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Long-Range Correlations in Sedimentation
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Using particle image velocimetry we have measured the sedimentation dynamics of non-Brownian
colloidal spheres over a wide range of low concentrations (f # 0.05) and sample cell sizesW .
Fluctuations in the settling velocity show universal large-scale finite-range correlations, in the form
of swirls, which depend simply on volume fraction and particle radius and followkdVzs0ddVzszdl1y2 .
2.0Vsedf1y3 exps2zy2jd, where j . 20af21y3. In turn, the predicted divergence of the velocity
variance with increasing cell sizeW is cut off in a universal way asW exceeds the swirl size and is
well represented bykdV2

z s0dl1y2  2.0Vsedf1y3f1 2 exps2Wy60af21y3dg. [S0031-9007(97)04086-6]

PACS numbers: 82.70.Dd, 05.40.+j, 66.20.+d, 66.90.+r
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Understanding of the sedimentation properties
monodisperse spherical particles in a quiescent liqu
is still far from complete. For particles that are larg
enough to neglect Brownian motion, dilute enough so th
we can ignore the direct interparticle interactions, and
a highly viscous fluid so that inertia is irrelevant, the se
tling dynamics and the density and velocity correlation
are determined completely by the long-range (,1yr)
hydrodynamic interactions. Differences in individua
particle velocities about the mean settling rate, the subj
of this Letter, arise from local density fluctuations tha
occur during sedimentation.

In recent years several apparently conflicting theori
and experiments describing the amplitudes of the veloc
fluctuations have been reported. On the one hand, sim
theoretical arguments [1] as well as computer simulatio
with up to 32 768 particles [2] have indicated that the ma
nitudes of such fluctuations might diverge with increasin
cell size. On the other hand, larger scale experiments [3
and a more detailed theory [5], have found no evidence
such divergences. The fluctuation magnitudes have g
erally been found to be of the order of the settling veloci
[4,6,7], although much smaller values have been repor
in the most dilute samples [8,9].

In this Letter we describe several experimental fin
ings. First, in samples that range in concentration ov
nearly 3 orders of magnitude, we found that the v
locity fluctuations exhibit characteristic correlate
regions, or swirls, of sizej . 20 mean interparticle
spacings. Second, over the same concentration ran
the fluctuation amplitudes scale asVsedf1y3. A simple
model is developed which shows that these two resu
are consistent with each other. Finally, the veloci
fluctuation amplitudes display a cell size dependence o
for cells whose dimensions are less than the characteri
swirl size, and no evidence for diverging fluctuations a
found. The results of these and all previous experime
can be collapsed onto a universal curve which depends
the ratio of the cell size to the swirl size.

The colloidal particles used in our experiments we
monodisperse polystyrene spheres of radiusa  7.8 6
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0.1 mm purchased from Bangs Lab Inc. They we
dispersed in water with a small amount (0.01% by weig
of sodium dodecyl sulfate surfactant added to prev
aggregation. Particle interactions can be considered to
near those of hard spheres. The sample cells consiste
several sealed rectangular glass tubes varying in width3

depth3 height from 3 3 0.3 3 50 mm to 30 3 10 3

200 mm, as well as a 0.5 mm radius cylinder of heig
30 mm. The cells were placed in a large stirred wa
bath controlled atT  23 6 0.1 ±C.

A single isolated sphere in our experiments sett
at the well known Stokes velocityV0 

2
9 a2Drgyh .

6.5 mmysec, whereDr, g, and h are, respectively,
the density difference between polystyrene and wa
the gravitational constant, and the viscosity of water. T
Peclet number is Pe V0ay6D . 104, with D being the
Brownian diffusion coefficient. Thus, the settling motion
dominate those due to Brownian diffusion. The partic
Reynolds number Re 2aV0ryh . 1.2 3 1024, so
inertial effects are negligible. To discern the speci
role of the hydrodynamic interactions, we only observ
samples in the dilute limit,0.01% # f # 5%.

Particle velocities were measured using the techniq
of particle image velocimetry (PIV) [10]. The apparatu
consists of a (1024 3 1320 pixels) charge-coupled device
camera, a light source placed behind the cell, and so
specialized image processing software and hardware
chased from Dantec Instruments. The camera was
cused in the median plane of the cell, and the depth
field was approximately1y2 mm. A large cross section o
the cell was imaged (typically4 3 5 mm), so that several
thousand particles could be simultaneously studied. E
particle spanned across several dozen pixels. Initially, r
dom dispersions were prepared by vigorous shaking of
cells, and measurements began after the visible sedim
ing front had settled a sizable fraction, about1y5, of the
cell height. The location of the imaging window was fa
from both the sedimentation front and the sediment grow
In a typical experiment, two images were acquired, se
rated in time by approximately the time it takes an ave
age particle to settle its own diameter,,3 sec. The 2D
© 1997 The American Physical Society
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velocity fields consisting of a “map” of,30 3 40 vectors
was then extracted by comparing the two pictures us
standard PIV techniques and determining the local par
displacements that had occurred between them. In p
tice, each velocity vector was the local average of the
placements of two to four spheres. Velocity fluctuatio
were then found by numerical subtraction of the mean
tling velocity from the measured velocity field. Calibr
tion tests performed on translating grid patterns drawn
paper aided in the optimization of the system parame
and demonstrated accuracies of order 1%–2%.

