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Rigid-Rotor Vlasov Equilibrium for an Intense Charged-Particle Beam Propagating
through a Periodic Solenoidal Magnetic Field
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A new rigid-rotor Vlasov equilibrium is obtained for an intense, axisymmetric charged-particle
beam with uniform density in the radial direction propagating through a periodic solenoidal focusing
field. The beam envelope equation is derived, and examples of periodically focused rigid-rotor Vlasov
equilibria are presented. Statistical properties and possible applications of the present beam equilibriu
are also discussed. [S0031-9007(97)03530-8]
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A fundamental understanding of the kinetic equilibriu
and stability properties of an intense charged-parti
beam in periodic electric and magnetic fields is importa
to the development of advanced particle accelerators
advanced coherent radiation sources for a wide range
applications [1–3]. Until this paper, the Kapchinski
Vladimirskij (KV) equilibrium [4] has been the only
known collisionless (Vlasov) equilibrium for continuou
intense charged-particle beams propagating through ei
an alternating-gradient quadrupole magnetic focusing fi
[4,5] or a periodic solenoidal focusing field [5,6]. Studie
of the KV beam equilibrium and its stability propertie
[1–7] have contributed significantly to the physics
intense charged-particle beams.

A large body of literature exists on the Vlasov equ
librium and stability properties of rotating nonneutr
charged-particle beams propagating parallel to auniform
solenoidal focusing fieldB0ez [8], whereB0  const, dat-
ing back to the original work of Davidson and Kra
[9]. In the present paper, it is shown that there exi
a rigid-rotor Vlasov equilibrium for an intense charge
particle beam with uniform density in the radial directio
propagating through aperiodic solenoidal focusing field.
In the present analysis, the beam is assumed to ha
uniform density profile in the radial direction, and a rigid
rotor angular flow velocity in addition to a constant axi
velocity bbc. As special limiting cases, the present ana
sis includes both the familiar KV equilibrium for an
intense beam propagating through a periodic soleno
focusing field [6,8], and the familiar uniform-densit
rigid-rotor Vlasov equilibrium in a uniform solenoida
field [10]. The beam envelope equation is derived a
used to determine the axial dependence of the outer b
radius. Statistical properties and possible applications
the present beam equilibrium are also discussed.

We consider a thin, continuous, axisymmetrics≠y≠u 
0d, intense charged-particle beam propagating with c
stant axial velocitybbcez through an applied periodic
0031-9007y97y79(2)y225(4)$10.00
le
nt
nd
of

-

her
ld

s
s
f

i-
l

l
ts
-

n

e a
-
l

y-

dal

nd
am
of

n-

solenoidal focusing field. The applied solenoidal focus
ing field inside the thin beam can be approximated by

Bextsr , sd  Bzssdez 2
r
2

B0
zssder , (1)

where s  z is the axial coordinate,r  sx2 1 y2d1y2

is the radial distance from the beam axis,Bzss 1 Sd 
Bzssd is the axial magnetic field,S is the fundamental pe-
riodicity length of the focusing field, and prime denote
derivative with respect tos. Here,S ¿ rb is assumed,
whererb is the characteristic radius of the outer beam e
velope. To determine the self-electric and self-magnet
fields of the beam self-consistently, we assume that t
density profile of the beam is uniform, i.e.,

nbsr, sd 

Ω
Nypr2

bssd, 0 # r , rbssd ,
0, r . rbssd ,

(2)

whererbssd  rbss 1 Sd is the equilibrium beam radius,
and N  2p

R`
0 dr rnbsr , sd  const is the number of

particles per unit axial length. In the paraxial approxi
mation, the Budker parameter of the beam is assumed
be small, i.e.,q2Nymc2 ø gb , and the transverse kinetic
energy of a beam particle is assumed to be small co
pared with its axial kinetic energy. Here,c is the speed
of light in vacuo, gb is the relativistic mass factor, andq
andm are the particle charge and rest mass, respective
From the equilibrium Maxwell equations, we find that the
self-electric and self-magnetic fields,Es

r er andBs
ueu , are

given by

Es
r sr , sd  b21

b Bs
usr , sd 

2qNr

r2
bssd

(3)

in the beam interiors0 # r # rbd. It is convenient to
express the self-fields in terms of the scalar and vect
potentials defined for0 # r # rbssd by

