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Ladder Proof of Nonlocality without Inequalities: Theoretical and Experimental Results
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We show how a previous demonstration of nonlocality without inequalities for two spin-half particles
can be improved so that a greater proportion of the pairs are shown to be subject to a contradiction
with local realism. This is achieved by considering more settings of the apparatus at each end. Also,
we report on an experimental realization employing a tunable source of polarization entangled photons.
The experimental results violate locality (modulo, the efficiency loophole). [S0031-9007(97)04135-5]

PACS numbers: 03.65.Bz, 42.50.—p

There have been various demonstrations of nonlocalitghat
without inequalities [1-3]. One due to Hardy [3], which
can be implemented with two polarization entangled pho-
tons (see also [4—6]), has been tested in two experiments
[7,8]. However, in this proof, only approximately 9% of
the pairs of photons are shown to be subject to a contra-
diction with local realism. In this paper we show how
this percentage can be improved to ()% (whereé is . N
any small finite number). Also we report an experimental Probidp = 1.By = 1) = 0. ©)
demonstration of this effect, employing a tunable sourcéHere, the statemem; = 1 (A; = 0), for example, im-

PK=PI'OHAK=1,BK=1)¢0, (6)
ProbA; = 1,B,-1 =0)=0 fork=1toK, (7)

ProbA;—; = 0,B, =1)=0 fork=1toK, (8)

of polarization entangled states (shown in Fig. 1). plies thatA; has been measured aAg (A;) is the out-
We consider a polarization entangled state for twocome. First we will show that these properties, in con-
photons of the form junction with locality, lead to a contradiction and then we
IU) = al+)al+)s — Bl=dal—)p. (1) }/;/]ill show how it is possible to realize them in quantum
eory.

On photon A (B) we make polarization measurements
along one of theK + 1 possible directionsA; (By),
where k = 0 to K. The corresponding quantum states
are |A;) and |By) with orthogonal state$d; ) and |Bj-),

Consider the exampl& = 2. The “ladder” form of
the contradiction is shown in Fig. 2. Assume that, for
one particular run of the experimen; and B, have been
measured and the resulis; = 1 andB, = 1, have been
) Ybserved [that this is possible follows from prediction
the subsystema andB, and hence we can write (6)]. Assuming local realism, it follows from the result

|+)a = cilAr) + e 1AL, (2) A, =1 and prediction (7) that, ha#, been measured,

Y _— the resultB; = 1 would have been observed. Similarly,
1=)a = ()" lAn) = <A, (3) B, = 1 and (8) imply that, hadi; been measured, the
|-+)s = cilBr) + cif|B), (4) resultA; = 1 would have been observed. This takes us
I . one rung down the ladder (Fig. 2). We can repeat this to
| =) = (ct)"|Bi) — cilBi). () go down again, obtainingly = 1 and By = 1. Hence,

In order to have a contradiction between locality andit follows from local realism thatdy = 1 and By = 1
quantum mechanics, we want to choageand B, such  with probability at least equal t®g, which contradicts

0031-900797/79(15)/2755(4)$10.00 © 1997 The American Physical Society 2755



VOLUME 79, NUMBER 15 PHYSICAL REVIEW LETTERS 13 ©TOBER 1997

N

£
Coincidence rate (s*)

(Al (B ) 1¥) =0, (12)

S

and property (8) requires
(A1 (Bl 1) = 0. (13)

DDy &
°D,ND,

=

500 0 500
Az (um)

Both of the above equations lead tecici—; +
Bc,fck_l = (. To satisfy this, we can write

cy = —N'Bcp-1, ct =Nact,, (14)

whereN’ is a real constant. From Egs. (11) and (14), we
obtain

Correlator

|| “_ cp = N/I(_l)kﬁk+l/2’ C]g_ — N//ak+l/2’ (15)

FIG. 1. The experimental arrangement. The dotted lines showhereN” is a real constant. The probabili is given
the invar table and slide used to vafix. The inset shows a by
typical scan overz showing visibility of about 92%.