Figure 1 displays typical PIV results taken at two re
resentative volume fractions,f  0.01% and3.0%. Fig-
ures 1(a) and 1(d) show the measured vector maps o
settling spheres which clearly demonstrate that the v
ance in local velocities is considerably larger in the m
concentrated sample. To examine the fluctuations exp
itly we display in Figs. 1(b) and 1(e) the velocity vecto
determined by subtracting the measured mean sedim
tion rates, i.e.,dVi  Vi 2 Vsed, whereVsed  kVil. As
a result, the fluctuations in the sample of lower concen
tion become more apparent. Regions of correlated vel
ties, or swirls, are seen in the corresponding fluctua
flowlines shown in Figs. 1(c) and 1(f). The swirls are b
ger in the more dilute sample than in the concentrated
(As we shall see they scale with respective mean inter
ticle distancesn21y3  s4py3d1y3af21y3 for a space fill-
ty
ty.
FIG. 1. PIV results for two suspensions of sedimeting polystyrene spheres atf  0.000 10 (a)–(c) andf  0.030 (d)–(f).
(a),(d) Measured velocity vector maps. Each vectorVi represents the velocity of a region of two to four particles. (b),(e) Veloci
fluctuations calculated from (a),(d) asdVi  Vi 2 kVil. Note the different magnifications of the vector scales used for clari
(c),(f ) Velocity fluctuation flow lines. The distance bars drawn are the characteristic correlation lengths,jz

'  27af21y3, found in
Fig. 2(b).
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ing simple cubic lattice, withn being the number density.)
In both cases the swirl sizes are larger than the particle
ameters,2a  0.015 mm, and considerably smaller than
the cell size,W  20, 10 mm for f  0.01%, and 3%.
Each swirl contains,3000 particles.

We begin our analysis with the spatial correlations
the velocity fluctuations. The normalized autocorrelatio
function of thez component (k to the sedimentation) of
the velocity fluctuations can be defined as

Czsrd ; kdVzs0ddVzsrdlykdVzs0d2l , (1)

wherek. . .l represents an ensemble average from seve
hundred individual runs taken over long periods of tim
and using several different preparations. We shall ta
the distance vectorr either in the direction parallel to the
sedimentation,Czszd, or perpendicular to it,Czsxd.

The inset of Fig. 2(a) displaysCzszd for four rep-
resentative volume fractions. These correlation fun
tions exhibit a roughly exponential decay, asCzszd ,
exps2zyj

z
kd. On the other hand, the correlations in th

horizontal direction,Czsxd [Fig. 2(b) inset] show rapid
initial decays followed by distinct regions of (small) nega
tive amplitude, the minima of which are defined to be
j

z
'. In combination, these lead to a qualitative picture fo

the average flow pattern as consisting of vertically elo
gated rotating swirls or short columns of particles wit
2575
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FIG. 2. Spatial correlation functions of thez component of
the velocity fluctuations as a function of distance (a) para
and (b) perpendicular to thez axis for four representative
volume fractions. In the insets the data are plotted ver
distance, while in the main figures distance is scaled byaf21y3.
The lines drawn are (a)Czszd  exps2zy11af21y3d, and (b) a
guide to the eye.

characteristic dimensions ofj
z
' 3 2j

z
k . Evidence for this

picture can also be seen in the flow lines of Fig. 1.
The main Figs. 2(a) and 2(b) display the veloci

correlations plotted versus distance scaled byaf21y3.
Remarkably, over the300 fold increase in volume fraction
we studied, a near collapse of bothCzszd and Czsxd is
seen. The dependence of the correlation length can
written as

j
z
k . 11af21y3, jz

' . 27af21y3. (2)

The amplitudes of the velocity fluctuations in the dire
tions parallel and perpendicular to the flow direction a
defined asDVk ;

p
kfVz 2 Vsedg2l and DV' ;

p
kV 2

x l.
As seen in Fig. 3, the fluctuations are found to increa
as f1y3. The magnitude of the parallel fluctuations a
always larger than those in the perpendicular directi
Overall, the data can be well fitted by

DVk

Vsed
 s2.0 6 0.1df1y3,

DV'

Vsed
 s1.0 6 0.05df1y3.

(3)

It is interesting to note that the data of Nicolaiet al. [6],
obtained using an imaging technique at higher concen
tions, 0.05 # f # 0.2, agree fairly well with the exten-
sions of our low-f power law fits.
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FIG. 3. Normalized velocity fluctuation amplitudesDVyVsed,
k (closed symbols), and' (open symbols), to the sedimentation
direction, versus volume fractionf. Circles, this work; squares
are from Ref. [6]. Data are from large cells of widthsW $
150af21y3. (W , 100af21y3 from Ref. [6]).

