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We investigate the influence of a strong magnetic field on various properties of neutron stars wit
quark-hadron phase transition. The one-gluon exchange contribution in a magnetic field is calculate
in a relativistic Dirac-Hartree-Fock approach. In a magnetic field of5 3 1018 G in the center of the
star, the overall equation of state is softer in comparison to the field-free case resulting in the reductio
of maximum mass of the neutron star. [S0031-9007(97)04090-8]
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The matter density in the core of a neutron star cou
exceed up to a few times the nuclear matter saturat
density. At such high density, it is expected that th
quark degrees of freedom would be manifested. In fa
quark matter composed of comparable proportions of u
down, and strange quarks has been conjectured [1,2
be the true ground state of QCD at finite baryon densi
Therefore, at such high baryon density, a transition fro
nuclear matter to a stable quark matter is a possibili
Several authors [3–6] have studied the effect of this pha
transition on neutron star properties.

The presence of strong magnetic fields in neutron st
might have interesting astrophysical implications. Larg
magnetic fieldBm , 1014 G has been estimated at th
surface of neutron stars [7]. On the other hand, in t
core, the field may have been amplified considerab
due to flux conservation from the original weak fiel
of the progenitor during its core collapse. In fac
field as large as,1018 G in the core is predicted [8]
using scalar virial theorem which is based on Newtoni
gravity. At such high matter density, the effect of gener
relativity is significant, and this gives rise to a very stron
gravitational force [9] on the star. Consequently, th
value of Bm is expected to be further increased abo
1018 G. Because of highly conducting core, such a hig
field is frozen in [10] and may not manifest at the surfac
The energy of a charged particle changes significantly
the quantum limit if the magnetic field is comparable to
above a critical valueB

scd
m [11], and the quantum effects

are most pronounced when the particle moves in t
lowest Landau level. The interaction of charged particl
with strongly quantizing fields has been shown to modi
the gross properties of matter on the surface [8,12] as w
as in the core of neutron stars [13,14].

Theoretical studies of Fock (exchange) term, releva
to the star surface/crust, in intense magnetic field ha
been carried out using the simple Thomas-Fermi-Dir
model [15]. In this Letter, we investigate the compositio
and structure of neutron stars with quark-hadron pha
transition under the influence of strong magnetic fields
the Dirac-Hartree-Fock (DHF) approach within a mea
0031-9007y97y79(12)y2176(4)$10.00
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field approximation. This method is rather general, so
should be of correspondingly broad interest.

We describe the calculation of the Fock term in th
presence of a magnetic field in a general formalism with
the s-v model [14,16]. In a uniform magnetic fieldBm

along thez axis, the Lagrangian is given by

L  c̄figmDm 2 m 2 gss 2 gvgmvmgc

1
1
2

s≠msd2 2
1
2

m2
ss2 2

1
4

s≠mvn 2 ≠nvmd2

1
1
2

m2
vsvmd2, (1)

in the usual notation [14]. The general solution fo
protons iscsrd ~ exps2ieHF t 1 ipyy 1 ipzzdfpy ,pz

sxd,
where the 4-component spinor at zero temperatu
fpy ,pz sxd is of the same form as in Ref. [14], but with
the single-particle Hartree energyeH replaced by the
corresponding Hartree-Fock energyeHF . The form of
the spinor in a magnetic field (see Ref. [14]) restricts th
evaluation of the Fock term to strong fields such tha
only the zeroth Landau level,n  0, is populated. The
position dependent part can then be decoupled so tha
reduces to the form

fn0
py ,pz

sxd  Nn0

0BBB@
e

HF
n0 1 pyz

0
2mp

0

1CCCAIn0;py
sxd , (2)

where Nn0  1y
q

2e
HF
n0seHF

n0 1 pyzd and e
HF
n0 

eHF
pz

2 UH
0 2 UF

0 spzd 
p

p2
yz 1 mp2. The DHF equa-

tion of protons forn  0 can then easily be written as

fazpz 1 bsm 1 UH 1 UFdguspzd  eHF
pz

uspzd , (3)

where the effective massmp  m 1 UH
S 1 UF

S spzd, and
uspzd is the momentum dependent part of the spino
For Bm fi 0, the Hartree contributionUH is given in
Ref. [14]. The Fock termUF in general is given by
[17] bUFspzd  bUF

S spzd 1 UF
0 spzd 1 a ? p̂UF

V spzd,
© 1997 The American Physical Society
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where p̂ is the unit vector alongBm. For Bm fi 0 the
different terms are given by

UF
S spzd 

1
16p2

Z 1pF

2pF

dqz
mpp

q2
yz 1 mp2

sJs 2 4Jvd ,

UF
0 spzd 

1
16p2

Z 1pF

2pF

dqzsJs 1 2Jvd ,

UF
V spzd  2

1
16p2

Z 1pF

2pF

dqz
qyzp

q2
yz 1 mp2

3 sJs 1 2Jvd .

