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Measurements of Radiation Pressure Effect in Cryogenic Sapphire Dielectric Resonators
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(Received 14 April 1997)

We report observations of the radiation pressure induced expansion of a solid dielectric resonator.
This effect causes a fundamental limit to the frequency stability of the resonator. The measurements
were made on four highQ-factor quasi-TE “whispering gallery” modes from 9.9 to 12.6 GHz in a
monocrystalline sapphire resonator at liquid helium temperatures. The fractional frequency shift is
21.0 6 0.1 3 10212 per mJ of energy stored in the resonator. This result is consistent in sign, mag-
nitude, and linearity with the radiation pressure induced lattice expansion term predicted by Braginsky.
[S0031-9007(97)03870-2]

PACS numbers: 77.90.+k, 06.30.Ft, 07.20.Mc, 65.70.+y
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Fundamental limits to the stability of macroscopic
electromagnetic oscillators arise according to the unce
tainty principle, from the competing effects of ampli-
fier noise and radiation pressure. As the signal pow
increases, quantum fluctuations in the radiation dens
within the resonator leads to a fluctuating radiation pre
sure which directly modulates the frequency of the diele
tric resonator. This phenomenon was first considered
Braginsky et al. [1]. Today the radiation pressure fluc-
tuation effects are still beyond the scope of experimen
Here we present data which confirm the static radiatio
pressure deformation predicted by Braginsky, which i
self confirms the existence of a quantum limit to fre
quency stability which is 5 orders of magnitude smalle
than presently achievable sapphire oscillator performanc

At the University of Western Australia, we have bee
undertaking experimental investigations into high stabi
ity cryogenic sapphire resonators for secondary frequen
standards. The resonator is based around a 5 cm diam
ter cylindrical monocrystalline sapphire element supporte
by monolithic spindles inside a niobium cavity [2–4].
The resonator’s mode frequency dependence on dissipa
power or stored energy is important in high stability ap
plications as it will determine the required level of powe
control to achieve a particular frequency stability. In thi
paper we report observations of the radiation pressure d
formation of a solid dielectric resonator crystal using fou
resonator modes of the same family. Preliminary measu
ments of the power dependence of only one mode ha
been reported by us previously over a much smaller pow
range [5]. Other measurements of resonator power dep
dence have been dominated by the power dependence
the surface reactance of the nearby superconducting wa
to the extent that the radiation pressure term is not visib
[6,7]. Braginskyet al. measured the power dependence i
a cryogenic sapphire resonator coated with a niobium fil
[6] and could not resolve the frequency change induce
by energy storage. Stein measured frequency changes
duced by energy storage in a cryogenic niobium vacuu
cavity and was not able to distinguish between surface e
0031-9007y97y79(11)y2141(4)$10.00
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fects and mechanical deformation [7]. Their results ind
cate coefficients about 2 orders of magnitude larger th
those reported here. Our measurements were obtained
ing whispering gallery modes in a highQ factor, high
purity monocrystalline sapphire dielectric resonator ope
ated above 9 GHz, where the cavity wall has negligib
influence on the mode frequency. UnloadedQ’s as high
as4 3 109 at 4.2 K and8 3 109 at 2 K [8] are possible
in “whispering gallery” modes with the highest field con
finement to the dielectric. These modes will be denot
by Hc11 or Ec11 according to whether they have predom
nantly magnetic or electric energy parallel to the resona
cylinder axis (i.e., quasi-TE or quasi-TM, respectively
The subscriptc refers to the number of spatial field cy
cles in the circumferential direction, the radial and axi
directions having only one variation.

