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New Symmetry Breaking in Nonlinear Electroconvection of Nematic Liquid Crystals
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We report on a novel symmetry-breaking bifurcation in nematic liquid crystal convection in planarly
aligned cells involving a homogeneous reorientation of the director. The resulting “abnormal rolls” ex-
plain a number of recent experimental observations in the nonlinear regime. [S0031-9007(97)04065-9]

PACS numbers: 83.70.Jr, 47.20.Ky, 47.20.Lz, 47.65.+a
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Fluid layers driven far from equilibrium by an exter
nal stress can develop convection instabilities which bre
some of the underlying symmetries [1]. The most co
mon case involves a bifurcation to stationary, perio
cally spaced convection rolls whose properties sligh
above threshold (weakly nonlinear regime) can be
scribed by an amplitude and a wave vector. Increas
the stress leads typically to further symmetry breakin
often involving changes of periodicity and/or time depe
dence. We report here on theoretical and experime
results concerning an unusual secondary symmetry bre
ing, which rather involves a spatially homogeneous s
tionary mode. To our knowledge it is the first time that
a pattern-forming nonequilibrium system such a transit
has been identified.

This symmetry breaking occurs in the electroconvect
of a nematic liquid crystal (EC) (for reviews on EC, se
[2–4]). As compared to isotropic fluids a nematic
described by the additional director fieldn ­ snx , ny, nzd,
with n2 ­ 1, which represents the mean orientation of t
elongated molecules. In EC a nematic layer (in thex, y
plane) is sandwiched between two conducting plates,
the electric ac field of frequencyv is applied transversely
(alongẑ). In the common planar configuration the direct
is homogeneously oriented parallel to the plates in
fixed direction (̂x) by an appropriate treatment of the
surfaces. The convection sets in for voltagesV above a
critical voltageVcsvd. The conduction range, which i
considered here, is limited from above by the crosso
frequencyvd . The main control parameter isV 2, and
e ­ sV 2 2 V 2

c dyV 2
c defines the relative distance from

onset. The roll diameter is of the order of the lay
thickness (5–100mm), and the anisotropy of nematic
allows homogeneous patterns of very large aspect ra
(up to 500 rolls). The observation of the patterns rests
the periodic modulation of the director out of thex, y plane
(nz fi 0).

Our experiments [5] were performed with the nema
Merck Phase 5, whose material parameters have all b
measured, except for the absolute conductivity, or, equ
lently, for the charge relaxation timet0 ­ e0e'ys'

[6]. At low frequencies one observes at threshold tw
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degenerate variants ofoblique rolls (OR), with wave
vectors q ­ sqc, 6pcd (qc, pc . 0), and, beyond the
Lifshitz frequencyvL (.0.8yt0) normal rolls (NR), with
q ­ sqc, 0d, i.e., the roll axis normal to the anchoring
direction x̂ [7]. Conventional NR can exhibit only point
defects (dislocations). OR break the reflection symme
y °! 2y and thus can show in addition line defect
(grain boundaries) separating domains with wave vecto
sq, pd (“zig”) and sq, 2pd (“zag”) [8]. In Figs. 1(a) and
1(b) typical grain boundaries alonĝx andŷ are shown.

However, surprisingly, in an apparently NR structur
line defects have been observed too. They are typica
found in two situations:

(i) Starting in the low-frequency OR regime near thres
old, the angle between the roll axis andŷ is found to sys-
tematically decrease whene is increased, and may even
reach zero. In this process the grain boundary of Fig. 1(
is transformed into the wall of Fig. 1(c). That the two
domains on either side of the wall are not equivalent b
comes more evident by further increasinge. Indeed, one
then observes the branching of an additional wave vec
skx , 1kyd on the right side, andskx , 2kyd on the left side
[Fig. 1(d)].

FIG. 1. Representative snapshots of the experimental e
lution of electroconvection in a cell of thickness5 mm, at
vt0 ­ 0.3. (a), (b): Zigzag structures near threshold (e .
0.02), with “horizontal” and “vertical” grain boundaries. (c):
Wall at e . 0.40 originating from the grain boundary of (b).
(d): Varicose structures ate . 0.70, originating from the struc-
ture (c). The two modulation directions are indicated by th
white lines.
© 1997 The American Physical Society 2367
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(ii) Starting with NR at some higher frequency, wal
are directly created whene gets beyond a critical value
[8], whereas the overall optical structure remains app
ently unchanged. Here too, at highere, two symmetry-
degenerate bimodals appear on either side of the walls

Only the walls roughly parallel to the rolls [Fig. 1(c)
are quasistatic, whereas walls with different orientatio
move rapidly and appear to be unstable [5].