Fssr , sd  b21
b As

zsr , sd  2
qNr2

r2
bssd

, (4)
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where Assr , sd  As
zsr , sdez, Es

r sr , sd  2≠Fsy≠r , and
Bs

usr , sd  2≠As
zy≠r. Furthermore, we choose the ve

tor potential for the applied periodic solenoidal fie
to be Aextsr, sd  sry2dBzssdeu with Bextsr , sd  , 3

Aextsr , sd.
,
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It can be shown that the transverse motion for

individual particle in the combined fieldsBextsr , sd 1

Bs
usr , sdeu and Es

r sr , sder is described by the normal
ized perpendicular HamiltonianĤ'  H'ygbb

2
b 3

mc2 [6]
Ĥ'sx, y, P̂x, P̂y, sd 
1
2

(
fP̂x 1 y

p
kzssd g2 1 fP̂y 2 x

p
kzssd g2 2

K

r2
bssd

sx2 1 y2d

)
. (5)
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Here, sx, P̂xd and sy, P̂yd are canonical conjugate pairsp
kzssd  qBzssdy2gbbbmc2 is the normalized Larmor

frequency, K  2q2Nyg
3
bb

2
bmc2 is the self-field per-

veance [1],gb  s1 2 b
2
bd21y2 is the relativistic mass

factor, and the normalized transverse canonical mom
tum P̂'  sP̂x , P̂yd is related to the transverse mechanic
momentump' by P̂'  sgbbbmcd21sp' 1 qAext

' ycd.
It is useful to introduce the canonical transformation fro
the Cartesian canonical variablessx, y, P̂x, P̂yd to the new
canonical variablessX, Y , PX, PY d in the Larmor frame
defined by [6]

x  wX cosf 1 wY sinf ,

y  2wX sinf 1 wY cosf ,

P̂x  sw21PX 1 w0Xd cosf

1 sw21PY 1 w0Y d sinf ,

P̂y  2sw21PX 1 w0Xd sinf

1 sw21PY 1 w0Y d cosf .

(6)

In Eq. (6), fssd 
Rs

s0
ds

p
kzssd is the accumulated

phase of rotation of the Larmor frame of referenc
relative to the laboratory frame, the periodic functio
wssd  wss 1 Sd solves the differential equation

w00ssd 1

∑
kzssd 2

K

r2
bssd

∏
wssd 

1
w3ssd

, (7)

and prime denotes derivative with respect tos. The
canonical transformation in Eq. (6) can be obtained
successive applications of the generating functions

F2sx, y; P̃x , P̃y , sd  sx cosf 2 y sinfdP̃x

1 sx sinf 1 y cosfdP̃y , (8)

F̃2sx̃, ỹ; PXPY , sd  sx̃PX 1 ỹPY dyw

1 sw0y2wd sx̃2 1 ỹ2d . (9)
It follows from Eq. (8) thatx̃  x cosf 2 y sinf and
ỹ  x sinf 1 y cosf. The Hamilton equations for the
perpendicular motion in the Larmor frame can be e
pressed as

X0 
≠H
≠P


P

w2ssd
,

P0  2
≠H
≠X

 2
X

w2ssd
,

(10)

whereX  sX, Yd, P  sPX , PY d, and the new Hamilton-
ian is defined by
n-
l

e

y

-

HsX, Y , PX, PY , sd 
1

2w2ssd
sX2 1 Y2 1 P2

X 1 P2
Y d .

(11)

Because A2
X  X2 1 P2

X , A2
Y  Y2 1 P2

Y , and the
canonical angular momentumPQ  XPY 2 YPX are
exact single-particle constants of the motion for th
Hamiltonian in Eq. (5), we define a possible choice o
Vlasov equilibrium distribution function by

fbsX, Y , PX , PY d 
N

p2´T
dfX2 1 Y2 1 P2

X 1 P2
Y

2 2vbsXPY 2 YPXd
2 s1 2 v2

bd´T g , (12)

wheredfbyds  0  ≠fby≠s, ´T  const. 0 is an ef-
fective emittance,dsxd is the Diracd function, and the
rotation parametervb  const is allowed to be in the
range21 , vb , 1 for radially confined equilibria. As
shown below, Eq. (12) is consistent with the assum
density profile in Eq. (2). Whilefb is defined in terms
of a d function, it should provide a very good descrip
tion of a well-matched beam equilibrium in experimenta
applications.

