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Electron Injection into Plasma Wake Fields by Colliding Laser Pulses
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An injector and accelerator is analyzed that uses three collinear laser pulses in a plasma: an
intense pump pulse, which generates a large wake fields$20 GVymd, and two counterpropagating
injection pulses. When the injection pulses collide, a slow phase velocity beat wave is generated
that injects electrons into the fast wake field for acceleration. Particle tracking simulations in 1D
with injection pulse intensities near1017 Wycm2 indicate the production of relativistic electrons with
bunch durations as short as 3 fs, energy spreads as small as 0.3%, and densities as high as1018 cm23.
[S0031-9007(97)04154-9]

PACS numbers: 52.40.Nk, 41.75.Lx, 52.75.Di
ted
t

),
d

te
ty

an
s
.

-

e

e
-
ia
e

Plasma-based accelerators [1] may provide a comp
source of high energy electrons due to their ability
sustain ultrahigh electric fieldsEz on the order ofE0 
cmvpye . n

1y2
0 fcm23g Vycm, where vp  s4pn0e2y

md1y2 is the plasma frequency andn0 is the plasma
density. Accelerating fields of 10–100 GVym have been
generated over distances of a few millimeters [2–4]
both the standard [5] and self-modulated [6,7] regimes
the laser wake-field accelerator (LWFA). The characte
istic scale length of the accelerating plasma wave is t
plasma wavelengthlp  2pcyvp, which is typically
&100 mm. Although several recent experiments [3,4
have demonstrated the self-trapping and accelerat
of plasma electrons in the self-modulated LWFA, th
production of electron beams with relatively low momen
tum spread and good pulse-to-pulse energy stability w
require injection of ultrashort electron bunches into th
wake field with femtosecond timing accuracy. Thes
requirements are beyond the current state-of-the-art p
formance of photocathode radio-frequency electron gun

Recently an all-optical method for injecting electrons i
a standard LWFA has been proposed [8] that utilizes tw
laser pulses which propagate either perpendicular or pa
lel to one another. The first pulse (pump pulse) genera
the wake field, and the second pulse (injection pulse)
tersects the wake some distance behind the pump pu
The ponderomotive forceFp , =a2 of the injection pulse
can accelerate a fraction of the plasma electrons such
they become trapped in the wake field, wherea2 . 7 3

10219l2fmmgIfWycm2g, l  2pcyv is the laser wave-
length, andI is the intensity. Simulations, which were per
formed for ultrashort pulses at high densities (lpyl  10
and EzyE0  0.7), indicated the production of a 10 fs
21 MeV electron bunch with a 6% energy spread. How
ever, high intensitiessI . 1018 Wycm2d are required in
both the pump and injection pulsessa . 2d. An all-optical
electron injector would be a significant step in reducing th
size and cost of a LWFA.

In the following, a colliding pulse optical injection
scheme for a LWFA is proposed and analyzed that us
2682 0031-9007y97y79(14)y2682(4)$10.00
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three short laser pulses: an intense pump pulse (deno
by subscript 0), a forward going injection pulse (subscrip
1), and a backward going injection pulse (subscript 2
as shown in Fig. 1. The frequency, wave number, an
normalized intensity are denoted by, respectively,vi , ki ,
andai si  0, 1, 2d. Furthermore,v1  v0, v2  v0 2

Dv sDv $ 0d, andv0 ¿ Dv ¿ vp are assumed such
that k1  k0 and k2 . 2k0. The pump pulse generates
a fast syp0 . cd wake field. When the injection pulses
collide (some distance behind the pump) they genera
a slow ponderomotive beat wave with a phase veloci
ypb . Dvy2k0. During the time in which the two injec-
tion pulses overlap, a two-stage acceleration process c
occur; i.e., the slow beat wave injects plasma electron
into the fast wake field for acceleration to high energies
It will be shown that injection and acceleration can oc
cur at low densitiesslpyl , 100d, thus allowing for high
single-stage energy gains, with normalized injection puls
intensities ofa1 , a2 , 0.2, i.e., 2 orders of magnitude
less intensity than required in Ref. [8]. Furthermore, th
colliding pulse concept offers detailed control of the in
jection process: The injection phase can be controlled v
the position of the forward injection pulse, the beat phas

FIG. 1. Profiles of the pump laser pulsea0, the wakef, and
the forwarda1 injection pulse, all of which are stationary in the
c  kpsz 2 yp0td frame, and the backward injection pulsea2,
which moves to the left at.2c.
© 1997 The American Physical Society
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velocity viaDv, the injection energy via the pulse ampli-
tudes, and the injection time (number of trapped electron
via the backward pulse duration.