The existence of a two-variant state of normal ro
indicates a new symmetry breaking. We shall name th
rolls “abnormal rolls” (AR), a term introduced in the
context of homeotropically aligned cells [9] for rolls wit
an optically detected symmetry breaking; see later.

AR cannot be understood by the standard weakly n
linear approach where the roll structure is characteriz
unambiguously by its wave vector and the linear eige
vector at threshold. Thus a full nonlinear analysis of t
standard nematohydrodynamic equations [2] is requir
One has to solve coupled partial differential equatio
for the velocity field, the director field, and the electr
potential. As compared with isotropic fluids, the intrin
sic anisotropy generates nonlinearities up to quintic or
in the velocity equation. Adapting the well-establish
Galerkin method [10], we expand all fields in a comple
set of functions which fulfill the boundary conditions a
the confining plates. We kept the normalization conditi
n2 ­ 1 as a separate equation. The resulting nonlin
system for the expansion coefficients is solved nume
cally with the Newton method in order to obtain the ro
solutions. Afterwards, their stability is studied by a lin
earization of the Galerkin equations.

Our key result is presented in Fig. 2. It shows the a
plitude nH

y of a twist mode corresponding to ahomoge-
neous rotation(i.e., independent ofx, y) of the director
in the x, y plane as a function ofe and p for roll solu-
tions with q ­ sqc, pd. This rotation is symmetric with

FIG. 2. AmplitudenH
y of the twist mode in roll patterns of

wave vector q ­ sqc, pd, as a function of p and e at
vt0 ­ 0.3 (parameters of phase 5). Unstable regions in g
(Eckhaus boundary dotted, bimodal varicose boundary dash
Arrows: Sketch of the experimental evolution ofpsed. In the
experiments alsoq evolves withe, which leads to quantitative
changes of the diagram.
2368
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respect to the mid plane of the layer, and is large
there. Atp ­ 0, nH

y vanishes ife is sufficiently small,
in agreement with the predictions of the weakly nonlin
ear theory. The novel and striking feature is the pitchfo
bifurcation at a secondary transition pointe ­ eAR to a
state withnH

y fi 0 (at p ­ 0). In these AR they ° 2y
symmetry is spontaneously broken without tilting of th
rolls. We found in addition that the amplitude of the (pe
riodic) nz component, which increases likenz ,

p
e for

small e, as expected from the weakly nonlinear theor
remains nearly constant fore $ eAR. For p fi 0 the di-
rector “prefers” to rotate towards the axis of the roll
e.g., nH

y , 0 for p . 0 [lower sheet in Fig. 2]. How-
ever, for small positivep there also exist solutions with
nH

y . 0, which are only sketched in Fig. 2. They be
come quickly unstable, but in the unstable range one
pects them to connect to the lower (nH

y , 0) branch by
an S-shaped curve (for fixede . eAR) passing through
the pointnH

y ­ 0, p ­ 0. Thus two overlapping sheets
of stable rolls are attached to the normally oriented AR.

From a close inspection of the destabilizing mode, w
identified two types of mechanisms responsible for the
furcation NR °! AR, i.e., for the amplification ofnH

y
fluctuations. Firstly, a small rotationnH

y of the director
excites, by coupling to the velocity and director field
of the NR, a spatially periodic velocity field parallel to
the axis of the rolls (yy ~ eiqx), and a spatially periodic
ny field (ny ~ eiqx). These two fields then reinforce the
initial director rotation. This mechanism essentially in
volves some velocity-director coupling terms, i.e., thea2

terms in the viscous stress tensor, and the relateda2 terms
in the director equation (backflow effects) [2]. Secondl
the spatially periodic velocity and director fields of th
NR (yz , nz ~ eiqx) directly renormalize the damping o
nH

y . In this renormalization, one can distinguish bac
flow effects, and an elastic contribution proportional
k33 2 k22, expressing the release of (nonlinear) bend
twist. This latter effect becomes important at high fre
quencies whereq gets fairly large (“narrow rolls”). Some
ingredients of these mechanisms have already been
scribed in the literature for similar systems [11,12].