It is readily shown that the beam equilibrium describe
by the distribution functionfb in Eq. (12) has the fol-
lowing statistical properties. First, the beam has th
uniform-density profilenbsr , sd  w22ssd

R
fb dPX dPY

prescribed by Eq. (2), providedrbssd  ´
1y2
T wssd. In

other words, the outer equilibrium radius of the bea
rbssd  rbss 1 Sd obeys the familiar envelope equation
[1,6]

d2

ds2
rbssd 1 kzssdrbssd 2

K
rbssd

2
´

2
T

r3
bssd

 0 . (13)

Second, in dimensional units, the average (macroscop
transverse velocity of the beam equilibrium described
Eq. (12) is given in the Larmor frame by

Ṽ'sr , sd  fnbsr , sdw2ssdg21
Z

ṽ'fb dPX dPY


r 0

bssd
rbssd

bbcrẽr 1 Ṽbssdreu , (14)

where Ṽbssd  Ṽusr , sdyr  ´T vbbbcyr2
bssd. Note

in Eq. (14) that the azimuthal flow velocitỹVusr , sd
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is proportional to the average (normalized) canoni
angular momentum in the Larmor frame,kP̂ul sr , sd 
fnbsr , sdw2ssdg21

R
PQfb dPX dPY  ´T vbr2yr2

bssd. In
the laboratory frame, thes-dependent average transver
flow velocity and angular rotation velocity of the bea
equilibrium described by Eq. (12) can be expressed as

V'sr, sd  fnbsr , sdw2ssdg21
Z

v'fb dPX dPY


r 0

bssd
rbssd

bbcrer 1 Vbssdreu , (15)

Vbssd 
´T bbc

r2
bssd

vb 2
qBzssd
2gbmc

, (16)

respectively. Because the beam rotates macroscopical
a rigid body at a rate that is a periodic function of the ax
propagation distances, we refer to the Vlasov equilibrium
described by Eq. (12) as aperiodically focused rigid-rotor
Vlasov equilibrium. As a third statistical property, the
beam equilibrium described by Eq. (12) has the effect
transverse temperature profile (in dimensional units)

T'sr , sd  fnbsr , sdw2ssdg21

3
Z gbm

2
sv' 2 V'd2fb dPX dPY

 T's0, sd

"
1 2

r2

r2
bssd

#
, (17)

where

T's0, sd  s1 2 v2
bd

mgbb
2
bc2´

2
T

2r2
bssd

. (18)

Note from Eq. (18) that the productT's0, sdr2
bssd is a

conserved quantitysdyds  0d as the beam is axially
modulated. As a fourth property, therms emittance of
the beam equilibrium described by Eq. (12) is given in t
Larmor frame by

´ ; skx̃2l kx̃02l 2 kx̃x̃0l2d1y2  sk ỹ2l k ỹ02l 2 k ỹỹ0l2d1y2

 ´T y4 , (19)

where statistical averages are defined in the usual ma
by k· · ·l  N21

R
s· · ·dfb dX dY dPX dPY . Note that the

definition of ´T in Eq. (19) includes directed transvers
motion as well as motion relative to the mean. Defini
the thermalemittance of the beam by

´th  4sbbcd21fkx2l ksyx 2 Vxd2lg1y2 , (20)

it is readily verified that

´2
th  s1 2 v2

bd´2
T 

2T's0, sdr2
bssd

mgbb
2
bc2

. (21)

It follows from Eq. (21) that´2
T  ´

2
th 1 v

2
b´

2
T , where

the v
2
b term corresponds to the average azimuthal mot

in the Larmor frame. Making use of Eqs. (16) and (21
the envelope equation (13) can also be expressed as
al

e

as
l

e
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g

n
),

d2

ds2 rbssd 2
Vbssd
b

2
bc2

fVbssd 1 Vcssdgrbssd 2

K
rbssd

2
´

2
th

r3
bssd

 0 , (22)

whereVcssd  qBzssdygbmc is the relativistic cyclotron
frequency including its sign.

The periodically focused rigid-rotor Vlasov equilibrium
has two limiting cases which are well known. It recov
ers the familiar KV beam equilibrium [4–6] by setting th
rotation parametervb  0. It also recovers the familiar
constant-radius, uniform-density rigid-rotor Vlassov equ
librium [10] by taking the limit of a uniform magnetic
field with Bzssd  B0  const.

We now illustrate with examples of periodically focuse
ragid-rotor Vlasov equilibria in a periodic solenoidal fo
cusing channel with step-function lattice. Figure 1 show
plots of the normalized axial magnetic field (solid curve
beam radius (dashed curve), and average angular velo
in the laboratory frame (dotted curve) defined in Eq. (1
versus the axial propagation distances for a rigid-rotor
Vlasov equilibrium in a periodic solenoidal focusing chan
nel defined by the ideal periodic step functionp

kzssd 

Ω p
kz0  const, 2hy2 # syS , hy2 ,

0, hy2 # syS , 1 2 hy2 .

