
VOLUME 79, NUMBER 12 P H Y S I C A L R E V I E W L E T T E R S 22 SEPTEMBER1997

by

ential
nsport
, the
tical
law.
Anomalous Dynamics of a Single Ion in an Optical Lattice

Hidetoshi Katori,* Stefan Schlipf, and Herbert Walther
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(Received 28 February 1997)

We have investigated the dynamics of a single ion in a one-dimensional optical lattice
tracing its position through fluorescent photons. A24Mg1 ion was radially confined in a two-
dimensional radio-frequency trap, while an optical lattice superimposed on a weak electric pot
was applied along the free axis. By decreasing the optical potential depth, a change of the tra
characteristics from diffusive to quasiballistic was observed. Corresponding to this change
distribution of the ion position showed an excess fluctuation reminiscent of Lévy walks. A statis
analysis of these fluctuations confirmed a significant deviation from the Gaussian diffusion
[S0031-9007(97)04069-6]
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Laser cooling of atoms has opened up many new fie
including the opportunity to study random walks [1–6
The first impressive example was found in the Brown
motion of ultracold atoms in an optical molasses [
where atoms were cooled and confined by photon re
to form a viscous medium. The cooling and confinem
rely on velocity- or position-dependent absorption
laser photons followed by spontaneous emission. T
complexity in the absorption process gives diversity
the random walks of laser-cooled atoms; Brownian
well as anomalous diffusion such as Lévy flights [2
can be observed, depending on the cooling techniq
Lévy flights have generated broad interest over a cr
disciplinary field in recent years [8,9], because of th
strange kinetics, self-similarity, and fractal nature.
laser cooling, Lévy statistics have been employed
analyze the atomic momentum distribution in veloc
selective coherent population trapping [2]; also Lé
walks are predicted to occur in atomic transport in opti
lattices [6].

This Letter presents the first study of the single i
dynamics in a one-dimensional (1D) optical lattice s
perimposed on a weak harmonic potential. The exp
ment measured the trajectory of the ion via its reemit
photons using a position-resolved, single-photon, de
tion technique. This single particle observation allo
us to see the microscopic processes in the atomic tr
port, where an anomalous diffusion process such as L
walks can best manifest its unique features. The resu
macroscopic effects, the change of the spatial diffus
constant and the existence of long range correlations,
analyzed by applying statistical techniques to the obtai
trajectories.

A red-detuned optical lattice with polarization grad
ents has been successfully used to realize sub-Dop
temperatures with the help of the Sisyphus effect [10].
can produce atomic samples with kinetic energies of l
than half the optical potential depth, leading to a locali
tion of atoms at the minimums of the potential [11,12
0031-9007y97y79(12)y2221(4)$10.00
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Since the atoms are trapped in the intensity maximum
the atomic lifetime in a specific well is limited becaus
energy fluctuations due to spontaneous emission occas
ally allow the atom to accumulate enough energy to ov
come the potential barrier. This causes random walks
the atoms between lattice sites [3]. To date these atom
transports have been studied only in relatively deep op
cal potential wells, where atoms show Brownian (Gaus
ian) diffusion [5] because the Sisyphus damping for
together with the lattice periodicity strongly limit the ran
dom walk step size.

For shallower optical potentials, it has been predict
that these energy fluctuations lead to long flights of
atom that can reach over many wavelengths before
is eventually trapped again, since the Sisyphus dam
ing force is negligible for an atom with a large momen
tum which is far outside the momentum capture ran
pc [6,10,13]. The resultant atomic trajectory is reminis
cent of random walk phenomena called Lévy walks [8
Macroscopically this results in a breakdown of the Gaus
ian diffusion law and causes a divergence of the spa
diffusion constant. Marksteineret al. [6] discussed the
occurrence of this anomalous diffusion in terms of th
slowly decaying momentum correlation due to the we
damping force. However, this paper will discuss it usin
energy correlations. The superimposed weak harmo
potential allows us to observe the potential energy of t
ion from its spatial distribution measured with an appr
priate averaging time. Once the ion acquires enough
netic energy to significantly exceed the barrier, it becom
insensitive to the Sisyphus damping and oscillates in
superimposed potential. The total energy is then virtua
unchanged for some time period, until the ion is captur
by one of the optical potentials with the help of Sisyphu
damping. This results in anomalous fluctuations of t
ion’s kinetic energy with long range correlations whos
origin is attributed to the existence ofpc, as discussed
with spatial Lévy walks [6]. In order to interpret the ex
perimental results, we performed Monte Carlo simulatio
© 1997 The American Physical Society 2221
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that calculate the classical trajectory of an ion in our tot
1D potential [14,15].