The relevance of the bifurcation diagram in Fig. 2 ha
been assessed by a stability analysis, and in Fig. 3
results for rolls withq ­ sqc, 0d are shown in thee, v

plane. The limiting curves of the unstable regimes (
gray) will now be discussed. Forv , vL, where the pri-
mary bifurcation is to OR, NR are unstable near thresho
(e . 0) against long-wavelength undulations along th
roll axis (“zigzag” instability). This instability is driven
by the resonant superposition of two symmetric mod
q 6 s with s ' q, i.e., s ­ sy ŷ [13]. The mechanism
gets less efficient in the AR, where they ° 2y sym-
metry is broken. Thus AR become stable whenjnH

y j is
large enough, fore . eAR stabsvd (dotted line). When
e is increased further the AR are destabilized ateBV svd
(dashed line), now by a short-wavelength instability wi
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FIG. 3. Stability diagram for rolls in the normal directio
(p ­ 0) in the v, e plane (unstable regimes in gray).eAR
(thick line): NR ! AR bifurcation. vL ­ Lifshitz frequency,
eZZ (thin line): Zigzag instability. eAR stab (dotted line):
Restabilization of the abnormal rolls. The upper dashed l
is at low frequencies a short-wavelength varicose instabi
(eBV ) that transforms into a long-wavelength skewed-varico
instability (eSV ) at vt0 . 2.8 (3).

a new wave vectorjkj . qc roughly parallel to the ho-
mogeneous part of the in-plane directorsnH

x , nH
y d in the

AR. This mechanism has been described before for
[12], but it also applies to the AR, which are continuous
attached to the OR (see, e.g., the lower sheet of Fig.
The resulting strongly asymmetric bimodal [Fig. 1(d)] h
also been called a “bimodal varicose,” and the second
wave vectork a “dual” of q [14,15].

In an intermediate frequency rangevL , v , vAR,
NR are stable fore # eZZsvd (solid line). At eZZ a
zigzag instability also develops [7], which derives conti
uously from the zigzag instability at lowv: eZZsvd °! 0
for v °! vL. Above eZZ the situation is analogous to
the low-frequency regime, i.e., one gets stable AR
e . eAR stab . When e is increased further the AR ex
perience the varicose destabilization ateBV as before.

The stability limitseAR, eAR stab and eBV decrease as
functions ofv [Fig. 3]. Above the frequencyvAR, where
eZZ, eAR stab meet the lineeAR, the bifurcation NR°!
AR occurs in the stable range. Along the varicose
line eBV svd, the modulation wave vectors ­ k 2 q
approaches zero with increasingv, whereas the ratio
syysx stays finite (syysx . 62.7). Above vt0 . 2.8
[cross in Fig. 3], the varicose instability thus becomes
long-wavelength modulational instability of the skewe
varicose type [13].

Now we come to the stability regimes of OR. In th
typical example of Fig. 2, forq ­ qc, v , vL, the un-
stable ranges are shown in gray. Ate . 0 only the rolls
with p . 6pc are stable. With increasinge the stable
ranges, limited by an Eckhaus instability (dotted line
Fig. 2, which connects parabolically toe ­ 0, p ­ 6pc),
grow. The stable roll ranges are limited from above
the bimodal instability (dashed line in Fig. 2). At larg
jpj this line bends back and connects to the Eckhaus
(not shown). With increasingv the qualitative features
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of the stability regimes are changed at first only for sm
e. The lower part (smalle) of the central gray region in
Fig. 2 shrinks in accordance with the decrease ofpc. At
v ­ vL it lifts off the p axis and forv . vL there re-
mains an unstable bubble extending in thee, p plane from
eZZ to eAR stab and between6pmax. For v °! vAR the
bubble shrinks to zero.

In the following we discuss the experimental evidenc
for the new scenarios involving AR. The direct ob
servation of a homogeneousny distortion in the planar
configuration is difficult. The optical axis of the uniax
ial nematics is the director. Maximal optical contrast
achieved in extraordinary light, when the polarization
the light is parallel to the director at the platesx̂. The
polarization then follows adiabatically anyny excursion
in the bulk and exits parallel tôx again, as long asny

varies slowly over a wavelength of the light (Mauguin’
principle). Therefore onlynz is monitored, whereas the
ny distortion has almost no effect on the propagation
the rays.