Here qyz  qzf1 1 UF
V spzdyqzg and Ja  g2

a

expsl2
ay2qBmd

Rpy2
0 du secu erfsla secuy

p
2qBm d with

l2
a  spz 2 qzd2 2 seHF

pz
2 eHF

qz
d2 1 m2

a, and erfsxd
denotes the error function;gas correspond to meson
coupling constants witha ; ss, vd. The exchange
contribution for Bm  0 is given in Ref. [17,18]. It is
straightforward to extend this formalism to calculate th
exchange interaction for electrons in the outer crust
a strongly magnetized neutron star [15,19] and also
a magnetized pair Fermi gas [20] at finite temperatu
and baryon density in exotic stellar objects and cosm
ogy. To explore the quark-hadron phase transition,
demonstrate here the extension of the DHF approach
the calculation of the one-gluon exchange term in t
quark phase.

The pure quark phase consisting ofu, d, ands quarks
interacting through one-gluon exchange in local char
neutral andb-equilibrium conditions is described by the
bag model [2]. The DHF equations of motion for quark
in strong magnetic field can readily be obtained fro
Eq. (3) by dropping thes-meson term and replacing
the v-meson coupling by the quark-gluon coupling, i.e
gv ! sgy2dlg

ab , where asbd corresponds to the color
charge of the outgoing (incoming) quark andls are SU(3)
generators. The Hartree term (UH) vanishes because the
color symmetric combination (,tr l) does not couple to
the gluons. The interaction energy density is then due
the exchange term only, and this to orderg2 for each flavor
with Bm fi 0 is

E
f;n0
I 

qfBm

8p2

Z 1p
f
F

2p
f
F

dpz

"
UF

0 1
pyzq

p2
yz 1 mp2

f

UF
V

#
,

where qf , mp
f , and p

f
F are the charge, effective mass

and Fermi momentum of quark offth flavor. The QCD
coupling constant is defined byac  g2y4p. The general
expression (for alln) for the total kinetic energy of the
quark phase in a magnetic field is

E n
K 

X
fu,d,s

dfqfBm

4p2

n
sfd
maxX

n0

gnFsmp
f , mp

f,nd

1
eBm

4p2

n
sed
maxX

n0

gnFsme, me,nd , (4)
e
f
r

e
l-
e
to
e

e

,

to

,

where Fsx, yd  xO
1y2
i,n 1 y2 lnhsx 1 O

1y2
i,n dyyj with

i ; f or e. The notation in Eq. (4) is the same a
that in Ref. [14], but the first term corresponds to thos
for quarks withdf  3 and the second term is that fo
electrons. The total energy density of the pure qua
phase is then E q  E

n
K 1

P
f E

f;n0
I 1 Em 1 B,

whereB is the bag constant and the magnetic field ener
density isEm  B2

msnbyn0dys8pd. Since the higher order
contributions of the density dependent fieldBmsnbyn0d
[given by Eq. (5)] to number densities and chemic
potentials of different species are found to be negligib
the magnetic energy density and magnetic pressure h
been treated perturbatively. The pressure follows fro
the relation Pq 

P
f mfnf 1 mene 2 E q, where mf

denotes the quark chemical potential andnf  sdfqfBmy
2p2d

Pn
sfd
max

n0 gnsmp2
f 2 mp2

f,nd1y2 is the quark density. The

electron density is ne  seBmy2p2d
Pn

sed
max

n0 gnsm2
e 2

m2
e,nd1y2, and me its chemical potential. The charge

neutrality condition,Qq 
P

f qfnf 2 ne  0, and the
b-equilibrium conditions,md  mu 1 me  ms, can be
solved self-consistently together with the effective mass
at a fixed baryon number densityn

q
b  snu 1 nd 1 nsdy3

to obtain the equation of state (EOS) for the deconfin
phase. For the ease of numerical computation we, ho
ever, add here the one-gluon exchange term perturbativ
to energy density and pressure.

To describe pure hadronic matter consisting of neutro
(n), protonsspd, and electrons (e), we employ the linear
s-v-r model of Ref. [21] in the relativistic Hartree
approach. Neglecting the Fock term in hadron phase
quite justified as the Hartree energy grows likep6

F while
the exchange energy behaves asp4

F [22], so the Fock
correction to the EOS is expected to be small [18,22
The EOS for this phase is obtained by solving se
consistently the effective mass in conjunction with th
charge neutrality andb-equilibrium conditions,Qh 
np 2 ne  0 and mn  mp 1 me at a fixed baryon
number densitynh

b . Here ni and mi denote the number
density and chemical potential; the subscripti refers to
n, p, ande. The energy densityE h  E0 1 Em (E0 is
the contribution to the energy density due to nucleons a
electrons [14]) and pressurePh in this phase are related
by Ph 

P
i nimi 2 E h.