We used an rf quadrupole ring trap [16] to store
single24Mg1. It gave a radial confinement with a secula
frequency of 900 kHz. Along the axis of the quadrupo
field the ion was confined by a weak electric potenti
with an oscillation frequency ofvy2p  13 kHz. A
periodic optical potential was produced tangential to th
trap axis with a pair of counterpropagating, crosse
linear-polarized, laser beams, which were slightly re
detuned from the2S1y2 22 P3y2 transition of 24Mg1 at
l  280 nm (natural linewidthGy2p  43 MHz). A
sketch of the total 1D potential is depicted in Fig. 1(a).

The experiment concentrated on the axial motion
the ion as measured by its displacementxstid from the
minimum of the electric potential. The ion position wa
determined by detecting its fluorescent photons whi
pass through a microscope lens with a numerical apert
(NA) of NA  0.28, and are then projected onto a single
photon-counting position analyzer with a time resolutio
of 10 ms. The total photon detection efficiency wa
1024. The effective position resolution was estimate
experimentally to be,3 mm, due mainly to the thermal
motion of the ion in the focal direction. A single
measurement recorded the position and time of arriv
of 216 photons as the serieshxstidj. This required total
observation timesTobs of up to a few minutes. The
signal to noise ratio was102 103, limited mainly by the
presence of fluorescence light scattered from the surfa

FIG. 1. (a) A schematic diagram of the 1D potential: a
optical lattice superimposed on a weak electric potenti
The light shifted Zeeman substatesm  61y2 produce the
potentials shown as solid and dotted lines. (b) An examp
of an ion trajectory measurement.xstid denotes the ion’s
displacement from the center of the electric potential
time ti.
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of the trap electrodes. An example of an ion trajecto
is shown in Fig. 1(b). The analysis of the ion trajectorie
employed, for different time scales, two kinds of statistic
techniques: an autocorrelation function and a rando
walk analysis.

A position-autocorrelation functionkxs0d xstdl was
used to analyze the spatial diffusion of an ion in the sho
time scale. It was calculated fromfstd, the average of
the squared displacements between position detecti
separated by a time delayt. fstd is thus defined as

kfxst 1 td 2 xstdg2l  2kx2l 2 2kxs0d xstdl , (1)

where the angle brackets denote averaging over timet.
In this manner the contribution of stray photons and a
position uncertainty in the optical imaging are average
out and result in a constant offset.

Figure 2 shows the shape offstd for different opti-
cal potential depthsUopt  2

2
3 h̄Ds0 [10], where s0 

IyIsat

11s2DyGd2 , Isat 
2p2 h̄cG

3l3 , D, and I are the saturation pa-
rameter, the saturation intensity of the transition, the las
detuning, and the intensity, respectively. The potent
depth is given in units of photon recoil energyER 

h̄2k2

2m ,
with ERyh  106 kHz. For deep optical potentials where
a slow rise in fstd is seen, a spatial diffusion con-
stant can be defined by the slope offstd at t  0, i.e.,
2DX ; f0s0d [17]. The spatial diffusion of an ion in this
short time period is so small that the effect of the supe
imposed electric potential is negligible and the diffusio
constant can be compared with a pure 1D lattice [6
We observed a minimum diffusion constant of6 3

1028 m 2ys or 23h̄ym at Uopt , 300ER . The diffusion
constant increased by a factor of 10, roughly inverse
proportional toUopt, in the range200ER to 100ER , and
eventually diverged. These observations agree with o
Monte Carlo simulation within a factor of 2 [15].

FIG. 2. The squared position differencefstd as a function of
the time delayt. The optical potential depth for each curve i
indicated in the figure, obtained by changing the laser detun
from D  23.2G (Uopt  250ER) to 210.8G (76ER) with a
fixed laser intensity ofI  12Isat.
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As the optical potential depth is decreased, the slo
of the initial increase infstd becomes steeper until th
function eventually displays a sinusoidal oscillation at t
frequencyv of the electric potential. This clearly show
the atomic transport changing from a diffusive motio
between lattice sites to a quasiballistic motion in t
electric potential. The quasiballistic motion implies th
the optical potential is too shallow to confine the ion a
that harmonic oscillator states exist on a longer time sc
In this unlocalized regime the average kinetic energy
the ion can be estimated from its time-averaged spa
distribution in the electric potential.