However, the AR can be evidenced when starting fro
a polydomain configuration [Fig. 1(b) and 1(c)]. O
either side of the grain boundary one has oppositenH

y
orientations. The resulting strongny gradients inside
the grain, coupled to a localized peak ofnz, explain
the observed optical contrast of the wall. The bimod
patterns in Fig. 1(d) then obviously result from th
destabilization of AR ate ­ eBV (see Fig. 3). Using the
material parameters [6], and for the experimental wa
vector qsed, we have calculated the various transitio
points. We foundeAR stab ­ 0.18 and eBV ­ 0.42 for
the situation depicted in Fig. 1 (vt0 ­ 0.3). In the
experiments, AR were selected spontaneously only
e * 0.40 (for smallere, the system remained in an OR
state). The transition to homogeneous bimodal occur
at eBV . 0.50. The theoretical value for the angle
betweenx̂ and the dual wave vectorsk (683±) is in good
agreement with the experimental one (681±). A direct
experimental proof of the in-plane rotation of the direct
seems nevertheless desirable, possibly with the help
special optical methods (see [16]).

In addition to the direct observation of walls at hig
frequency in AR (ii), there is other evidence for the qua
tative changes expected from theory when the frequen
crossesvAR. Experiments in the nematic MBBA have
indeed shown a crossover from a zigzag to a skew
varicose destabilization for rolls in the normal direction
v . 1.0yt0 [17]. This agrees quite well with our theo
retical value for MBBA, vAR ­ 1.1yt0. The skewed-
varicose instability is known to lead to the generation
dislocations in striped patterns, and indeed beyondvAR

and (presumably)eAR various kinds of (dynamic) defect
structures were detected [8,17].

AR also explain experimental observations in E
in homeotropically oriented cells (director prepare
perpendicular to the confining plates), where we ha
2369
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numerically identified the secondarynH
y bifurcation too

[18]. In this geometry, EC typically arises after a
electric Fréedericks transition. The in-plane directionx̂
of the director field before EC is either spontaneous
chosen, or determined by a horizontal magnetic field.
contrast to the planar case, the polarization of extraor
nary light is now determined by the in-plane director
the bulk. Therefore it is clear that in AR the maxima
optical contrast requires a polarization of light not parall
to x̂, as observed in [9]. Also, optical effects similar t
that shown in Fig. 1(c), i.e., rolls in the normal directio
separated by dark bands (horizontal and vertical), ha
been seen quite recently [19,20]. Further bifurcations
these structures [see Fig. 9(b) of [20] ], which show som
similarities to the one shown in Fig. 1(d), underscore t
fact that they ° 2y symmetry has been broken due to
in-plane rotation of the director.

A more detailed presentation of the mechanisms
volved in the transition to AR and of the stability dia
gram, which can also be captured by an extended wea
nonlinear analysis as introduced in [11], will be present
elsewhere. In addition, a normal-form type analysis
terms of a phase diffusion equation coupled to thenH

y
mode, applicable in particular in the neighborhood of th
highly degenerate bifurcation point atvAR, is in progress.
Finally, the role of the dynamics of defects in the AR
under investigation.

In conclusion, we have found in the best-studied mod
system for anisotropic convection a novel symmet
breaking through nonlinear coupling of multiple fields
which had been overlooked since it is hidden in the optic
pattern. It appears to be generic in nematic electroco
vection, since it develops in planar and in homeotrop
geometry. It is also decisive for the understanding
EC in the higher-frequency (v . vd) dielectric regime
[2–4], in particular of the “chevrons.” Moreover
preliminary calculations show that the same symm
try breaking should also occur in thermoconvection
nematics.

Our results demonstrate the importance of the in-pla
director degree of freedom, and open the way for
understanding of well known, but as yet not understo
phenomena in the strongly nonlinear regime of nema
convection. We mention oscillating bimodal structure
defect lattices, and the strongly chaotic (or turbulen
dynamic scattering regime. Some experimental resu
concerning the defect lattice as well as a description
weakly chaotic states will be presented elsewhere [5].
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