The mixed phase of hadrons and quarks compos
of two conserved charges, baryon number, and elec
charge is described following Glendenning [4]. Th
conditions of global charge neutrality and baryon numb
conservation are imposed through the relationsxQh 1

s1 2 xdQq  0 and nb  xnh
b 1 s1 2 xdnq

b , wherex

represents the fractional volume occupied by the hadr
phase. Furthermore, the mixed phase satisfies the Gibb
phase rules:mp  2mu 1 md and Ph  Pq. The total
energy density isE  xE h 1 s1 2 xdE q.

In the present calculation the values of the dimensio
less coupling constants fors, v, and r mesons deter-
mined by reproducing the nuclear matter properties a
2177
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saturation density ofn0  0.16 fm23 are adopted from
Ref. [4]. The current masses ofu and d quarks are
taken asmu  md  5 MeV and ms  150 MeV, and
the QCD coupling constant isac  0.2. We consider
the bag constantB  250 MeV fm23 which corresponds
to the lower limit dictated by the requirement that, at lo
density, hadronic matter is the preferred phase. The va
tion of the magnetic fieldBm with density nb from the
center to the surface of a star is parametrized by the fo

Bmsnbyn0d  Bsurf
m 1 B0f1 2 exph2bsnbyn0dgjg , (5)

where the parameters are chosen to beb  0.01 and
g  3. The maximum field prevailing at the cente
is taken asB0  5 3 1018 G, and the surface field is
Bsurf

m . 1014 G. The number of Landau levels populate
for a given species is determined by the fieldBm and
baryon density [14]. Over the entire density range fro
the surface to the core, we find that the nucleon
energy density (pressure) dominates substantially o
the magnetic field energy density (pressure). Hen
matter can sustain such a high field without injecting an
instability in the corresponding EOS.

With this parameter set, we show in Table I, the mixe
phase boundaries of neutron star forBm  0 and for
Bm fi 0 with interacting quark phase (IQP). To examin
the measure of the importance of the exchange contrib
tion, the corresponding results for matter with noninte
acting quark phase (NQP) are given in parentheses. T
onset of transition is at densityn1  u1n0, and the pure
quark phase begins at densityn2  u2n0. For matter with
NQP andBm  0, the boundaries are atu1  3.329 and
u2  17.681. With the inclusion of interaction, the EOS
for the quark phase becomes softer and transition to
mixed phase is delayed tou1  4.107. At high density,
as expected, the EOS for the quark phase is softer
sulting in a larger shift inu2 to 25.941 compared to that
in u1. As a consequence, the extent of the mixed pha
is increased. With further inclusion of magnetic fiel
B0  5 3 1018 G, the situation is reversed. The EOS fo
the hadronic sector forBm fi 0 is found to be softer at low
density, and it turns out to be stiffer at high density com
pared to the field-free case [14]. On the other hand, t
EOS for the IQP withBm fi 0 is found to be considerably
ies with

yi

0)
6)
8)

9)
)

TABLE I. The phase boundaries,u1 andu2, and central densitiesuc of stars with maximum massesMmaxyMØ with and without
magnetic fields that undergo a quark-hadron phase transition with interacting quark phase. The corresponding quantit
noninteracting quark phase are shown in parentheses. The variation of magnetic field with densitynb is given by Eq. (5) with
b  0.01, g  3 for B0  5 3 1018 G and B0  1019 G. Calculations are performed for the hadronic Lagrangian of Ziman
and Moszkowski (ZM) [21] and Serot and Walecka (SW) [16]. The bag constant isB  250 MeV fm 23, and the nuclear matter
saturation densityn0 is 0.16s0.1484d fm23 for ZM(SW) model.

Hadronic model Bm (G) u1  n1yn0 u2  n2yn0 uc  ncyn0 MmaxyMØ

ZM 0 4.107(3.329) 25.941(17.681) 7.152(7.754) 1.707(1.61
1014 5 3 1018 4.108(3.326) 25.754(17.530) 6.902(7.104) 1.549(1.46
1014 1019 4.130(3.312) 25.383(17.085) 5.214(5.016) 1.331(1.26

SW 0 2.158(1.953) 9.523(7.837) 4.259(4.012) 2.594(2.27
1014 5 3 1018 2.159(1.945) 9.374(7.769) 3.252(3.554) 2.342(2.017
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stiffer over the entire density range compared to those
Bm  0, with or without the exchange term. Therefore
for B0  5 3 1018 G, the onset of mixed phase occur
at 4.108. The stiff EOS for both hadronic and interac
ing quark sectors atB0  5 3 1018 G reduces the upper
boundary to a density ofu2  25.754 and thereby also the
extent of the mixed phase. Since the EOS of NQP w
B0  5 3 1018 G is the stiffest of all the cases consid
ered above, the boundaries of the mixed phase are m
mally shifted to the lowest baryon densities atu1  3.326
and u2  17.530, and thus has the smallest mixed pha
extent.