A somewhat analogous two-stage acceleration proce
can lead to self-trapping in the self-modulated LWFA du
to the interaction of the Raman backscatter (RBS) wav
with the wake field [4,9,10]. In the self-modulated LWFA
[6,7], the plasma densityn0 is sufficiently highslpyl ,
10d such thatL . lp, whereL is the laser pulse length.
Since L . lp, RBS readily occurs, which involves the
decay of the pump laser lightsv, kd into backward
light sv 2 vp , 2kd and a plasma wavesvp , 2kd [1].
The slow syp  vpy2kd RBS plasma wave can prehea
the plasma such that a fraction of the electrons a
accelerated to high energies in the fastsyp . cd wake
field [4,9,10]. Dephasing limits the electron energy gai
to Wd . 4mc2l2

pEzyl2E0 , n21
0 , which is relatively

low sWd , 100 MeVd at high densities [1]. Higher
single-state energy gains can be obtained at lower plas
densities as in the standard LWFA [5], in whichL .
lp slpyl , 100d. Since L . lp, Raman instabilities
will be suppressed and self-trapping of plasma electro
is unlikely. Acceleration in the standard LWFA requires
an additional injection mechanism.

The colliding pulse injection mechanism will be ana
lyzed in 1D with the plasma wave and laser field
represented by the normalized scalarf  eFymc2 and
vectora  eA'ymc2 potentials, respectively. The axial
component of the normalized electron momentumuz 
pzymc  gbz obeys

duz

dct


≠f

≠z
2

1
2g

≠a2

≠z
, (1)

where g  gzg', g'  s1 1 a2d1y2, and gz  s1 2

b2
z d21y2. In terms of the phase of the electron with respe

to the wake fieldc  kpsz 2 yp0td, Eq. (1) is

d2c

dt2 
s1 2 b2

z d
g

≠f

≠ẑ
2

1
g2

√
≠

≠ẑ
1 bz

≠

≠t

!
a2

2
, (2)

wherekp  vpyc, yp0  cbp0 is the wake-field phase
velocity, ẑ  kpz, t  vpt, andbz  dcydt 1 bp0.

The effects of three waves will be considered: a plasm
wake fieldf  f̂scd cosc , and a forward and a back-
ward injection laser pulse, both of the formai  âisz 2

ygitd ssinuiex 1 cosuieyd. Here, ui  kiz 2 vi t and
the amplitudeŝai andf̂ are assumed to be slowly varying
compared to the phasesui and c . Also, ki and vi sat-
isfy ki  sivis1 2 v2

pyv
2
i d1y2, wheres1  1 ands2 

21, which implies a group velocityygi  cbgi  c2kiy
vi syp0  yg0  yg1d. Furthermore,a2  â2

1 1 â2
2 1

2â1â2 coscb, where cb  u1 2 u2  Dksz 2 ypbtd is
the beat phase,ypb  cbpb  DvyDk, andDk  k1 2

k2 . 2k0. To leading order, Eq. (2) becomes

d2cydt2 . b0f̂ sinc 1 b1sDkykpdâ1â2 sincb , (3)

where b0  2g
21
' s1 2 bzd3y2, b1  g

22
' s1 2 b2

z d s1 2

bpbbzd, andcb  fsbp0 2 bpbdt 1 cgDkykp.
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In the absence of the injection pulses, electron motio
in the wake field is described by the Hamiltonian [11]
Hw  g 2 bp0sg2 2 1d1y2 2 f, wheref  f0 cosc.
The boundary between trapped and untrapped orbits
given by the separatrixHwsg, cd  Hwsgp0, pd, where
gp0  s1 2 b

2
p0d21y2. The minimum momentum of an

electron on the separatrix isumin . s1yDf 2 Dfdy2,
whereDf  f0s1 1 coscd, assuminggp0Df ¿ 1 and
bp0 . 1. In particular atc  0, umin  0 for f0 
1
2 , which means that an electron that is at rest at th
phasec  0 will be trapped. The background plasma
electrons, however, are untrapped and are undergoi
a fluid oscillation with a momentumuf . 2fsf2 ø

1d. Hence, atc  0, the plasma electrons are moving
backward withuf . 2f0, which is far from trapping.

The beat wave leads to formation of phase spac
buckets (separatrices) of width2pyDk . l0y2, which
are much shorter than those of the wake fieldslpd, thus
allowing for a separation of time scales. In particular
it can be shown that both the transit time2pyDv of
an untrapped electron through a beat wave bucket a
the synchrotron (bounce) timepysâ1â2d1y2v0 of a deeply
trapped electron in a beat wave bucket are much short
than a plasma wave period2pyvp. Hence, on the time
scale in which an electron interacts with a beat wav
bucket, the wake field can be approximated as static.

