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What Does the Field Dependence of the Thermal Conductivity of the Heavy Fermion
SuperconductorUPt3 Tell Us about the Symmetry of the Order Parameter?

M. Houssa* and M. Ausloos
SUPRAS, Institute of Physics, University of Liège, B-4000 Liège, Belgium

(Received 20 March 1997)

We investigate the field dependence of the thermal conductivityk of UPt3 single crystals for
magnetic fields applied along the basal (ab) plane and along thec axis, respectively. The effect
of heat carrying electrons scattered by quasiparticle excitations in the vortex cores is calculated for
an anisotropic superconducting gap parameter of eitherE1g or E2u symmetry. It is shown that the
anisotropy of the field dependence ofk allows one to probe the symmetry of the superconducting
order parameter and favors theE2u gap parameter, i.e., with quadratic point nodes along thec axis.
[S0031-9007(97)04248-8]
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It is now widely accepted that heavy fermion mater
als like UPt3 and related compounds are unconvention
superconductors [1,2]. The low temperature power la
behavior of their thermodynamic and transport propert
[3–5], the coexistence of superconductivity and antife
romagnetic long range order [1], and the complexsH-T d
phase diagram observed in these materials [1,2] are
natures of unconventional (anisotropic) superconduct
pairing mechanism. However, it was recently pointed o
that the symmetry of the superconducting order param
ter of heavy fermions is still undetermined and contr
versial [6]. Knowing the extreme importance of such
physical property for the understanding of the superco
ductivity mechanism(s), as in the case of high-Tc super-
conductors [7], it is of interest to tackle the problem in
convincing way.

In this Letter, we analyze the experimental data
Suderowet al. [8] on the effect of a magnetic fieldH on
the thermal conductivityk of UPt3 single crystals for fields
applied either along the basal plane or along thec axis in
the low temperature and low magnetic field region, i.e.,
the so-called “B phase” of UPt3. We show for the first
time (to our knowledge) that the anisotropy of the fie
dependence ofk is consistentwith a gap parameter ofE2u

type [9], in contrast to the alternativeE1g form [10]. We
recall here that theE1g gap parameter has linear lines o
nodes along the basal plane and linear point nodes al
the c axis while theE2u gap parameter possesses line
lines of nodes along the basal plane and quadratic po
nodes along thec axis.

Let us first recall that Behniaet al. [11] have shown that
the temperature dependence of the thermal conductivity
UPt3 belowTc is almost entirely due to electrons. Beside
Lussier et al. [12,13] and Fledderjohann and Hirschfel
[14] have pointed out that theanisotropyof the temperature
dependence ofk along theabplane andc axis should probe
the symmetry of the superconducting order parameter
heavy fermions superconductor; see also Huxleyet al.
[15]. As a matter of fact, thetemperaturebehavior of the
thermal conductivity is related to theenergy Edependence
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of the density of states (DOS). Since the DOS depen
linearly onE both along theab plane and thec axis for an
E2u gap parameter,kesT d is found to be isotropic in that
case [14]. On the other hand, the energy dependence
the DOS is anisotropic for anE1g gap parameter, leading
to an anisotropictemperaturedependence of the electronic
thermal conductivity in theE1g model [14]. However,
the complex structure of the Fermi surface and inelas
scattering effects complicate the analysis of experimen
results; see, e.g., Ref. [16]. Consequently, theE1g and
E2u symmetry for the order parameter of heavy fermion
cannot be definitively distinguished through the field fre
temperature dependence ofk.

The anisotropy of the field dependenceof the ther-
mal conductivity seems, however, to discriminate betwee
these two gap parameter symmetries. Behniaet al. [17]
previously reported the field dependence of the therm
conductivity of UPt3 single crystals. These authors argue
that the anisotropy ofksHd could probe the symmetry of
the order parameter of UPt3, but failed to explain their ex-
perimental results from a quantitative point of view. Be
sides, their analysis was mainly restricted to the data
the close vicinity of the upper critical fieldHc2, thus con-
sidering the so-called “C phase” of theH-T phase dia-
gram of UPt3. In the present Letter, we are concerne
about the low temperature and low magnetic field regio
(the so-called “B phase”), i.e.,T [ f0.1 K, 0.3 Kg and
B [ f0 kOe, 1.2 kOeg.

The field dependence of the thermal conductivity o
a superconductor can be calculated using the express
of Kadanoff and Martin [18], derived within the linear
response method

ke-y
m sH, T d ­

h̄3

2kBT 2mp
m

Z
d $k

k2
m´s $kd2

Ge-ys $k, H, Td

3 sech2
µ

Es $kd
2kBT

∂
, (1)

where mp
m is the anisotropic effective mass with

m ­ sx, y, zd, Ge-y the electron-vortex scattering rate
© 1997 The American Physical Society 2879
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and Eskd ­
q

´s $kd2 1 jDs $kdj2 the quasiparticle energy

spectrum in which́ s $kd is the normal state band structur
and Ds$kd the $k-dependent superconducting energy ga
parameter.

