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Quantum Manipulations of Small Josephson Junctions
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Low-capacitance Josephson junction arrays in the parameter range where single charges can be
controlled are suggested as possible physical realizations of the elements which have been considered in
the context of quantum computers. We discuss single and multiple quantum-bit systems. The systems
are controlled by applied gate voltages, which also allow the necessary manipulation of the quantum
states. We estimate that the phase-coherence time is sufficiently long for experimental demonstration
of the principles of quantum computation. [S0031-9007(97)04084-2]

PACS numbers: 85.25.Cp, 03.65.Sq, 73.23.-b

The issue of quantum computation has attracted muchuasiparticle tunneling is suppressed. It is further well
attention recently [1]. Quantum algorithms can performestablished, from the study of parity effects [6,8,9], that
certain types of calculations much faster than classicabelow a crossover temperaturg;, the superconducting
computers [2]. The basic concepts of quantum compustate is either totally paired (when the number of electrons
tation are quantum operations (gates) on quantum bitis even) or it has exactly one quasiparticle (when the
(qubits) and registers (arrays of qubits). A qubit can benumber of electrons is odd). The crossover temperature
a two-level system which can be prepared in arbitrary suis T* = A/ In Net, whereN¢ is the number of electrons
perpositions of its two eigenstates, usually denotefdas in the system near the Fermi energy. Typical values
and |1). Quantum computation requires “quantum statefor aluminum are in the range of 100—200 mK. In the
engineering,” i.e., the controlled preparation and manipufollowing we require that the total number of electrons in
lation of these quantum states. For quantum registerdoth grains is even. This condition is naturally satisfied
“entangled” many-qubits states (like the EPR state of twdor 50% of the qubits. If only one of the islands has an
spins) have to be constructed as well. This necessitatespaired excitation it can escape to the normal parts of
a coupling between different qubits. A serious limita-the system—if such a channel is provided—since the gap
tion is the requirement that the phase coherence time iBnergyA is gained in such a process [9].
sufficiently long to allow the coherent quantum manipu- Possible quantum states of the system are then charac-
lations. Several physical systems have been proposed &sized by the numbers of extra Cooper pairs on the up and
qubits; the most advanced so far appears to be a chadown islandsp, andny. Because of the external capaci-
with trapped ions [3,4]. torsC, the total numbeN = n, + nq is fixed. Hence the

In this Letter we propose an alternative system, comset of basis states is parametrized by the number of Cooper
posed of low-capacitance Josephson junctions. The cgairs on one island or the differenee= (n, — nq)/2.
herent tunneling of Cooper pairs mixes different chargelfhe Hamiltonian of this system is
states. By controlling the gate voltages we can control the (n — CV/2)?
strength of the mixing. The physics of coherent Cooper- H = T C120, EycosO, 1)
pair_tunneling in .th's system has been esta_bllshed befOr\'/?/here(@ is the conjugate to the variabke To shorten no-
[5-7]. The al'gorlthms of quantum computation 'ntr.Oducetations we use units whez = 1, i = 1, except where
new, well-defined rules. Their realization in experiments
creates a new challenge. We consider first an ideal one-
bit system, and describe the possible ways of construct- C
ing quantum states. Then we focus on a two-bit system,
where we propose a controllable coupling and discuss the g; ¢,
construction of two-bit states. Finally, we include the
coupling to a realistic external electrodynamic environ- C
ment which limits the phase coherence time.

The ideal system which we propose as a qubit is shown
in Fig. 1(a) (with R =0 and L = 0). It consists of
two small superconducting grains connected by a tunnel
junction with capacitanceC; and Josephson coupling
energyE;. An ideal voltage source is connected to the
system via two external capacitos, We assume thak 2
is the largest energy in the problem. At low temperatures FIG. 1. (a) one-qubit system; (b) two-qubit system.
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it helps to keep the results transparent. We consider sys$iamiltonian describing this system is

tems where the charging energy of the internal capacitor (n; — ViCp)>

Ec, = (2¢)?/2Cy is much larger thaiE;. In this regime, H = Z ’Z—C" — E;cos0;

for most values of the external voltade the energies of i=12 I

the states are dominated by the charging part of (1). How- q° ¢*  (n + m)g Ci 2
; : t ot — 5 (= m)

ever, for those values df where the charging energies 22Cc) 2L 2Cy AC3

of two neighboring stateb:) and|n + 1) are nearly de- (4)

generate, the Josephson coupling becomes relevant. The
eigenstates are now superpositiongofand|n + 1) with Here ¢ denotes the total charge on the external capacitors
a minimum energy gag; between them. of both qubits,¢ is its conjugate variable, and, ! =