For mode numbersc , 11 15 the electromagnetic
fields are confined to a toroidal region centered on 0
of the radius, as depicted in Fig. 1, which has an effecti
volume about one-quarter of the total sapphire volum
Increasing the stored energy density causes the toro
region to expand which results in a simultaneous increa
sDrd in the outside radiussrd and an increasesD´d in
the dielectric constant. The resulting fractional frequen

FIG. 1. Thermal circuit of the sapphire resonatorsSd system
comprising support structures (resistances,R1 and R2) and
temperature control blocksHd, showing applied microwave
sPmd and dc heatersPhd powers. The darker shaded regio
of the sapphire resonator is the effective volume in which th
electromagnetic fields are concentrated.
© 1997 The American Physical Society 2141
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shift is

sDfyfd ­ 2fDryr 1 s1y2dD´y´g . (1)

If U is the total stored energy andV is the effective
volume thensUyV d is, within a factor of order unitysad,
the average electromagnetic stress, and

sD´y´d ø 2asUyV d s´21≠´y≠pd . (2)

Here s´21≠´y≠pd is the constant describing the firs
derivative of´ with pressure, given by Linket al. [9] as
21.1 3 10211 m22, the same (to two significant figures
for both crystal directions, perpendicular and parallel
the c axis. The stored energy density causes a str
,UyVE, where E is Young’s modulus and resulting
dimensional change:

sDryrd ø asUyV d s1yEd . (3)

Combining Eqs. (1)–(3), we obtain the fractional fr
quency shift which can be written as

f21≠fy≠U ø 2af1 1 s1y2dK´g sEV d21, (4)

where K´ ­ s2E´21≠´y≠pd. Equation (4) is indepen-
dent of resonatorQ. In terms of the dissipated resonat
powerP s­ 2pfUyQd and unloaded electricalQ factor,
the fractional frequency shift is

f21≠fy≠P ø 2af1 1 s1y2dK´g Qs2pfEV d21, (5)

which is proportional to resonatorQ. Equation (5) is Bra-
ginsky’s original expression [1], for low order modes
solid sapphire dielectric resonators coated with thin
perconducting walls, with the numerical factora ­

p
2y4

for a TM010 mode andV denoting the total resonator vol
ume. Braginsky claims that the constantK´ character-
izing the fractional change in dielectric constant per u
deformation lies in the range 1–10, which is consiste
with the value (4.4) found from Linket al.’s data. The
largest uncertainties in the above equations come from
effective volumeV and averaging factora. Calculations
by Luiten [10] for whispering gallery modes giveV ,
2 3 1026 m3. Taking a , 0.3, E ­ 4 3 1011 Nm22,
K ­ 4.4, and f ­ 1 3 1010 Hz in Eqs. (4) and (5), we
estimate a fractional frequency shift of21 3 10212 mJ21

or, equivalently,23 3 10211 mW21 for a Q of 2 3 109.
Thus to observe the radiation pressure effect we must h
fractional frequency stability in our measurement syst
better than about10211.

The fundamental limitations to the frequency stabili
of a macroscopic oscillator have been derived by Brag
sky and Vyatchainin [11]. An oscillator can be consider
as a resonator driven by an amplifier of noise temperat
TN . Thermal noise causes fractional frequency fluctu
tionsDfyfT according to the Townes-Schawlow formul
DfyfT ­ skTN y2PQ2td1y2, wheret is the measuremen
integration time.

A second frequency fluctuation term arises throu
radiation pressure. AsP increases, the amplitude o
the electromagnetic radiation pressure and its fluct
2142
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tions increase. This leads to a fluctuating mechanic
deformation of the resonator, and degradation of fre
quency stability. Fluctuations in the occupation num
ber N , dN, are given by dN ­ sNteytd1y2 in the
high temperature limit,kT . hf, valid for microwave
frequencies, wherete is the resonator relaxation time
Qypf. The corresponding power fluctuationdP is
dNhfyte which, from Eq. (5), yields the fractional fre-
quency fluctuation due to radiation pressureDfyfP ­
2as1 1 221K´dQsPhfytd1y2s2pfEV d21.

