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How Narrow is the Linewidth of Parametric X-Ray Radiation?
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Parametric x-ray or quasi-Cherenkov radiation is produced by the passage of an electron throu
crystal. A critical absorber technique has been employed to investigate its linewidth. Experiments h
been performed with the 855 MeV electron beam from the Mainz Microtron MAMI. Thin absorbe
foils were mounted in front of a CCD camera serving as a position sensitive photon detector. Up
limits of the linewidth of 1.2 and 3.5 eV were determined for the (111) and (022) reflections of silic
at photon energies of 4966 and 8332 eV. These limits originate from geometrical line broaden
effects that can be optimized to reach the ultimate limit given by the finite length of the wave tra
[S0031-9007(97)04050-7]

PACS numbers: 61.10.– i, 41.50.+h, 41.60.–m, 78.70.Dm
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Parametric x-ray radiation (PXR) is produced whe
charged particles traverse a crystal. This radiation can
understood as the coherent superposition of the element
waves emitted from the atoms which are induced by th
electromagnetic field of the passing particle. In an equiv
lent picture they can be described as the diffraction of th
virtual photons associated with the moving particles or a
a quasi-Cherenkov radiation in a medium with a period
dielectricity. The most intriguing feature of PXR is the ap
pearance of a sharp quasimonochromatic x-ray beam clo
to the Bragg angle. The narrow angular distribution con
sists of one peak above and one below the symmetry pla
of the crystal. Their widths are characterized by the ang
uph ­ f1yg2 1 svpyvd2g1y2, with g the Lorentz factor
of the moving particle,v the angular frequency of the
emitted photon, andvp the plasma frequency of the crys-
tal, 31 eV for Si. The theoretical description of the in
tensity distribution of PXR [1–5], suitably modified for
self-absorption and multiple scattering effects, have be
tested in a broad range of electron energies extending fro
3.5 MeV [6,7] to about 1 GeV [8]. It was found to be ac-
curate within12%. On the other hand, very little is known
about the energy width of PXR. The various theoretical d
scriptions of PXR predict a very narrow linewidth of less
than a few meV. Actually, if it is assumed that a charge
particle passes a very thick and perfect single crystal
a straight line and if self-absorption of the photons in th
crystal can be neglected, simply ad function results for
the line shape. Measurements of the linewidth have be
performed up to now at the low beam energy of 6.8 Me
only. A variance of the linewidth of 48 eV has been de
termined for a55 mm thick diamond crystal at a photon
energy of 8.98 keV [9]. This rather large linewidth origi-
nates at low electron energy from the multiple scatterin
of electrons in the crystal.

In this Letter a measurement of PXR at the Mainz Mi
crotron MAMI with a silicon crystal at photon energies o
about 5.0 and 8.3 keV is presented. For the high beam e
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ergy of MAMI of 855 MeV a line broadening by multiple
scattering of the electrons in the crystal can be neglect
This fact originates from the rather surprising result th
the angular beam spread enters as a second order effec
the energy width of PXR (see below). A very importan
consequence of this new insight is that with low emittan
high energy beams from modern electron accelerators
natural linewidth of PXR should be reachable. This wid
is predicted to be significantly narrower as the Darw
width of low order Bragg reflexes from perfect crystal
Beyond the insight in the PXR mechanism these inves
gations show that a quasimonochromatic photon beam
be prepared in a rather simple way. Such a photon be
excels by a narrow bandwidth without a monochromato
easy tunability, low background due to a large emissi
angle, and most importantly a possibility to trigger with
resolution of down to a few ps. Applications of PXR usin
some of these features are discussed in Ref. [1,10–12

The line broadening contributions can be subdivid
into a natural, a geometrical, and an intrinsic one. T
natural linewidth of PXR results from the photon sel
absorption which brings about an exponentially increa
ing wave train terminating abruptly if the electron leave
the crystal. The Fourier transform of this wave train h
a Lorentzian shape with a widthG ­ h̄yteff determined
by the effective “photon lifetime”teff [13]. The geomet-
rical contribution to the linewidth originates (i) from the
spreadDuD of the observation angleuD caused by the
beam spot sizex and the position resolutionw of the de-
tector, (ii) from the angular spreadDax of the electron
beam, and (iii) from the angular spreadDusc by scatter-
ing of the electrons in the crystal. An intrinsic linewidth
may originate from crystal imperfections as there are po
sibly mosaic structure displacements, or even mechan
distortions of the crystal. If they are present a broadeni
will be caused either by the directional variance of the r
ciprocal lattice vector or by random phase changes in
emitted wave train.
© 1997 The American Physical Society
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The following discussion of these line broadening e
fects will be carried out on the basis of the general expre
sion for the photon energy [1]