Pi = [(Ax (B D) ). (16)

prediction (9). Similar reasoning applies for other val-Using (1)—(5), we obtain
ues ofK. Hence, local realism is incompatible with the s 1 17
above properties. The special case, whkre= 1, was Pg = lack — Bleg)l™. (17)
given in [3]. It has been pointed out by Stapp [4] thatg hgtituting Eq. (15) into this, and remembering normal-
the K = 1 case is equivalent to a logical contradiction ;. .+ ;
ization, we obtain

of the formA = B = C = D, but A = D. The gen- 5
eral case is then equivalent to a contradiction of the form [ ap — pa?KH!
A= B=..-= Z, butA = Z. Px = B2K+T 1 g2K+1

We will now show how properties (6)—(9) can be _
realized in quantum theory. For simplicity, we will take If we have a maximally entangled state so that=
« and B to be real and positive, and we will takg B initially, then Px =0 for all K, and there is no

andcj to be real (corresponding to linear polarizations).contradiction with local realism. If we choose = 1,
Property (9) requires then it can be shown that the maximum value ®f

. is 9.0% realized whernv/8 = 0.46. This is the case
(Aol (Bol) [¥) = 0. (10) previously considered in [3]. If we takk = 2, then we
Using (1)—(5), this givesecg — Blcg)? = 0 which is  find that the maximum value @, is 17.5% realized when
satisfied when a/B = 0.57. WhenK = 3, the maximum value oP; is
co = NB'2, ¢t = Na'?, (11) 23.5% realized when /B = 0.64. As we increas& we
also increase the maximum value ®§, and the value of
a/B required to realize the maximum tends towards the
value 1 (the value taken for a maximally entangled state).
sometimes From (18) we see that, a& — «, Px — min(a?, 82)
A=1 B,=1 for « # B. Sincea = B = 1/4/2 gives Px = 0, we
see that the maximum value &g is (50-6)% and is
realized for largeK and a state that is not quite maximally
entangled.
In a real experiment, inequalities are necessary to show
that the errors do not wash out the logical contradiction
A1:1 B1=1 that local realism faces. The Clauser-Horne inequalities
can be written [6]

(18)

whereN is a real constant. Property (7) requires

PI’OdAk = 1,B;, = 1) - Prol:(Ak,I =1,By—1= 1)
= ProbA; = 1,B;-1=0) + ProbA;—; =0,B,=1).
(19)

Ag=1 Bo=1
0 never 0 Using a method similar to that of Braunstein and Caves

FIG. 2. The form of the ladder contradiction for case= 2. [9], we sum these inequalities ovier= 1 to K and we get
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K
ProbAx = 1,Bx = 1) — ProdAg = 1,By = 1) = Z [ProdA; = 1,B;—; = 0) + ProblA;,—; = 0,B, = 1)]. (20)
k=1

Since all term, except the first in this inequality, are eqlhabnd so that the effective state becomes
to zero in the ideal case, the inequality is violated by an i +x2)
amount equal t@x [given in Eq. (18)]. In fact, following Cosp1) codpa)e lo)alo)s o

the method in [10], the inequality (20) can be derived — sin(¢) sin(¢2)e’ ™ T2 |e) 4 leds . (24)

by expressing the probabilistic condition that the abovq:ina”% pathsA andB are analyzed in linear polarization

Colrzltcr)svd:/(\:/goeriﬁr:j%ggrirlg)eevtehrehzgtzzrll.experiment as showrg 21 anglef s by means of a polarization rotatd,s
in Fig. 1. A BBO (3-barium borate) crystal cut for type- and a fixed Glan-Taylor polarizing beam splitter oriented

| phase matching (optical axis is at33s pumped by a to transmit ordinary (horizontal) and reflect extraordinary

200 mW UV cw argon laser (with wavelength 351.1 r]m).polarlzatlon. Detector®4(04) (in the transmitted path)

; ; ndD4(6,4) (in the reflected path) are on tifeside, and
Pairs of photons with the same wavelength (702.2 nm imilarly Dp(05) and Dy(65) are on theB side. The

are selected by diaphragms in paths 1 and 2 (as Show&btectors were equal cooled avalanche Si diodes (EGG-

in Eig. 1). Th?Se. photons initiall.y.have hor?zontal (or SPCM-200PQ) with quantum efficiency equal to about
ordinary) polarization so that the initial statelis);|o),. 60% and a noise rate of about 100 Hz. Before each

