S1
2j21S2

2j 1 J pS1
2jS2

2j11 1 H.c.g

1 J
X

j

fSz
2j21Sz

2j 1 Sz
2jSz

2j11g , (3)

whereS6 ­ Sx 6 iSy andJ ­ J 1 iD. By the rotation
about thez axis by an alternating angle

S1
2j ! S1

2jeiay2, S1
2j21 ! S1

2j21e2iay2, (4)

where tana ­ DyJ, the Hamiltonian is transformed to

H ­
1
2

jJ j
X

j

fS1
2j21S2

2j 1 S1
2jS2

2j11 1 H.c.g

1 J
X

j

fSz
2j21Sz

2j 1 Sz
2jSz

2j11g . (5)
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Namely, the DM interaction is eliminated, resulting in a
anisotropic exchange coupling. This anisotropy would
canceled by the exchange anisotropy before the redefi
tion of Eq. (4), under some assumptions [8]. In any ca
the resulting anisotropy would be small for Cu benzoa
and is neglected in the present Letter.

When an external magnetic field is present, the Zeem
term appears in the original Hamiltonian. For example,
we apply the magnetic field in thex direction, the Zeeman
term is HZeeman ­ 2H0

P
j Sx

j whereH0 is the external
field. After the redefinition (4), the Zeeman term gives

2H0 cos
a

2

X
j

Sx
j 2 H0 sin

a

2

X
j

s21djS
y
j . (6)

Namely, the effective staggered field of streng
H0 sinsay2d is generated in they direction. For general
directions of the DM vector$D and the external field$H0,
the direction of the effective staggered field is$H0 3 $D.
If D ø J, thena , DyJ and the staggered field is given
by $H0 3 $Dy2.

In Cu benzoate, a staggered field is already pres
before the redefinition, due to the alternatingg-tensor. The
total effective staggered field is obtained by the redefiniti
of the Zeeman term (6) together with the alternatingg-
tensor. For a small alternating part of theg-tensor, the
total effective staggered field is given by a sum of tw
effects. Both effects produce a transverse staggered fi
(orthogonal to the direction of the applied field), apart fro
the small longitudinal component due to the uniform pa
of the off-diagonal elements of theg-tensor. We neglect
the longitudinal component of the staggered field, which
actually very small in Cu benzoate.

Thus we are led to consider a one-dimensional Heis
berg Hamiltonian with mutually perpendicular uniform
field H and staggered fieldh

Ĥ ­
X

i

fJ $Si ? $Si11 2 HSx
i 1 hs21diSz

i g , (7)

with H ¿ h. It is instructive to analyze the model (7
in the standard spin-wave theory approximation (lowe
order 1ys expansion) [9], although some of the conclu
sions will be modified when we take into account on
dimensional quantum fluctuations more accurately. T
classical ground state is a canted antiferromagnetic str
ture. The canting angle measured from thez axis,u, de-
termined by minimizing the classical energy is the solutio
of 2Js sin2u 2 H cosu 1 h sinu ­ 0. Now considering
fluctuations around this classical ground state to lowest
der in 1ys gives two branches of spin waves, in the an
ferromagnetic Brillouin zone (jkj , py2) with energies

E6skd ­ hf2Js cos2u 1 H sinu 1 h cosu

6 Jss1 2 cos2ud 3 coskg2

2 fJsscos2u 1 1d coskg2j1y2. (8)
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In the caseh ­ 0, the minimum energies of two modes ar
E1 ­ H andE2 ­ 0 at k ­ 0. The2 Goldstone mode
corresponds to a precession of the spins around thex axis.
A nonzero staggered fieldh gives this mode a finite gap.
To leading order inh but all orders inH this is given by

E2s0d ­
q

4Jshf1 1 sH2y8J2s2dg f1 2 sHy4Jsd2g1y4.
(9)

Note the singular dependence onh but the weak depen-
dence onH; E2s0d is essentially independent ofH until
H ø OsJsd. Conversely, the upper modeE1s0d depends
only weakly onh but strongly onH. In the caseh ­ 0,
the existence of the upper mode at energyH is more rigor-
ously established [10] without the spin-wave approxima
tion. The upper modeE1 is presumably observed in the
experiment: the peak at higher energyh̄v , 0.8 meV in
Fig. 3(c) of Ref. [1] is consistent with the upper mode en
ergyH ­ 7 T , 0.8 meV. Taking into account 1D criti-
cal fluctuations, the power-law behavior of the lower ga
E2s0d ~ h1y2 is changed toh2y3, as we will discuss below.
It is reasonable to expect the weak dependence of the low
gap onH to remain true.