We point out that Eq. (1) has been recently used by Y
et al. [19] and Aubinet al. [20] in order to analyze the field
dependence of the thermal conductivity of YBa2Cu3O72x.
These authors [19,20] found that their data in the low fie
and low temperature region could be quite well reproduc
by considering an anisotropicd-wave gap parameter. The
same approach should also be valid in the case of UPt3, and
the more so in the low field and low temperature regio
investigated in this paper.

An ellipsoidal Fermi surface withmp
abymp

c ­ 2.8
[12,13] is considered in order to model the anisotrop
normal state electronic structure of UPt3. Below Tc, we
consider either an anisotropicE1g hybrid gap parameter

Ds$k, T dE1g ­ Ds0d fk̂zsk̂x 1 ik̂ydg tanh

√
1.74

s
Tc

T
2 1

!
(2)

or an anisotropicE2u hybrid gap parameter

Ds $k, T dE2u ­ Ds0d fk̂zsk̂x 1 ik̂yd2g tanh

√
1.74

s
Tc

T
2 1

!
,

(3)

wherek̂m are normalized wave vectors along them direc-
tion. These latter expressions for thek dependence of the
gap parameter have been previously considered by Sa
[2] within the anisotropic Ginzburg-Landau theory of su
perconductivity—expressions which come from develo
ments of the order parameter on the basis function of t
D6h group.

Equations (2) and (3) should be compared to the on
used by Grafet al. [21], for instance. These authors use
restricted developments of Eqs. (2) and (3) in the vicini
of the gap nodes in order to perform analytic calculatio
in the very low temperature regime. We consider that su
different choices for the form of the order parameter shou
not alter the main conclusions of our investigations.

The electron-vortex scattering rateGe-y is calculated
here in the Born approximation, considering the Coulom
scattering between heat carrying electrons and the bou
quasiparticles in the vortex cores as in Refs. [22], i.e.,

Ge-ys $k, H, T d ­
V

2p3

Z
d $k0 s1 2 cosudPe-ysk, k0d ,

(4)

wherePe-ys $k, $k0d is the scattering probability given by

Pe-ys $k, $k0d ­
2p

h̄
jk $k, cj se2y´0rd j $k0, c 0lj2f0sEd

3 f1 2 f0sE0dgf0s´nddsE0 2 Ed , (5)

where c is the wave function of the bound states i
the vortex cores and́n ­ nh̄2ympj2 sn ­ 1, 2, . . .d the
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bound energy levels [23], withj the superconducting
coherence length. We point out that we have conside
a quite simple form for the scattering by the bound sta
in the vortex cores. Let us recall that Volovik [24] ha
emphasized that the vortex structure of unconventio
superconductors should contain all the basis functio
of the symmetry point group of the material, and mo
specifically ans-wave component. Like in our previou
work [22], we have then used wave functionsc in Eq. (5)
that are linear combinations of spherical harmonics. Sin
all the orbitals of the hydrogen atom can be genera
using such linear combinations, our simple modelizati
of the vortex structure of UPt3 seems to be reasonable an
is supported by symmetry arguments indeed.

On the other hand, in the low field region investigate
in this paper, the assumption that the electron-vortex sc
tering strength lies in the weak coupling limit seems re
sonable. Hence, the Born approximation should be va
here. Notice that the situation is different for electro
impurity scattering in the field free case. As a matter
fact, impurity scattering is pair breaking in an unconve
tional superconductor, which in turn leads to the bet
validity of the unitarity (strong scattering) limit [16].

In the low field and low temperature region, the ord
parameter of a superconductor with lines of nodes in
gap parameter has been shown by Won and Maki [25
behave like

Ds$k, T , Hd ­ Ds $k, Td
q

1 2 fHyHc2sT dg , (6)

whereHc2sT d is the temperature dependent upper critic
field. The temperature dependence of the upper criti
field in UPt3 presents an anomalous anisotropic behav
for fields applied along the basal plane and along
c axis, respectively [26]. In order to account for th
latter anisotropy, we have fitted the experimental resu
of Shivaramet al. [26] by using the phenomenologica
expression

H
m
c2sTd ­ H

m
c2s0d f1 2 sTyTcdag , (7)

whereHc2s0d ­ 27.2 kOe anda ­ 1.2 for m ­ a, b and
Hc2s0d ­ 21.2 kOe anda ­ 2 for m ­ c, respectively.

The field dependence of the normalized thermal cond
tivities kmykmsB ­ 0d of UPt3 single crystals has been
measured in Grenoble [8], for thermal gradients=T and
magnetic fieldsH applied, respectively, along theabplane
and thec axis sH k =Td at T ­ 0.1 K and T ­ 0.3 K
(Fig. 1). The thermal conductivity is seen to decrea
rapidly at low magnetic fields and to saturate at high
fields, i.e., forH $ 0.8 kOe. The decrease is faster at lo
temperature, where the anisotropy of the thermal cond
tivity between theab plane andc axis is more important.