In the combined fields, the electron motion can b
analyzed in the local vicinity of a single period of the bea
wave by assuming that the wake-field electric fieldEz 
2k21

p E0≠fy≠z . Ez0 is constant. The Hamiltonian
associated with Eq. (3) is given by

Hb  g 2 bpbfg2 2 g2
'scbdg1y2 1 ecb , (4)

wheree  Ez0kpyE0Dk is constant andg2
'  1 1 â2

1 1

â2
2 1 2â1â2 coscb. When e  0, the phase space or-

bits are symmetric withx points at bz  bpb , cb 
62pj and o points atbz  bpb , cb  p 6 2pj s j 
0, 1, 2, . . .d. Whene fi 0, the separatrix distorts into fish-
shaped islands. Whene , 0 se . 0d, the “fish tail” of
the separatrix opens to the right (left). In terms of the ax
ial momentum, the maximum and minimum points on th
separatrixsubdm, obtained from Eq. (4), are

subdm . bpbsg0 2 pg2
pbjejd 6 2â1gpb

3 s1 2 pg0jejy2â2
1d1y2 , (5)

where g0  gpbs1 1 4â2
1d1y2, gpb  s1 2 b

2
pbd21y2,

pg0jejy2â2
1 , 1, andâ1  â2 are assumed.

A scenario by which the beat wave leads to trappin
in the plasma wave is the following. In the phase
region2py2 , c , 0, the plasma electrons are flowing
backward, uf  2f0 cosc , 0, and the electric field
is accelerating,EzyE0  f0 sinc , 0. Heree , 0 and
the beat wave buckets open to the right. Consider a
electron that is initially flowing backward and resides
below the beat wave separatrix. Since the separatr
opens to the right, there exist open orbits which can tak
2683
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an electron from below to above the beat wave separat
Such an electron, after interacting with one or more be
wave periods, can acquire a sufficiently large positi
velocity to allow trapping and acceleration in the plasm
wave. These open phase space orbits, which provide
necessary path for electron acceleration, can exist wh
the beat wave resides within2py2 # c 6 2pj # 0.

The threshold for injection into the wake field can b
estimated by considering the effects of the wake field a
the beat wave individually and by requiring that (i) th
maximum energy of the beat wave separatrix exceeds
minimum energy of the wake-field separatrixsubdmax $

sDf21 2 Dfdy2 and (ii) the minimum momentum of
the beat wave separatrix be less than the plasma elec
fluid momentumsubdmin # 2f, where subdmax, subdmin
are given by Eq. (5) withe  0. These two conditions
imply that the beat wave separatrix overlaps both t
wake-field separatrix and the plasma fluid oscillation, th
providing a phase space path for plasma electrons
become trapped in the wake field. For a given wak
field amplitude f0, conditions (i) and (ii) imply the
optimal phase location3f0 cosc . 31y2 2 2f0 2 2bpb

and threshold amplitude6â1 . 31y2 2 2f0 1 bpb of
the injection pulse, wheref2

0 cos2 c ø 1, â2
1 ø 1, and

b
2
pb ø 1 were assumed. For example,f0  0.6 and

bpb  0.05 imply c  21.3 2pj andâ1 . 0.11.
To further evaluate the colliding laser injection metho

the motion of test particles in the combined wak
and laser fields was simulated by numerically solvin
Eq. (2). At t  0, the forward (backward) pulse profile
â1 sâ2d is a half-period of a sine wave with maximum
amplitudea1m sa2md, centered atc  c1 , 0 sc2 . 0d,
with length L1 sL2d. Test particles are loaded uni
formly within 0 # c # cmax with dcydt  2bp0
(initially at rest) and pushed fromt  0 to t  tmax.
In Figs. 2 and 3, v1yvp  100, v2yvp  90, and
f0  0.6, which for l1  2pcyv1  1 mm implies
n0 . 1017 cm23 and Ez  0.6E0 . 19 GVym. Also,
f̂  f0f1 2 exps2c2yp2dg for c # 0.

To validate the analytical predictions for the trappin
thresholds, a “near threshold” case was simulated w
a1m  a2m  0.3s1.2 3 1017 Wycm2d, L1  L2  lpy
8 s42 fsd, c1  213.6 and c2  21.4 (chosen so the
beat wave and test particles overlap). Figure 2 sho
a phase space plot (uz versusc) of the trapped elec-
trons attmax  300 s0.48 cmd. The trapped bunch length
is Lb  6.3 mm s21 fsd and 60% of the electrons are
contained within66 MeV 68%. Figure 3 summarizes
simulations in which the injection pulse amplitudesa1m 
a2m were varied. Parameters are the same as in Fig
except thatc1  213.8 and c2  21.5. This c1 value
was carefully chosen so as to minimize the value ofa1m

required for injection and agrees well with the analyt
cal predictionsc1  21.3 2pj  213.87 for j  2).
Plotted as functions ofa1m are the maximumuzm, av-
erage kuzl, and spreadduzykuzl, in the momenta, and
the fraction ftr of those particles which encounter th
2684
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FIG. 2. Trapped electron phase spaceuz versusc at t  300
from a simulation withv1yvp  100, v2yvp  90, f0 
0.6, a1m  a2m  0.3, andL1  L2  lpy8. Also shown are
the injection pulsêa1 (solid curve) and wakef (dashed curve).