The low-energy behavior of the system should be we
described by Abelian bosonization. In the bosonizatio
approach, the only effects of the uniform fieldH is shift of
the Fermi momentumkF (i.e., the soft-mode momentum)
and the renormalization of the compactification radiusR.
The transverse staggered field is mapped to the opera
coss2pRf̃d. Thus, the effective low-energy theory for
the model (7) is given by the sine-Gordon model with th
Lagrangian density

L ­
1
2

s≠mfd2 1 const3 h coss2pRf̃d . (10)

The operator coss2pRf̃d has dimensionpR2, and is more
relevant than the exchange anisotropy. Actually, it is th
most relevant operator in the system. At zero field, th
system is isotropic andR ­ 1y

p
2p; the dimension of

the staggered field operator is1y2 [5]. The radiusR is
affected mainly by the uniform field. Its effect may be
estimated from the Bethe ansatz solution for the Heise
berg model under a uniform field. The dimension o
the operator coss2pRf̃d is reduced topR2 ­ 0.41 at
H , 0.52J (7 T for Cu benzoate). While the uniform
field does affect the low-energy excitation, the effect
not drastic. This is consistent with the spin-wave calc
lation. We expect theH dependence of the soft-mode
momentum to be only slightly modified by the staggere
field sinceh ø H and hence the good agreement betwee
theory and experiment noted in [1] remains.

A standard scaling argument shows that the gapD is
proportional toh1ys22dd whered is the dimension of the
relevant operator andh is the total effective staggered field
If we neglect the effect of the uniform fieldH, d ­ 1y2,
and thusD , h2y3 ­ h0.67. Precisely speaking, there is
a log correction due to the presence of the marginal o
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erator [11]:D , h2y3j ln hj1y6. The log correction is not
significant in the present case. While the field-theory arg
ment gives the exponent for the gap, it does not determi
the magnitude. Thus, we studied numerically the exc
tation gap of theS ­ 1y2 Heisenberg antiferromagnetic
chain under a staggered field (but with no uniform field)
by Lanczos method up to 22 sites. The result is show
in Fig. 1. We found that, for small staggered fieldh, the
lowest excitation gap to the total magnetization1 sector
behaves consistently with the field-theory prediction. W
fixed the proportionality constant as

D ­ 1.85shyJd2y3Jj lnshyJdj1y6 (11)

from the numerical result.
Since the effective staggered fieldh is proportional to

the applied fieldH0, the gap should be proportional to
H

2y3
0 . This is in a good agreement with the experimen

[1] in which the gap is found to scale asH
0.65s3d

0 for
three directions of the magnetic field. This supports ou
basic claim that the field-induced gap is due to the e
fective staggered field. If we include the change inR2

due to the uniform field, the exponent changes to0.63
at H0 ­ 7 T. Taking an average, the agreement with
the experiment is improved. Moreover, the sine-Gordo
model (10) is integrable. The elementary excitation
are given by soliton, antisoliton, and soliton-antisoliton
bound states (“breathers”), and their exact mass rati
are available [12,13]. (For an introduction, see, for ex
ample, Ref. [14].) At the isotropic pointR ­ 1y

p
2p,

there are two kinds of breathers, and the mass of th
lighter breather is degenerate with the soliton/antisoliton
forming a triplet. The mass ratio of the triplet and the sin
glet (heavier breather) is1 :

p
3. When the SUs2d sym-

metry is broken, the triplet is split and the mass rati
for light breather (antisoliton)soliton and heavy breathe

FIG. 1. The lowest excitation gap to
P

Sz ­ 1 sector in the
Heisenberg antiferromagnetic chain, induced by the stagger
field h. The gap is obtained by an extrapolation of finite-
size gap by Lanczos method up to 22 sites. Both gap an
h are measured in unit of the coupling constantJ. The data
are well fit by the field-theory predictionh2y3j ln hj1y6, with a
coefficient1.85.
2885
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is 2 sinfp2R2ys4 2 2pR2dg : 1 : 2 sinfp2R2ys2 2 pR2dg.
For H0 ­ 7 T, pR2 ­ 0.41 and the ratio is0.79 : 1 :
1.45. This is close to the ratio of three peaks observed
Figs. 3(c) and 3(d) of Ref. [1], at 0.17, 0.22, and 0.34 me
(0.77 : 1 : 1.55).