In this parameter range, excess long-lived fluctuatio
in the ion’s position distribution were found. In order t
evaluate these fluctuations we divide up the total obs
vation timeTobs into 211 intervals and calculate a mea
square average value of the ion’s displacementustnd ;
1

Nn

P
tn,ti ,tn11

xstid2 for each interval, whereNn is the num-

ber of sampling points andtn  n
Tobs

211 the starting time of
thenth interval. On the average, each interval correspo
to more than102 oscillation periods in the electric poten
tial and contains,25 position detections. Monte Carlo
simulations have shown that, even with a deep optical
tential, the potential energyUn 

1
2 mv2ustnd determined

from the position distribution of the ion in the electric po
tential can still be associated approximately with its k
netic energy, as long as the averaging time is much lar
than both the ion’s localization time in an optical well an
the oscillation period of the electric potential. Figure 3(
shows the temporal behavior ofUn for two different opti-
cal potential depths. For a shallow optical potential, lar
fluctuations are observed, which are reminiscent of Lé
walks [7,8] in the sense that there is no definite charac
istic time scale for the appearance of these energy jum

To characterize the fluctuations quantitatively, we ta
Un as the step size of a random walk and evaluate
total random walk distance aftern steps starting fromn0,
which is given bysn 

Pn01n
kn0

Uk. The statistical nature
of the random walks can be determined by the power l
dependence of the root mean square (rms) fluctuation
sn,

Dsn 
q

ks2
nln0 2 ksnl2

n0
~ na , (2)

where brackets denote expectation values averaging
all possible starting pointsn0. A diffusion process is
defined as Gaussian fora 

1
2 and anomalous fora fi

1
2 . The result of this analysis is shown in Fig. 3(b
When Uopt  250ER, we observed an exponenta of
0.51, which indicates that the diffusion process ofhUnj
is Gaussian. On the other hand, forUopt  85ER, a was
0.77 for an averaging timetc of up to a second, which is
a significant deviation from Gaussian diffusion.

We verified the origin of this anomalous diffusio
in the following ways. First, the polarizations of th
lattice lasers were changed to remove Sisyphus coo
pe
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FIG. 3. (a) Temporal fluctuations of the ion’s potential energ
Un estimated from the mean square displacement for t
different optical potential depths. (b) Log-log plot of the rm
fluctuation Dsn vs time for the respective fluctuations ofUn
shown in (a). The dashed line was generated by data shuffl
for Uopt  85ER ; see text.

so that the ion was effected only by far detuned Dopp
cooling [18]. Second, to confirm the existence of tim
correlation in the fluctuation, we randomly shuffled th
time order ofhUnj and calculated the rms fluctuationDsn

[9]. Both procedures suppressed the anomalous chara
and led to Gaussian diffusion witha 

1
2 . The result

for the second procedure is indicated by the dashed l
in Fig. 3(b). In addition, a histogram of the spatia
distribution of the ion showed a broader wing than th
of a Gaussian. These pieces of evidence confirm t
the origin of the anomalous behavior ofhUnj lies in
the broad momentum distribution with a long correlatio
time, which is introduced by the polarization gradient fie
with a shallow optical potential depth, as discussed
Ref. [6].

Finally, we studied the change of the exponenta as a
function of the optical potential depth, which is shown i
Fig. 4. The exponent was determined from the linear p
of the slope at short times, as is seen in Fig. 3(b). Fo
wide range of experimental parameters where polarizat
gradient cooling was effective the diffusion process w
approximately Gaussian. A transition to anomalous diff
sion was observed atUopt , 100ER . The inset shows the
corresponding kinetic energy of the ion estimated fro
the spatial distribution,EK 

1
4 mv2fs`d; one can see

the general trend of polarization gradient cooling, i.e., t
kinetic energy decreases proportional toUopt and finally
2223
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FIG. 4. The exponenta as a function of the optical potentia
depth Uopt. The error bars show the standard deviatio
calculated from several data sets measured at the sa
laser parameters. The change from Gaussian (a  0.5) to
anomalous diffusion is seen atUopt , 100ER. The inset shows
the corresponding kinetic energy of the ion. The circles a
squares show the data taken on different days.

diverges [19]. This divergence of the kinetic energy
found to correlate with the onset of anomalous diffusio
which shows that the divergence of the kinetic energy
polarization gradient cooling is related to these anomalo
energy fluctuations.