We concentrate on a voltage interval where only twoCy ' + 2C~'. The @, ¢) oscillator produces an effective
adjacent charge states play a role. Then it is convenierifean-field coupling between the qubits for frequencies

to rewrite (1) in aspiré- language: smaller thanw(ng = 1/J/2CL. In order to have this
cv E coupling in a wide enough voltage range around the
H=———0,+ —o0,, 2 degeneracy point, we demand
2ac+2c) " 27 (2)  deg yep o
where|) = |n) and|]) = |n + 1). Using this language A= 220 5, (5)
we propose a few one-bit operations. If one chooses the J

operating point (i.e., the voltage) sufficiently far away To obtain the mean-field coupling of the qubits we
from the degeneracy, the eigenstates are [jysand [1). ~ €liminate the variableg and¢. For this purposel/vecflrst
Then, switching the system suddenly to the degeneracgerform a canonical transformatiof = ¢ — %

point for a timeAr and suddenly back, we can perform §. — @, + %d’ (¢ andn; unchanged), which leads to

one of the basic one-bit operations—a spin flip: the new Hamiltonian (we omit the tildes):

_ [ co9EjAt/2) isSiNE;At/2) ; — CV;/2)? C,
Ung(80) = (Sommny cotiaim)- @ H=Y [ﬁ & C°<®" o’ )]

i=1.2
We got rid of time-dependent phases by working in the 2 $?
+ _

. . . L9 q

interaction picture, where the zero-order Hamiltonian is 200y oL

the one at the operation point. To estimate the time ! _

width A7 of the voltage pulse needed for a total spin flip We assume that the fluctuations ¢fare weak

(the operation time), we note that a typical experimental (C/CiW($2) < 2. @)

value of E; is of order1 K. It cannot be chosen much

smaller, since the conditioks 7 < E; must be satisfied. Otherwise the Josephson tunneling terms in the Hamil-

Therefore the operation time is very shaktr ~ 10710, tonian (6) are washed out. (Below we will show this
An alternative way to perform a coherent spin flip in @ more rigorous way.) Assuming (7), we expand the

is probably easier to realize: The system is pushed €od...) terms of (6) in powers ot and neglect pow-

adiabatically to the degeneracy point, and an ac voltag8's higher than linear. Then we can trace out the_ varl_ables

with frequencyE, //i is applied. The process is analogous¢ @nd¢. As a result we obtain an effective Hamiltonian,

to the paramagnetic resonance (here the constant magne#@nsisting of two one-bit Hamiltonians (1) and a coupling

field component is in the direction, while the oscillating t€rm: Heoup = EL[SINO; + sin®; %, where

one is in thez direction). The time width of the ac pulse , C? EIL

needed for the total spin flip depends on its amplitude; Ep =27 @2

therefore it can be chosen much longer than'® s. o
To perform two-bit operations which result in entangledand ®, = h/2¢ is the flux quantum. In the spi%m-

states, one has to couple the qubits in a controlled wayanguage we get

The ideal situation, where the coupling can be switched . 1 2

on and off, appears difficult to reF;Iizge in microscopic Heowp = —(EL/4) (Ui‘) * U>(‘ 7 ©)

and mesoscopic systems. Instead we suggest a systdrhis term provides the required weak coupling if it is

with a weak constant coupling between the qubits. Bysmall, i.e., ifE;, < E,.

tuning the energy gaps of the individual qubits we can The mixed term in (9) is important in certain situations.

change the effective strength of the coupling. We proposé# the voltagesV, andV, are such that both qubits are out

to couple two qubits using an inductance as shown irof degeneracy, to a good approximation, the eigenstates

Fig. 1(b) (with R = 0). For L = 0 the system reduces of the two-bit system without coupling atd), |I1), [11),

to two uncoupled qubits, while fof. = « the Coulomb and|11). In a general situation, these states are separated

interaction couples both strongly. The valued.ofvhich by energies which are larger or much larger th&n

are suitable for our purposes will be specified later. Theor E;. Therefore, the effect of the coupling is small.

(8)
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If, however, a pair of these states is degenerate, thffom |n)to |n + 1) is given by [10,11]
coupling may lift the degeneracy, changing the eigenstates T,

drastically. For example, ¥#; = —V,, the stateglf) and I'(AE) = EEJP(AE)’ (13)
[1l) are degenerate. In this case the correct eigenstates 1 % Ct2 i

are 7 (1N + [11) and 7z (N — [1) with the energy ~ P(AE) = 570 | drexy 4 5 K() + 5 AEt |,
splitting E; between them. !

Now we propose a way to perform two-bit operations - - - (14)
which result in entangled states. For this we choose theK (1) = ([¢(1) — ¢(0)]¢(0)
operating points for the qubits at different voltages, switch “dw Re Z(w)
suddenly the voltages to be equal for a time, and = 2/0 o Re (15)
switch suddenly back. The result is a “generalized” spin
flip, which may be described in the badi$l), [I1), |1]), % {cot%(h—w>[cos(wt) - 1] - isin(wr)}.
[11)} by a matrix: 2kpT