h̄v ­ h̄c
jn̂ $tj

1yb 2
p

´0 n̂k̂
, (1)

with n̂ the direction of the electron with velocity vec-
tor $y, $t the reciprocal lattice vector witht ­ 2pydhkl ,
dhkl ­ dysh2 1 k2 1 l2d1y2 the spacing between the lat-
tice planes andh, k, l the Miller indices,$k the wave vector
of the emitted photon, and́0 the mean dielectric constant.
The photon wave vector$k is assumed to lie in the plane
spanned bŷn and $t. As usualb ­ yyc and ´0 can be
approximated by 1. These restrictions and approximatio
are well justified at high beam energies and at photon e
ergies$5 keV. The deviation of an individual electron
from the beam direction is described in this plane by th
angleax , x being the horizontal coordinate in Fig. 1 in the
plane spanned bŷn and $t. The observation angleuD must
be close to twice the Bragg angleuB so that the deviation
ux ­ 2uB 2 uD is in the order of the characteristic angle
uph. Under these conditions the photon energy can be a
proximated as

h̄v ­ h̄ct
sinsuB 1 axd

2 sin2fsuD 1 axdy2g
, (2)

which coincides with Bragg’s law ifax ­ 0 and uD ­
2uB. From Eq. (2) and the schematic drawing of the ex
perimental setup in Fig. 1 the basic idea of the critical a
sorber technique can be understood. The PXR-intens
distribution shows inuy direction two peaks above and
below the horizontal plane (see, e.g., Ref. [8]). Inux di-
rection for eachh̄v a peak with the line width ofG is
superimposed to give the total distribution. The energ
width of the total distribution is cut by a slit definingDux .
If one brings an absorber foil with a suitableK-edge en-
ergy in the PXR intensity the superposition of PXR line
is convoluted with the narrowK edge having a typical
width of a few eV. This convoluted intensity distribution
is measured with a CCD camera [pixel size22 mm, sen-

FIG. 1. Schema of the experimental setup for the measu
ment of the linewidth using a critical absorber technique. Th
silicon crystal has a thicknesst ­ 124 mm and is cut with the
(100) plane parallel to the surface.
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sitivity depths44 6 20d mm]. It is positioned at an angle
2uB of about 45± with respect to the electron beam direc-
tion at a distance ofL ­ 1010 mm. First results of this
investigation were communicated in Ref. [14].

For the measurement of the (111) reflection correspon
ing to h̄v ­ 4966 eV the crystal has been tilted counter-
clockwise by an angleut ­ 12± and for the measurement
at the (022) plane corresponding toh̄v ­ 8332 eV clock-
wise byut ­ 223± around the vertical axis. This special
geometry requires the introduction of a factora ­
cossuD 1 utdy cosut with a ­ 0.557 and 1.0 for h̄v ­
4966 and8332 eV, respectively.

The natural linewidth is given byG ­ h̄cysaLad with
the effective photon lifetimeteff ­ aLayc. Here aLa

is the effective absorption length as measured in th
direction of the electron velocity vector. With the photon
absorption lengthLa ­ 17.5 mm for h̄v ­ 4966 eV a
G ­ 20 meV results and withLa ­ 78 mm for h̄v ­
8332 eV aG ­ 2.5 meV.

Beam spot size, electron path length, and detect
aperture determine a geometrical photon energy spre
Dh̄vyh̄vjax ­0 ­ 2DuDy tansuDy2d at a constant angle
ax ­ 0 where the rms angleDuD ­ ssssaxd2 1 s1y12d 3

hLaa sinuDyf1 1 sLaydda cosutgj2 1 s1y12d swd2ddd1y2yL.
The angular spreadDax of the electron beam produces
a contribution Dh̄vyh̄vjuD­const ­ f22 ? ux ? Dax 2

sDaxd2gyf4 sin2suDy2dg. It is worth noticing that this
line broadening is second order inDax and therefore
small if an observation angleuD close to2uB is chosen,
i.e., if juxj ø Daxy2. Since the beam spot size enters
linearly in the energy width, an optimal focusing can
be achieved with a small spot size but a rather larg
beam divergence. Both geometrical contributions hav
to be added quadratically. Minimization of the resulting
Dh̄vyh̄v after substitution ofDax through the electron
beam emittanceex ­ p Dax Dx yields for the relative
rms width