For the field-free case, with the appearance of quar
the neutron and electron abundances are found to
crease since quark matter furnishes both baryon nu
ber and negative charge. WithB0  5 3 1018 G, apart
from reducing the mixed phase extent, the magnetic fie
enhances the electron fraction in the hadronic sec
[14]. Because of charge neutrality conditionnp  ne

in the hadronic phase the proton fraction is also i
creased. The enhanced electron abundance persists
in the mixed phase. In the mixed phase, withB0 
5 3 1018 G, the u-quark abundance is found to be en
hanced, while those ofd ands quarks remain practically
unaltered.

The maximum masses of the starsMmax, obtained by
solving the Tolman-Oppenheimer-Volkoff equation [9
are given in Table I for different cases studied. With on
nucleons and electrons, without any quark, the maximu
masses of the stars are1.778MØ and1.643MØ for Bm  0
and B0  5 3 1018 G. This is a manifestation of the
softening of the EOS in magnetic field for these sta
[14]. However, the introduction of quarks, which soften
the overall EOS, causes the maximum mass to be sma
For Bm  0, the inclusion of one-gluon exchange in th
quark sector causes a delayed appearance of the p
quark phase, and this results in a stiffer overall EO
with a larger maximum mass of1.707MØ in contrast
to matter with NQP. Because of further softening o
the EOS byB0  5 3 1018 G for matter with IQP, the
maximum mass is reduced to a value of1.549MØ. The
smallestMmax  1.466MØ is obtained for the softest EOS
with this value ofB0 for matter with NQP. The central
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densitiesuc  ncyn0 of the maximum mass stars for al
cases (see Table I) are less thanu2 and fall within the
mixed quark-hadron phase. Therefore the presence o
pure quark phase is precluded.

We have found that when the QCD coupling consta
ac . 0.25 “strange matter” becomes negatively charge
and requires positrons for overall charge neutrality a
therefore would have catastrophic consequences [2].

Calculations are repeated with a higher value ofB0 
1019 G (see Table I) [23]. Here the maximum masses
the stars for both IQP and NQP are found to be smal
than the observational lower limit of1.44MØ imposed by
the larger mass of the binary pulsar PSR1913116 [24].
Therefore, the quark-hadron phase transition with t
present hadronic EOS [21] sets a limit on the maximu
value of the field that can be used for a stable system.
estimate the uncertainties in the parametrization ofBm in
Eq. (5), calculations are performed with IQP matter fo
a rapidly increasing value ofBm (b  0.02 and g  3)
and for a slowly increasing value ofBm (b  0.005 and
g  3) taking B0  5 3 1018 G. The respective maxi-
mum masses are1.464MØ and 1.664MØ. Apart from
the uncertainties stemming from the parameters of t
quark phase (B andac), the inadequate knowledge of the
hadronic EOS at high densities relevant to a neutron s
has important bearing on the phase boundaries in qua
hadron phase transition [6]. To explore this effect, w
have also performed calculations with a stiffer hadron
EOS [16]. The phase boundaries for this EOS (s
Table I) are found to be shifted at much lower densitie
the corresponding maximum masses are much larger t
the observed values. Recently similar conclusions ha
been drawn [6] about the phase transition densities
an effective field theoretic model including nonlinea
scalar and vector meson interactions which soften t
hadronic EOS.

Neutron star cooling by URCA process may provid
important informations about the interior constitution o
the star. It is therefore of interest to see whether co
ing by direct URCA process involving quarks can oc
cur for star with quark matter. The decay ofd and s
quarks are kinematically allowed [25] if they satisfy th
respective inequality conditionspu

F 2 pe
F # pd

F # pu
F 1

pe
F andpu

F 2 pe
F # ps

F # pu
F 1 pe

F . With Bm  0, di-
rect URCA process involvingu andd quarks is found to
occur fornb * n0, while the latter relation is satisfied for
nb * 5.3n0. On the other hand, forB0  5 3 1018 G
(b  0.01 and g  3) the first inequality condition is
satisfied fornb * n0, while the latter occurs fornb *

2.4n0. Thus the threshold density fors quark decay de-
pends sensitively onBm. Large neutrino luminosity and
therefore rapid cooling may serve as an observation
means for the presence of strong magnetic field in the inn
core of the star, and work in this direction is in progress
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