In the experiment, the magnitude of the staggered fie
due to the alternatingg-tensor depends on the direction
of the applied field. The ratio is0.019 : 0.053 : 0.049 for
field applied ina00, b, c00 directions. This can be under-
stood in our theory, because the proportionality consta
betweenh and H0 depends on the field direction. If we
only consider the staggeredg-tensor effect, the ratio of the
gap is0.0192y3 : 0.0532y3 : 0.0492y3 , 1 : 2.0 : 1.9. This
does not explain the observed ratio of the gap0.55 : 1 :
2.0. In particular, the order of gap forb andc00 is reversed.
Thus, it is necessary to include the effective staggered fie
due to the DM interaction, in order to explain the gap.

In general, the magnitude of$D is argued to be of order
of sDgygdJ whereDg is a shift ofg factor in the crystal
[6]. In Cu benzoate,Dgyg , 0.1. While a more precise
estimate of $D in Cu benzoate is unknown, it should be
in ac plane (or equivalentlya00c00 plane) from the crystal
structure [2,6]. Thus$D is specified by two parameters,
for example, byD ­ j $Dj and the anglex between $D
anda00 axis. We first determined$D so that it reproduces
the experimentally observed angle dependence of the g
a00 : b : c00 ­ 0.55 : 1 : 2.0. We found two solutions:
sx , Dd ­ s0.22, 0.034Jd and s20.0066, 0.10Jd. (x is in
radians.) Both directions are close toa00 axis (ora0 axis)
as claimed in Ref. [2]. Moreover, both values ofD
are consistent with the general estimateD , sDgygdJ ,
0.1J. Thus, it has been shown that a reasonable magnitu
of the DM interaction can give the angle dependenc
observed in the experiment.

We can also estimate the magnitude of the gap fro
our theory, using (11). For the former solutionsx , Dd ­
s0.22, 0.034Jd, the gap forH0 ­ 7 T applied in theb
direction is 0.096J. For the latter solutionsx , Dd ­
s20.0066, 0.10Jd, the gap for the same field is0.15J.
Both give a correct order of magnitude compared to th
experimental value,0.2 meV ­ 0.13J in Ref. [1]. More
quantitative comparison would require further analysis o
the specific heat data, since aspects of the treatment
Ref. [1] could be questioned. They fit the low-temperatur
specific heat by six independent massive bosons with t
same gapD, but the sine-Gordon theory predicts fou
elementary excitations with different masses, as discuss
While their estimate presumably gives a correct order
magnitude, the precise value would be changed by a refin
analysis. Experiments with other field directions woul
provide a further check of our theory.

Finally, we comment on other consequences of our th
ory. From a scaling argument, the staggered magnetizat
2886
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behaves asH
1y3
0 . The direction of the staggered magneti-

zation is given by the effective staggered field. Thus ou
theory could be tested if the staggered magnetization
measured. Moreover, by the redefinition (4), the physica
spin operator corresponds to a rotated spin operator in th
Heisenberg antiferromagnet without the DM interaction
While it has no drastic effect on the neutron-scattering
experiment, it affects the susceptibility measurement dra
matically. The observed susceptibilityxexp is given by
a linear combination of the uniform susceptibilityxu and
the staggered onexs of the Heisenberg model. Since the
latter diverges at low temperature,xexp would also di-
verge at low temperature. This could explain the enhance
ment of the susceptibility observed in Ref. [15], though a
quantitative theory would require inclusion of interchain
interactions. Further discussions, including details of th
arguments in the present Letter, will be given in a future
publication.

We thank Collin Broholm for many stimulating discus-
sions, as well as for providing results prior to publication.
The numerical calculation in this work was based on the
program packageTITPACK version 2.0 by H. Nishimori.
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