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Comment on ‘‘Chaos in Axially Symmetric
Potentials with Octupole Deformation’’

In the Letter [1] Heisset al. studied single-particle mo-
tion in a harmonic-oscillator potential which is charac
terized by a quadrupole deformation and an addition
octupole deformation, and found that “The chaotic chara
ter of the motion is strongly dependent on the quadrupo
deformation in that for a prolate deformation virtually n
chaos is discernible while for the oblate case the moti
shows strong chaos when the octupole term is turned o
In their left plot of Fig. 1 for an octupole deformation
strengthl ­ 2

3 lc for the prolate case, there is no chao
We found, however, that there should be chaotic scat
of points in the central blank region of their Fig. 1 (left)
Actually for l # 0.1lc there is no chaos, even for the
oblate casesb ­ 0.5d, and forl $ 0.6lc there is chaos
even for the prolate casesb ­ 2d. We discovered that the
chaos is connected with the curvature of the potential s
faces [2]. We define the curvature as

Ksr, zd ­
≠2V
≠r2

≠2V
≠z2

2

µ
≠2V

≠r≠z

∂2

. (1)

This function is closely related to and has the same sign
the Gaussian curvature [3] of a two-dimensional surfac
Numerical calculations showed that there were negativ
curvature regions in the potential surface forl . 0.1lc

for the oblate case, and forl $ 0.6lc for the prolate case.
Consider a fiducial trajectoryz ­ zstd with

z ­

µ
$q
$p

∂
, (2)

as well as a variationzstd 1 dzstd of it. The Hamiltonian
of the system shall be of the formHs $q, $pd ­ p2y2 1

V s $qd. If one linearizes the Hamilton-Jacobi equations wi
respect todz, one obtains the system of linear differentia
equations

d Ùz ­ Mdz, M ­

µ
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S 0

∂
,
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≠2V
≠q2

2

1CA ,

(3)

where 2 degrees of freedom are considered. Via the ti
dependence of the fiducial trajectory,S ­ Sssszstdddd is a
function of time. In this senseM is a function of time.
For any instant considered,M may be set constant in orde
to survey the character of the solution at that instant. Th
the solution can be worked out explicitly with the result

dzstd ­

µ
coshsS1y2td S21y2 sinhsS1y2td

S1y2 sinhsS1y2td coshsS1y2td

∂
dzs0d .

(4)
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The eigenvalues ofS are real becauseS is a real, symmetric
matrix. Therefore the eigenvalues ofS1y2 are real or purely
imaginary. This provides a qualitative understanding
the solution of Eq. (3). It is easy to see that

l1,2 ­ h 1
2 TrS 6 f 1

4 sTrSd2 2 Kg1y2j1y2, (5)

where K is the determinant ofS as defined in Eq. (1).
When K . 0 both l’s are imaginary and the motion is
stable. If K , 0, neighboring trajectories will typically
diverge exponentially. This is a prerequisite for chaot
motion.

One gains some more insight from an inspection
the dynamics at points whereK ­ 0. At such a point
the determinant of the matrixM vanishes, and therefore
Eq. (3) is not a useful approximation to the dynamics
any domain ofdz. One has to carry the expansion of th
Hamilton-Jacobi equations to second order indz. This
yields

d Ùz ­ sM 1 1
2 dMddz, dM ­

µ
0 0

dT 0

∂
,

sdTdkk0 ­ d $q ? $=
≠2V

≠qk≠qk0

.
(6)

There is always an orthogonal transformation of th
coordinate space which diagonalizesS, but there is, in
general, none that diagonalizesdT. If S is diagonal, then
M is blockwise diagonal, which means that as long
Eq. (3) is applicable, the motion locally separates wi
respect to the 2 degrees of freedom. SincedT depends on
dz, the matrixM 1

1
2 dM in Eq. (6) generally cannot be

diagonalized for all relevantdz. Hence, at the points with
K ­ 0 it is generally impossible to even locally decoupl
the degrees of freedom.
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