Here Z;' = iwC, + (R + ioL)"' and AE is the
energy gap between the two states. The qualitative
(10)  behavior of the system is controlled by the dimensionless
conductanceg = Rx /4R (Rx = h/e* is the quantum
resistance). In our system the controlling parame-
Instead of applying very short voltage pulses, oneer is renormalized. From (14) one can observe that
can push the system adiabatically to the degeneracy = (C%/Cf)g is the relevant parameter. Thus, choosing
point (Vi = —V,), and apply an ac voltage pulse in the the external capacitances,, smaller than the internal
symmetric channeV, + V, = AexpiE.1). one, C;, we can reduce the effect of the dissipation.
The idealized picture outlined above has to be extendePhysically, this means that the fluctuations produced by
to account for possible dissipation mechanisms whichhe resistor are screened by the small capacitors, and have
cause decoherence and energy relaxation. In this Lettdittle effect on the junction.
we focus on the effect of Ohmic dissipation in the circuit, To be more concrete, we exploit the asymptotic formula
which originates mostly from the voltage sources (thefor P(AE) [11]
guasiparticle tunneling is strongly suppressed at T* exp(—2y/8) 1 [ = AET¥%
[8,9]). We also consider the effect &fC resonances in PAE) = ———~— = |:T —} . (16)
the eircu . L ) . I'e/g) AEL g Ec
e circuit. The system is shown in Fig. 1(a), including i .
where I'(...) is the gamma function andEc, =

the inductanceL explicitly, since the LC oscillatory ) )
mode plays an important role in the two-bit system. The(2¢)°/2C:. For large values of we obtain

1 0 A 0 A
0 cog™) isin(ZL)
0 isin(%)  cogZR
0 0 0

@
Uﬂi])p(At) =

-0 O O

Hamiltonian of the system is S g AE
7, = = Top 7o =2, (17)
(l’l _ Vct)Z q2 d) ng F(AE) 27 Ey
H=——"—"——-Ec0sO + — + — — — ~ i N ti
20, 7 20, L ) wherer,, = h/E; is the operation time [see (3)].

) ) 2 At the degeneracy point the system is equivalent to the
n Z pj i mjw; . — Aj q (11) two-level model with a weak Ohmic dissipation, which
! w} ’ has been studied extensively [12]. It is well known

that wheng > 1 coherent oscillations take place. These

with 75 A 5w — w;) = Rw. oscillations make the spin-flip operation (3) possible. The

mj

First, V\{emggtimate the energy relaxation time, due decay time of the coherent oscillations is given by
to the Ohmic dissipation. We assume that the system ;o g h _ g (18)

is prepared away from the degeneracy point in one of 272 E; 22 TP

its eigenstates|g) or |[n + 1)). To apply the standard and the energy gag; is slightly renormalized:E; —
golden rule results for the transition rate, we perform twog,(E;/fiw.)"/¢~". The physical cutoffw, is usually a

consecutive canonical transformations: system-dependent property. For a pure Ohmic dissipation
v v caused by a metallic resistor it may be as high as the

b =¢ + Z J 5 Djs ¥=x - J 54, Drude frequency. However, when additional capacitances

7 mjw; m;w; and inductances are present in the circuit, the cutoff is

(12)  lowered to the characteristicC frequencies.
_oaC A As indicated above, theC phase fluctuations can wash
(g and p; unchanged), and; =g — 75 ® =0 + ;i the Josephson coupling. To see this, we begin with
¢ ¢, (¢ andn unchanged). Then, the part of the Hamil- the Hamiltonian (11) and trace out the bath variables
tonian connecting the statgda) and [» + 1) is H, =  and the oscillatory mode variablesé+g. The partition
Loexpi®) exp(—i % ¢) + H.c., and the transition rate function reads
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ng B — 2 B B
zZ= Zf DnD® exp{[ dT[i@ﬁ _ i VG) + Ej COS®i| — [ f deT/%G(T — n(r)n(r);,
no ¥ Mo 0 0 0

2Cy
(19)
where G(w,) = —(C,/CH (1 + CLo? + CR|w,|)~". | E; =~ 0.1 K. From (5) and (8) we gef, = E; C;A%/¢>.
Below we show that in the relevant parameters’ range thdo have a wide enough operation voltage interval we
following inequality holds: take A =~ 10, and obtainC; = 10"'7-10"'°® F andL =~
10°8-10"7 H. Thus the renormalization of is of
1/(C,R) > 1/\JLC, > R/L. (20) the order of10, and 7, /7,, =~ 10>-10% (assuming the

realistic valueR = 100Q2) (17). Finally we observe
that in this range of parameters the inequalities (7)

: (1)
Therefore, the natural cutoff fof(w,) is w. = @Lc = and (20) are always satisfied. We conclude that the
I/VLC.. ~ We approximate G(w,) =~ —z (1~  quantum manipulations we have discussed in this Letter

CLw? — CR|w,|) for , < w. and G(w,) =0 can be tested experimentally using the currently available
otherwise. We focus on the inductive (second) termlithographic and cryogenic techniques. Application of the
of G(w,), and apply the standard charge representatiodosephson junction system as an element of a quantum
technique [13]. Expanding e{qﬁoﬁ dr E;cod®)] in  computer is a more subtle issue, demanding either the
powers ofE; and integrating ove® term by term, one fabrication of junctions withC; < 1076 F, or a further
obtains a path integral over integer charge paths wittieduction of the working temperature.
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is renormalized ask; — E; exp(—ZLC“"{ ~ One can the German Israeli Foundation (Contract No. G-464-
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