Next the photons pass through Fresnel rhomb pOIariZ"’lﬁoaetector is a diaphragm and a 0.4 nm interferential filter

rotators with variable angle settings; and >, and the which defines a coherence length of 50t [11]. These

state becomes very narrow filters were used to reduce the effects of

[cod(¢1) [0} + sin(¢1) le)i][codeha) [0)r + sin(da) [e)2].  dispersive elements in the setup. elf1™%) = ¢iki+x),
1) Eq. (24) is of the same form as Eq. (1). To arrange

) ) .~ this condition, a “trombone” was formed by mounting
Here e represents vertical (extraordinary) polarization. qmirror M2 and polarizing beam splitt on a slide that

Path 1 passes through a trombone arrangement (Wilfhy he moved in a direction parallel to paBhthrough
displacement parametér;) which is used to over_la}p the 5 displacementAx (this displacement was computer
photon wave packets to get the correct conditions foggniqlled via a piezoelectric mounting). In order to

interference. This displacement is varied by a computegngre greater stability against temperature fluctuations,
controlled micrometrical stage. After this each photonyyis glide was constructed from the alloy invar (which has
passes through a 4 cm long calcite crystal splitting the, yery |ow expansion coefficient) and, furthermore, the
ordinary and extraor_dinary polarizations.onto separatg|ige “the mirrorM1, and the polarizing beam splittér
paths. The extraordinary path from calcite crystal 1\ ere all mounted on a small table also constructed from
impinges on one input port of polarizing beam spli®er inyar A7 was set to ensure the correct time conditions for
and the ordinary path 2 from calcite crystal 2 impingesinterference (the cases where both photons go the same
on the other inpqt port of this polarizin_g beam splitter.Way were useful in accomplishing this), than: was set
Similarly, the ordinary path 1 from calcite crystal 1 and g gngyre the correct phase of entanglement. The visibility
the extraordinary patd’ from calcite crystal 2 impinge 1 aasured when z was varied was about 92% (Fig. 1).

on the two input paths of polarizing beam splittBr For a given value oK the optimum value ofa/g

If the total path lengths to the polarizing beam splitterswhich maximizesPx [calculated from Eq. (18)] is real-
(measured, say, from the BBO crystal) are denoted; By ized by appropriate settings @, and¢,. We can write
(in an obvious notation) then the state just before these

beam splitters is |A(0)) = cog64) [+)a + SiN(04) |—)a,
[cos{q’;l)e”‘f lo)) + sin(¢1)e"x7 ledr] where(+) corresponds to and(—) corresponds te. By

ixg . ixg taking the inverse of Egs. (2) and (3) and using (15), we
X [coda)e™ lo)+sin(¢a)e™ le)r]. (22)  ging that the appropriate setting 6f, for measuringA,
The polarizing beam splitters (which here are actuallyiand similarly forBy) is given by

functioning as “beam mergers”) are oriented so that they

transmit ordinary polarization and reflect extraordinary tan(93) = tandy) = (~1(a/p)" ">, (25)

polarization. Hence, all photons end up in pathand/or OnceK has been chosen aid;, Ax, ¢, and ¢, are set

B, and the state becomes appropriately, the count rates corresponding to the joint
[cogi)e™ |0)g + isin(¢))e™ |e)a] probabilities appearing in Egs. (6)—(9) can be measured

o . by using the transmitted channels in each case. The

X [codea)e™ fo)a + isin(¢a)e™ le)s] (23)  count time for each measurement was 300 s. The need

(where the phase factoiis picked up on reflection). We to stabilize phase variations meant that longer count times
postselect only those cases where one photon goes to eaabuld not be used. To obtain probabilities these rates
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K=1 K=3