beat wave that become trapped. Trapping is observ
for a1m . 0.17, somewhat higher than the analytical pre
diction (0.11). Additional simulations indicate that trap-
ping occurs when the center of theL1  lpy8, a1m  0.3
pulse is located within214.2 # c1 # 213.5. This im-
plies that the forward pulse must be synchronized to th
wake with an accuracy,37 fs, which is not a serious
constraint and can be relaxed somewhat by using a long
forward pulse. Furthermore, simulations show thatkuzl
and duzykuzl are relatively insensitive to variations in
L1,2. The observed momentum spread can be traced
the half-sine pulse profiles, which implies that differen
electrons encounter different beat wave amplitudes a
are injected into the wake with different energies.

Important 3D beam dynamics issues—in particula
the effect of the radial electric wake fieldEr —have
been addressed with the 1D simulation model. The wa
potential for a pump laser pulse with a Gaussian radi
profile is f . f0 exps22r2yr2

0 d cosc, where r0 is the
laser spot size. This implies that the radial electric fiel
acting upon the trapped electrons will be focusing fo

FIG. 3. The maximum uzm, average kuzl, and spread
duzykuzl in the momenta, and the fractionftr of trapped
electrons as functions ofa1m  a2m, for the parameters of
Fig. 2 with c1  213.8.
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FIG. 4. Electron phase spaceuz versus c (a) during the
collision t  21 and (b) after the collisiont  100 from
a simulation with v1yvp  100, v2yvp  85, f0  0.7,
a1m  a2m  0.5, andL1  L2y4  lpy4. Shown in (b) are
the trapped electron bunch (located by arrow), the injecti
pulseâ1 (solid curve), and wakef (dashed curve) profiles.

cosc . 0 and defocusing for cosc , 0. For the near-
threshold cases presented thus far, electrons which w
initially injected within the focusing region of the wake
slipped back into a defocusing region before they beca
highly relativistic. This is not the case in Fig. 4, which
presents a simulation in which the position of the injectio
pulse was moved slightly forward and both the duratio
and amplitude of the injection pulses were increase
i.e., c1  212.6, a1m  a2m  0.5, f0  0.7, L1 
L2y4  lpy4, v1yvp  100, and v2yvp  85 sl1 
0.85 mm, l2  1 mm, andlp  85 mmd. The elec-
trons were injected at an earlier phase position wi
slightly higher energies and remained trapped in a focu
ing region of the wake. Plotted in Fig. 4 is the electro
phase space (a) during the colliding pulse interaction
t  21 and (b) after a distance oftmax  100 s0.14 cmd
with cmax  4. Note that the front and back portions
of the plasma electron segment in Fig. 4(a), which ha
not been significantly perturbed by the injection pulse
remain untrapped and have slipped out the back
Fig. 4(b). The results are quite dramatic: A bunch d
ration of 2.9 fs was obtained due to natural compressi
provided by the axial electric field, with a mean energ
of 27 MeV and a standard deviation in energy of 0.32%
The trapping fraction isftr . 19% and the bunch density
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is nb  1.8 3 1018 cm23. It should be noted that the
electron slippage seen in Fig. 2 can be compensated b
slight decrease in the ambient density as a function ofz.
An appropriate reduction inn0szd can increase the plasma
wavelength such that the trapped electrons remain in t
focusing region of the wake.

The bunch density isnb . ftrn0LzyLb, where Lz .
sL1 1 L2dy2 is the length of plasma that encounters th
overlapping pulses. Assuming that the 1D results hold fo
a pump laser of radiusr0 implies a total number of trapped
electrons Nb . ftrn0Lzpr2

0 , e.g., Nb . 7.7 3 109 for
Fig. 4 with r0  40 mm. Note thatNb can be increased
by increasingn0, r0, a1m (via ftr ) and, in particular,Lz

by increasing the duration of the backward pulseL2.
The ratio of Nb to the theoretical beam loading limit
N0 [12] is NbyN0  ftrkpLzE0yEz , which can easily
approach unity. ForNb nearN0, however, space-charge
effects become important and a self-consistent simulatio
is required.
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