(23)
Here, h is the so-called filling factor. In Fig. 1, the
beam radius and average angular velocity are determi
using Eqs. (13) and (16), respectively, for the choice
system parameters corresponding toS

p
kz0  3.162, h 

0.2, SKy´T  10, andvb  0.9; the variabless,
p

kzssd,
rbssd, and Vbssd are scaled by the multipliersS21, S,
s´T Sd21y2, and Sybbc, respectively. The vacuum and

FIG. 1. Plots of the normalized axial magnetic field (soli
curve), beam radius (dashed curve), and average ang
velocity (dotted curve) versus the axial propagation distances
for a periodically focused rigid-rotor Vlasov equilibrium in an
applied magnetic field described by the periodic step-functi
lattice in Eq. (23). Here, the choice of system paramete
corresponds toS

p
kz0  3.162, h  0.2, SKy´T  10, and

vb  0.9. The variabless,
p

kzssd, rbssd, andVbssd are scaled
by the multipliersS21, S, s´T Sd21y2, andSybbc, respectively.
227
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space-charge-depressed phase advances of the pa
betatron oscillations averaged over one lattice period a
evaluated to besn  ´T

RS
0 dsyr2

b0ssd  86.6± ands 
´T

RS
0 dsyr2

bssd  12.8±, respectively. Here,rb0ssd 
rb0ss 1 Sd is the outer equilibrium beam radius whe
K  0.

To illustrate the influence of rotation on the period
cally focused rigid-rotor Vlasov equilibrium, we plot the
relative equilibrium beam radiusrbs0dyrKV

b s0d at s  0
versus the rotation parametervb in Fig. 2, as obtained
by solving the envelope equation (22) numerically for th
case of the step-function lattice defined in Eq. (23). He
rKV

b s0d is the outer beam radius for the KV equilibrium
svb  0d at s  0, S, 2S, . . .. The choice of system pa-
rameters corresponds toS

p
kz0  3.162, h  0.2, and

SKy´th  10, where´th is the thermal emittance. It is
evident in Fig. 2 that the equilibrium beam radius is
minimum whenvb  0 (strongest magnetic focusing)
and increases rapidly asjvb j ! 1. This is because the
centrifugal force associated with the beam rotation is d
focusing, thereby resulting in a larger beam radius.

Finally, we point out possible applications of the per
odically focused rigid-rotor Vlasov equilibrium presente
in this article. First, this equilibrium in principle allows
for precise matching of an intense beam into a period
solenoidal focusing channel in terms of detailed phas
space distributions. For example, the value of rotatio
parametervb can be adjusted experimentally [11] by
passing the beam through a step inBzssd before the beam
enters a periodic solenoidal focusing field. Second, t
equilibrium allows for studies of stability properties of a
class of intense beams with equilibrium distribution oth
than the KV distribution.

To summarize, a rigid-rotor Vlasov equilibrium ha
been obtained for an intense charged-particle beam pro
gating through a periodic solenoidal focusing field. I
the present analysis, the beam has a uniform density p
file in the radial direction, and a rigid-rotor angular flow
velocity in addition to a constant axial velocity. As spe
cial limiting cases, the present analysis includes both t
Kapchinskij-Vladimirskij (KV) beam equilibrium (when
vb  0) for an intense beam propagating through a p
riodic solenoidal focusing field, and the uniform-density
rigid-rotor Vlasov equilibrium for a beam propagating in
a uniform magnetic field whenBzssd  B0  const. The
beam envelope equation was derived, and examples of
riodically focused rigid-rotor Vlasov beam equilibria wer
presented. Statistical properties and possible applicati
of the present equilibrium were also discussed. Study
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FIG. 2. Plots of the relative equilibrium beam radiusrbs0dy
rKV

b s0d at s  0 versus the rotation parametervb as ob-
tained from Eq. (22) for the step-function lattice defined
Eq. (23). Here,rKV

b s0d is the outer beam radius for the KV
equilibrium svb  0d. The choice of system parameters corr
sponds toS

p
kz0  3.162, h  0.2, andSKy´th  10, where

´th is the thermal emittance.

the stability properties of the present equilibrium is an im
portant area for future investigation.
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