Quantitative comparisons of our results with the e
isting theories [6] are not straightforward because of t
superimposed electric potential, the spatially varying m
cromotion [20,21], and the damping force due to Doppl
cooling. From our Monte Carlo simulations [15] which
neglected micromotion and Doppler cooling, the thresho
for anomalous diffusion was atUopt , 50ER with a corre-
lation time as short astc , 30 ms forUopt  33ER. Our
experimental results showed a thresholdUopt twice as large
andtc nearly a hundred times longer forUopt  85ER, as
is seen in Fig. 3(b). We speculate that these discrepan
can be attributed to the influence of residual micromoti
which appears away from the minimum of the electric p
tential. In the absence of micromotion, the energy co
relation should be truncated near the turning point of t
external potential because the ion velocity would be clo
to zero and thus inside the capture range of the Sisyp
cooling [10]. However, due to the influence of micromo
tion in the experiment [21], the ion is actually heated mo
than cooled near the turning points of the electric pote
tial. Therefore, the existence of micromotion sustain
the energy correlation and allowed us to see the anom
lous fluctuations unexpectedly clearly. The energy cor
lation is finally truncated by Doppler cooling, which limits
the average kinetic energy by its equilibrium temperatu
of ,103ER for our laser parameters ofUopt  85ER with
I  12Isat andD  29.7G [18].

In summary, we have measured the spatial diffusi
constant and the microscopic process of the divergence
2224
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the kinetic energy in polarization gradient cooling by em
ploying a novel single ion tracing technique. The orig
of the long-range correlations of the latter is closely r
lated to the anomalous transport of an atom in an opti
lattice, recently predicted in Ref. [6]. A better confine
ment in the radial direction will allow us to measure th
ion position with a diffraction limited resolution. An ex
tension of this study to a few ions would be interestin
because the strong motional coupling between the i
due to Coulomb interactions can introduce cooperative
fects in the appearance of anomalous diffusion.

We would like to thank R. I. Thompson for a carefu
reading of the manuscript and E. Peik and H. Zeng
valuable discussions.

*Permanent address: Department of Applied Physi
University of Tokyo, Bunkyo-ku, Tokyo 113, Japan.

[1] S. Chuet al., Phys. Rev. Lett.55, 48 (1985).
[2] F. Bardouet al., Phys. Rev. Lett.72, 203 (1994).
[3] A. Hemmerich, M. Weidemüller, and T. Hänsch, Euro

phys. Lett.27, 427 (1994).
[4] T. W. Hodappet al., Appl. Phys. B60, 135 (1995).
[5] C. Jurczaket al., Phys. Rev. Lett.77, 1727 (1996).
[6] S. Marksteiner, K. Ellinger, and P. Zoller, Phys. Rev.

53, 3409 (1996).
[7] J.-P. Bouchaud and A. Georges, Phys. Rep.195, 125

(1990).
[8] M. Shlesinger, G. Zaslavsky, and J. Klafter, Natu

(London)363, 31 (1993).
[9] G. M. Viswanathan et al., Nature (London) 381, 413

(1996).
[10] J. Dalibard and C. Cohen-Tannoudji, J. Opt. Soc. Am.

6, 2023 (1989), and references therein.
[11] P. Verkerket al., Phys. Rev. Lett.68, 3861 (1992).
[12] P. S. Jessenet al., Phys. Rev. Lett.69, 49 (1992).
[13] M. Holland et al., Phys. Rev. Lett.76, 3683 (1996).
[14] Y. Li and K. Mølmer, Laser Phys.4, 829 (1994).
[15] H. Katori, S. Schlipf, and H. Walther (to be published).
[16] I. Waki et al., Phys. Rev. Lett.68, 2007 (1992).
[17] To determineDX  kBT

g , we used the fitting function

fstd  kBT
mv2 f1 2 exps2 mv2t

g dg, where m, T , and g are
the ion mass, temperature, and friction coefficient, resp
tively [15].

[18] W. D. Phillips, in Fundamental Systems in Quantum
Optics,Proceedings of the Les Houches Summer Scho
Session LIII, edited by J. Dalibardet al. (Elsevier,
Amsterdam, 1992).

[19] C. Salomonet al., Europhys. Lett.12, 683 (1990).
[20] D. J. Winelandet al., Phys. Rev. A36, 2220 (1987).
[21] The influence of micromotion was minimized around th

center of the electric potential by adding a few vol
of electrostatic potential to the ring electrodes. Howev
off center some residual micromotion still remained,
confirmed by a factor of 3 increase in temperature wh
the ion was displaced by10 mm.