Dh̄v

h̄v

Çgeo

opt
>

∑
s222y3 1 21y3d

µ
exa cossuDy2d

2pL sin2suDy2d

∂4y3

1
1

12

µ
sLayLda sinuD

f1 1 sLaydda cosutg tansuDy2d

∂2

1
1

12

µ
w

L tansuDy2d

∂2∏1y2

, (3)

with an optimal beam spot size

xopt ­ 21y6

µ
ex

2p sinuB

∂2y3µ L
a

tanuB

∂1y3

. (4)

The three terms in Eq. (3) result from beam emittance
length of the visible electron path, and the spatial resolutio
of the detector, respectively. With a horizontal beam emi
tanceex ­ 7p nm rad (1s) of MAMI at 855 MeV and the
parameters quoted above aDh̄vj

geo
opt ­ 0.09 eV (1s) and

Dh̄vj
geo
opt ­ 0.3 eV (1s) result for h̄v ­ 4966 eV and
2463
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h̄v ­ 8332 eV, respectively. The optimal beam spot siz
is xopt . 4 mm (1s). In comparison with these number
the broadening caused by multiple scattering is more th
a factor of 40 less, justifying its neglect in Eq. (3).

The possible contribution of the intrinsic linewidth can
in principle, be obtained by unfolding from the tota
linewidth the geometrical contribution. For this the ver
small spot size of the electron beam must be measu
with very high accuracy which is practically difficult.
Therefore, the measurement will yield an upper limit fo
the intrinsic linewidth only.

Because of the dominating geometrical effects the u
age of a crystal spectrometer is not adequate. A much b
ter alternative is offered by using the steepK-absorption
edge of suitable elements for which the absorption co
ficient changes by about 1 order of magnitude within
few eV [14]. If such an absorber foil is brought in fron
of the CCD detector the transmitted PXR intensity reflec
theK-absorption edge structures convoluted with the PX
linewidth. The energy can be obtained via Eq. (2) fro
the emission anglesuD of the photons as determined with
the spatially resolving CCD detector.

In the experiment an8 mm thick titanium and a6 mm
thick nickel foil have been used with theK-absorption
edges at 4966 and 8332 eV, respectively. Of course,
a high resolution measurement in the order of 1 eV the
ray absorption near edge fine structure (XANES) has to
taken into account. Measurements of the linear attenuat
coefficients msh̄vd performed at synchrotron radiation
sources with a typical resolution of 1 eV [15,16] have bee
used. The derivatives of the transmission functions exhi
structures with widths of 1.6 and 2.9 eV (FWHM) for T
and Ni, respectively.

The experimental setup is almost the same as for
previous measurement in which the angular distribution
PXR was investigated [8]. The only change is the use o
CCD chip, as described above, as an x-ray detector. T
CCD is cooled with LN2 to reduce the readout noise. I
is operated in a single-event mode which means that e
single photon event is read out.

The continuous-wave electron beam of MAMI wa
focused on the silicon crystal with a spot size ofs75 6

25d mm (1s). This spot size is by a factor of 20 large
as the optimum one of about4 mm (1s) and results in
estimated geometrical linewidths of 1.2 eV (FWHM) an
3.6 eV (FWHM) for the photon energies of 4966 an
8332 eV, respectively. These geometrical linewidths a
about the same as the widths of the XANES structures
the derivatives of the transmission functions for Ti and N

To avoid double counting of photons within one CCD
pixel the electron beam was limited to several nA and t
exposure time was 0.25 s per image. In a first experime
tal step the PXR distributions without absorber materi
were recorded. In a second step the measurements w
repeated with the absorbing foils moved into the photo
beam. In order to extract images and reduce the ba
2464
e
s
an

,
l
y
red

r

s-
et-

ef-
a

t
ts
R

m

for
x-
be
ion

n
bit
i

a
of
f a
he

t
ach

s

r

d
d
re
in
i.

he
n-

al
ere
n

ck-

ground noise the following procedure has been applied
the raw data. First a pulse high spectrum has been p
duced by accumulating the events from each single da
Only those photons were selected whose energy was
an interval of6450 eV around the center of the selected
PXR peak. The energy resolution of the detector iss225 6

11d eV (1s). The coordinates of all photon events within
the energy cuts are finally collected in a scatter plot a
shown in Fig. 2. These are the first energy resolved sp
tial PXR images ever measured. The intensity distributio
represents a direct image of the two-dimensional angu
distribution of parametric x-ray radiation (see also Fig.
of Ref. [8]). It can be seen from the intensity close t
the symmetry line that fingerprints of transition diffracted
radiation (TDR), i.e., a circle with maximum atu

max
TDR ­

1yg ­ 0.6 mrad, are absent (for orientation: the PXR
maxima are located atumax

PXR ­ svpyvd ­ 63.7 mrad).
The effect of the absorption edges of the absorber mater
is clearly visible. The left side of the image corresponds
high energy photons for which the absorption coefficien
of the photons is high.