The solid lines in Fig. 1 result from direct fits to th
thermal conductivity data obtained with anE2u gap pa-
rameter. We fixed the following values of the physical p
rameter for UPt3 [27]: Tc ­ 0.5 K, Ds0d ­ 1.76kBTc ­
7.6 3 1022 meV, mp

abym0 ­ 130, and mp
abymp

c ­ 2.8.
In contrast, for theE1g model, the field dependence o
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FIG. 1. Field dependenceH of the normalized thermal con-
ductivity kmykms0d of UPt3 single crystals [8] for fields applied,
respectively, along theab plane (dark symbols) and along the
c axis (open symbols) atT ­ 0.1 K (circles) andT ­ 0.3 K
(diamonds). The solid and dashed lines are theoretical cur
obtained, respectively, for anE2u [Eq. (3)] and anE1g [Eq. (2)]
gap parameter symmetry.

the thermal conductivity is found to beisotropic (see be-
low), and the best fits to theab-plane thermal conductivity
correspond to the dashed lines in Fig. 1.

The experimental results of Suderowet al. [8] are thus
quite well recovered by our theoretical calculations fo
an E2u energy gap parameter. A further quantitative te
resides in the values of the anisotropic in-plane and o
of-plane upper critical fieldsHc2s0d obtained from these
fits, i.e., Hab

c2 s0d ­ 26.7 kOe andHc
c2s0d ­ 20.5 kOe, in

fair agreement indeed with the values found from the da
of Shivaramet al. [26]; see above.

Theanisotropyvalue of the field dependence of the nor
malized kbsHdykcsHd ratio is next shown in Fig. 2 at,
respectively,T ­ 0.1 K and T ­ 0.3 K. The theoreti-
cal curves resulting from the above theory are shown

FIG. 2. Anisotropy of the normalized field dependence o
the thermal conductivitykbykc of UPt3 single crystals from
Ref. [8] at T ­ 0.1 K and T ­ 0.3 K. The solid and dashed
lines are fits obtained with our calculations for, respectively, a
E2u and anE1g gap parameter.
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well. One can see thatksHd is predicted to be completely
isotropicfor theE1g symmetry. One can also observe th
the experimental data of Suderowet al. [8] can bequanti-
tatively reproduced by considering anE2u gap parameter.

We recall that Volovik [24] has predicted that the ma
contribution to thefield dependence of the quasiparticl
density of statesin an unconventional superconducto
arises mainly from the excitations in the vicinity of the ga
nodes belowTc. Since theE1g gap parameter Eq. (2) van
isheslinearly along the basal plane lines of nodes as w
as along thec-axis point nodes, thefield dependenceof the
quasiparticle DOS [hidden in the kernel of the integral
Eq. (1)] is quite similar along these two directions. Th
leads to the samefield dependenceof the thermal conduc-
tivity in both directions, as shown in Fig. 2 for theE1g case
indeed. On the other hand,ksHd is markedlyanisotropic
for the E2u symmetry. This allows us to conclude that
differentfield dependence of the DOS exits when the fie
is along the basal planelinear lines of nodes or along the
c-axisquadraticpoint nodes.

Finally, we should comment on the thermal conductivi
in UPd2Al 3 single crystals which increases with the ma
netic field in the whole field range atTyTc ø 0.2 [28].
This is due to the fact that the size of the vortex cores
UPd2Al 3, of the order of 150 Å [29], is small compared t
the electron wave lengthle ø 350 Å. Consequently, the
electron-vortex scattering rate should be quasinoneffec
in UPd2Al 3, leading to an increase ofksHd due to the in-
crease of the quasiparticle DOS with the magnetic fie
The behavior is quite different in UPt3 sincele ø 400 Å
is of the same order of magnitude as the vortex core s
2js0d ø 300 Å [27]. Hence, the electron-vortex scatte
ing rate is important in UPt3 and ksHd decreases at low
fields; see Fig. 1.

In conclusion, the field dependence of the thermal co
ductivity of UPt3 can be explained by considering th
scattering of heat carrying electrons by the bound qua
particles in the vortex cores of an unconventional sup
conductor. Besides, the anisotropy of the field depende
of the thermal conductivity for fields applied along theab
plane and thec axis has been shown to be mostly se
sitive to the field dependence of the DOS in the vicini
of the gap nodes, whatever the form of the Fermi surfa
and the occurrence of inelastic scattering processes.
sides, this anisotropic behavior is not compatible with
E1g gap parameter symmetry but can be quite satisfac
rily reproduced by considering a gap parameter with l
ear point nodes along the basal plane and quadratic p
nodes along thec axis, i.e., as in aE2u superconducting gap
parameter.
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