We now turn to the description of the effects of the
cell size on the velocity fluctuations during sedimentation
To review, the results for allf in Figs. 1–3 were
obtained from large cells of widths W . 150af21y3,
and characteristic swirls of widthjz

' . 27af21y3 were
found. Nonzero correlations extended out roughly on
twice j

z
', still less than the relevant cell dimension. Her

we usesmall cells of widths near to the characteristic
swirl size in order to study size effects on the fluctuatio
amplitudes. Results are plotted in Fig. 4 where we loo
at the deviations from the power law fits of Eq. (3) versu
the normalized cell widthsWyaf21y3. The striking

FIG. 4. Fluctuation amplitudesDVyVsed (k, closed symbols,
and ', open symbols) divided bys2.0, k; 1.0, 'd 3 f1y3

versus the normalized cell widthWyaf21y3. The cell size
designations are width3 depth. Inset: Highlight of smallest
cells, along with results from four previous studies.
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feature of the main plot is the presence of an initi
transition region in whichDVk,'yVsed has a strong
cell size dependence, and above which the data
independent of the cell size. The inset highlights th
transition region, and shows that the simple form,

DVk,'

Vsed
 Ck,'f1y3

∑
1 2 exp

µ
2W

60af21y3

∂∏
, (4)

fits our data reasonably well. As shown in the inse
results from three previous experiments [6–8], conduct
with particles 2 orders of magnitude larger than ou
sedimenting in much more viscous liquids so as to ke
the Reynolds number small (Re. 1023), collapse onto
the same universal curve that describes our data. Res
from a numerical simulation [2], though shifted roughl
by a factor of 3, follow the same general trend. I
summary, the shape of the universal curve illustrates h
experiments with a limited range of cell sizes can lea
to differing conclusions regarding the dependence of t
fluctuation amplitudes upon cell size.

Regarding the dependence of the fluctuation amplitud
on cell geometry, we first note that all the cells (exce
the smallest, cylindrical cell) used in Fig. 4 had widthsW
larger than their thicknessesD. For the specific influence
of the smaller dimension, we examine the results in ce
in which W is much larger than the characteristic swi
size,W $ 5j

z
', andD varies from much smaller to much

larger thanjz
', 13 # Dyaf21y3 # 130. These points are

located in the saturation regime of Fig. 4 and illustrate,
found previously in Ref. [3], that to within error bars the
results are independent of the cells’ smallest dimension

The dependencies found for the variance and the cor
lation lengths are interrelated by a simple heuristic arg
ment. If the particle positions are uncorrelated (random
then the average number of particles in a region of si
L is NL  L3fyyp, whereyp  s4y3dpa3 is the volume
of one particle, and the fluctuations areDNL  sNLd1y2.
The region is heavier or lighter than the average by t
fluctuation in the number of particles. Its velocity fluctua
tion can then be related to its size by equating the buo

ant mass force,DFg  DNLypDrg 
q

L3fyp Drg, to
the viscous damping forceDFL  s6phLdDV , yielding

DVyV0  L1y2
q

fa2yyp. This suggests that the velocity
difference increases with separation as in turbulent flow
that the variance depends upon the largest length scal
the systemL , W , and diverges with the system size a
W1y2 [1,2]. This divergence will be contained only if the
particles are correlated, not randomly distributed, abo
some cutoff length. The fact that we do not see a dive
gent velocity variance allows us to predict the correlatio

size j. Inverting DVyV0  L1y2
q

fa2yyp with L  j

givesj  sDVyV0d2ypyfa2. Using the measured values
of DVyVsed  2.0f1y3, and puttingV0  Vsed for our di-
lute samples, we find the correlation size as
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j  s16py3daf21y3 . 17af21y3, (5)

which is in close agreement with the measured correlatio
lengths represented by Eq. (2). Note that a direct cons
quence of thej , f21y3 scalings found in Eqs. (2) and
(5) is that the average number of particles in each corre
lated region,Nj  s2jkd sj2

'dfyyp . 3000, is indepen-
dent off.

The large question which remains is how the hydro
dynamic interactions from the sedimenting particles ca
induce the correlations which suppress the density fluctu
tions at length scales larger thanj. There are calcula-
tions for the effects of hydrodynamic screening, but the
predicted screening [5] length dependence ofl , f21 is
quite different than our finding ofj , f21y3. We are not
aware of any predictions for the spatial correlation func
tions Czsrd. We note that the scaling ofj with af21y3

is not a trivial consequence of the dependence of the h
drodyamic interactions on distance (1yr). For a random
distribution of particles there is no characteristic length
The scalingj , f21y3 is trivial only if the particles are
correlated apart, i.e. fixed on a lattice, or if, as we hav
found, the correlated regions contain a fixed number o
particles.

In conclusion, we have found a simple scaling of the
amplitudes and spatial correlation functions of the ve
locity fluctuations that indicates that the settling dynamic
at different values off are similar when scaled by
the mean interparticle spacing (af21y3). Fluctuation
amplitudes were found to vary with cell size only for cells
of dimensions less than the characteristic swirl size. N
evidence for diverging fluctuations are found.
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