The transmitted intensityT sh̄vd has been obtained by
projecting the sum images along the nondispersiveuy axis
and transforming the angleux in the photon energy accord-
ing to Eq. (2). The result for titanium is shown in Fig. 3

The transmitted intensityTsh̄vd has been fitted by the
expression

Tfitsssh̄vsuxdddd ­ N
Z

fTmash̄v0d ≠ gsh̄v0, uxdg

? IPXRsux , uyd duy . (5)

FIG. 2. (left) Two dimensional sum image of 100 exposure
The image shows the PXR angular distribution from the (022
plane of a silicon single crystal at a Bragg angle of 22.4±.
The center of the dark area in the middle of the distributio
coincides with the Bragg direction where the PXR intensit
vanishes. The white line in the image is caused by dead CC
pixels. (right) Sum image of 250 exposures with a6 mm
thick nickel absorber foil (Ek ­ 8332 eV) in front of the CCD
detector; see Fig. 1. The frame supporting absorber foil
visible as a dark shadow. Here the black line in the imag
is caused by dead CCD pixels.



VOLUME 79, NUMBER 13 P H Y S I C A L R E V I E W L E T T E R S 29 SEPTEMBER1997

t

h
nd

s
l
o
u-
e
s-

r-
e
s

a-
ry
sis

e-
m

.

.

,

r-
FIG. 3. Transmitted intensityT sh̄vd of PXR from the (111)
plane of a silicon single crystal through a titanium foil at
Bragg angle of 23.2±. The lower panel shows the derivatives
T 0sh̄vd of the transmission. The dashed lines represent the b
fit of Eq. (5) to the data.

This expression is a convolution (≠) of the transmission
function of the absorber foilTmash̄v0d ­ expf2msh̄v0ddg
which takes into account the XANES structures and
Gaussian profile gsh̄v0, uxd ­ exph2fh̄vB 2 h̄v0 1

sh̄vBy tanuBduxg2ys2s2
totdj which describes the line shape

of PXR and is itself a convolution of all the geometrica
effects discussed above and including a possible intrin
width. IPXRsux , uyd represents the calculated PXR in
tensity distribution [see Eq. (1) of Ref. [8] ], andN is a
normalization factor. The best fit as indicated by the do
ted lines in Fig. 3 was obtained for a total widthDh̄vtot ­p

8 ln 2 stot ­ s1.9 6 0.3d eV ands5.9 6 0.7d eV (FWHM)
for the PXR from the (111) plane of silicon at
h̄v ­ 4966 eV and (022) plane ath̄v ­ 8332 eV,
respectively.

The experimentally determined widths are somewh
larger than the calculated values of 1.2 and 3.6 eV whi
have been obtained taking the measured beam spot siz
75 6 25 mm. In view of the relatively large uncertainty
of the beam spot size it is not possible to assign the broa
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ening to an effect of an intrinsic linewidth. Assuming tha
the beam spot size is120 mm results according to Eq. (3)
in linewidths of 1.9 and 5.8 eV in good agreement wit
the measured values. Therefore, upper limits of 1.2 a
3.5 eV (95% C.L.) can be estimated for theh̄v ­ 4966
and 8332 eV, respectively.

A mosaicity of the crystal explaining the upper limit ha
to be as large as900 (1s) and is excluded. The natura
linewidths from a perfect single crystal would amount t
20 and 2.5 meV, respectively. The geometrical contrib
tion could be brought down to match these widths for th
4966 eV line by increasing the distance between Si cry
tal and detector fromL ­ 1 to 10 m. In this way a width
of 20 meV could be obtained which is a factor 33 na
rower than the Darwin width of the Bragg reflex from th
corresponding (111) plane. Extremely narrow linewidth
should be observed in backward direction from a di
mond single crystal. However, for this special geomet
Eqs. (2), (3), and (4) do not apply, and a separate analy
is required.
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