0.5
1, 8)) PO, 05) (82,68 )() P(8s, 6) —— Theory
(81=-18, 6, = -18) 0.089 £0.008 (03=-12, 0;=-12) 0234004 ® Experimental data
(8, =-18, 6 =+34%) 0.008 + 0.002 ©:=-12,8, =+18%) 0.010 £0.002 041
(06" =+34%, 8, =-18) 0.009 +0.002 (0,4 =+18%, 0;=-12) 0.019 £ 0.006
(8o=+34, 6p=+34) 0.013 £0.003 @yt=-274,6,=+18) 0.029 +0.007 03 |
K=2 (6:=+18, 0,4 =274 0.024 £ 0.006 )
(01=-27, 86" = +38.5Y) 0.025 £ 0.007 (=%
(84, 6)() P(84. 65) (Ot = +38.5%, 0, = 27) 0.041 £0.009 02 ¢
(6,=+14, 6,=+14) 0.17 £0.01 (By=+38.5, 9p=+38.5) 0.033 +0.008
(0:=+14,0,* =234 0.007 £ 0.002
(©F=-231,0,=+14) 0.013 £0.003 K Ne S 0lg
(61=-23,8,*=+37H 0.020 +0.004 1 5595 + 130 0.059 + 0.008 0'000 OI.S 1
(Oo*=+37%, 8,=-23) 0.014 +0.003 2 13620 + 240 0.09+0.01 0 L o/ )
(80=+37, 8y=+37) 0029 £0.006 3 3540 £ 178 0.05£0.03 1 10 100
FIG. 3. Tables of the experimental results for the cases K

1.2.3. FIG. 4. Plot of Px againstK. The inset shows plots of

P, (W) and P, (@) againsta/B. The solid curves are the

. S theoretical predictions.
were normalized by dividingv,., which is given by four el predict

times the count rate measured whén = ¢, = 0, =

0 = 45° and Az was far from the value required for

interference (see the inset in Fig. 1). Measurements were We would like to thank Giovanni Di Giuseppe for

made forkK = 1,2, 3, and the results are shown in Fig. 3. a number of important discussions, and the CEE-TMR

In each case, the probability correspondingPieis very  (Contract No. ERBFMRXCT96-0066) and INFM (Con-

different from zero and the remaining probabilities aretract No. PRA97-cat) for funding.

close to zero. This is as close as one can reasonably

expect to get to an experimental verification of nonlocality

without inequalities. To be sure that there is a violation

of local realism we can see that the inequalities (20) arelll P. Heywood and M.L.G. Redhead, Found. Phi@3. 481

violated by the amourfs, shown in Fig. 3, in each case. 1983). o )
The count rate corresponding tBx was measured [2] DM Greenberger, M.A. Horne, and A. Ze|I|ng_er, in

for the casesk — 1.2.3.4.5. The results are shown Bell's '.I'heorem,. Quantum Theory and Conceptions of

. . > T the Universe,edited by M. Kafatos (Kluwer, Dordrecht,

in Fig. 4. (Note that for the caseX = 4,5 other 1989).

count rates were not measured, and that the angles use@] | Hardy, Phys. Rev. Lett71, 1665 (1993).

were calculated theoretically as explained above.) The[4] H.P. Stapp, Mind, Matter, and Quantum Mechanics

convergence to 50% is very slow. (Springer-Verlag, Berlin, 1993); Am. J. Phy&5, 300
All the experimental results mentioned so far corre- (1997).

spond to the case where and 8 are chosen to maxi- [5] S. Goldstein, Phys. Rev. Leff2, 1951 (1994).

mize Px. Additional measurements & were made for  [6] N.D. Mermin, Am. J. Phys62, 880 (1995).

a range of values of /B for K = 1,2. The anglef is [7] J.R. Torgerson, D. Branning, C.H. Monken, and

calculated in each case using Eq. (25). These results arg, L. Mandel, Phys. Lett. 2204 323 (1995).

plotted in the inset of Fig. 4. ] G. Di Giuseppe, F. De Martini, and D. Boschi, Phys. Rev.

. : - . A 56, 176 (1997); Phys. Lett. 228 208 (1997).

In this paper it has been shown how it is possible to 9] S.L. Braunstein and C. M. Caves, Ann. Phys. (N.202,
obtain a contradiction between quantum mechanics ano[ 22 ('1990) o ' ' T
local realism without inequalities for almost 50% of pairs.10] L. Hardy, Phys. Lett. AL61, 21 (1991).
Furthermore, an experiment employing a tunable sourcg 1] This experiment does not solve the detection efficiency
of polarization entangled photons has been performed to  loophole. We have to assume that the detectors sample
test the relevant predictions of quantum theory. the ensemble in a fair way.
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