SinceDfyfP has a power dependence inverse to that o
DfyfT , there is an optimum power level which minimizes
the sum of these two oscillator frequency fluctuations. Th
oscillator has a minimum frequency fluctuationDfyfmin at
an optimum power level,Popt ­ A1y2

n 221y2EVfsQ2bd21,
where An ­ kTN yhf is the amplifier noise number and
b ­ as1 1 221K´d s2pd21. The minimum frequency
fluctuation isDfyfmin ­ 23y4s bA1y2

n d1y2sEVtyhd21y2.
If the amplifier has an ideal quantum limited perfor-

mance, An ­ 1, we find the oscillator quantum limit,
Dfyfmin ø 10220t21y2, which may be independently de-
duced from an application of the Heisenberg energy un
certainty principle to the measurement of the minimum
length change measurable in the lowest mechanical eige
mode of the resonator. For sapphire resonators of the ty
described here,Popt ø 1022 W. In practice, the reso-
nator driven by an amplifier withAn ¿ 1 elevatesPopt

into an experimentally inaccessible regime. In addition
technical power instabilities cause radiation pressure flu
tuations much larger than assumed above so thatDfyfP

is then given bys f21≠fy≠Pd sDPyPd, whereDPyP is
the fractional power level stability of the oscillator [2].

We now describe observations which confirm Eqs. (4
and (5). We have been able to makes these measureme
because of the extremely high electricalQ of sapphire, the
good field confinement of whispering gallery modes, an
the extremely good frequency stability of the resonator.

Experimental method.—The sapphire resonator was
fabricated from Crystal Systems, Inc. ”HEMEX” white
high purity grade sapphire [12], which we will designate
as CS3. In common with other HEMEX resonators
previously studied, denoted CS1 and CS2 [3], a maximu
of mode frequency as a function of temperature exis
for all sapphire modes between 5 K and about 14 K
Operation near the temperatureTm of the frequency
maximum considerably relaxes the temperature contr
requirements. We chose to study theHc11 modes because
these exhibit a much flatter mode frequency maximum
as a function of temperature than theEc11 modes [3]
and have higher electricalQ factors at the frequency
maximum becauseTm is lower [4].

The geometry of the sapphire resonator has bee
described in detail elsewhere [8]. The sapphire eleme
sSd is in the form of an optically polished spindle,
shown schematically in cross section in the therma
circuit of Fig. 1. The sapphire is mounted inside a
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cylindrical gold-plated copper shield (inside diamete
8 cm and height 5 cm). Coupling to the microwav
field is via superconducting solder-coated electric fie
probes. The main probe preferentially couples to t
Hc11 modes. Its coupling coefficient will be denote
by b. A second, weakly coupled probe is used for th
loop oscillator configuration (described later). The dark
shaded region in Fig. 1 is the effective volume in whic
the electromagnetic fields are concentrated. The sapp
resonator is housed in a permanently sealed vacu
enclosure attached to a liquid helium cryostat insert.
is isolated from the liquid helium bath via a high therma
impedance mechanical support (of thermal impedan
R2 , 50 KyW) and a second outer enclosure which ca
be evacuated. Temperature control to a precision
about 1025 K is provided by a Lake Shore DRC-91CA
temperature bridge connected to a four-terminal carb
glass thermometer and heater on a copper control blo
sHd which makes thermal contact between the supp
and the resonator shield. A thin layer of indium on on
spindle end lowers the thermal resistance between
sapphire and shield,R1 to about 5 KyW.

The microwave power dissipated in the resonatorsPmd
is measured by a substitution method. The control blo
temperaturesThd and, becauseR1 is much less thanR2,
the sapphire resonator temperaturesTsd are servoed to
be near toTm. Th is determined by the total power
discharging through the thermal resistance which suppo
the resonator. This thermal current is made up
the power dissipated by the heater wiresPhd and the
power absorbed by the resonatorsPmd from the incident
microwave signal. By monitoring the change in the heat
power required to maintain the resonator at a consta
temperature in response to variations of the incide
microwave power, we can determine the change in t
dissipated microwave power. The long thermal tim
constant of the resonator and its vacuum pot necessi
a long sweep time to accurately calibrate the microwa
power dissipated in the sapphire resonator as the incid
microwave power is varied.

For the work described here we used theHc11 (quasi-
TEc1d) modes at 9.88, 10.57, 11.93, and 12.61 GHz f
which the frequency-temperature dependence shows
maximum at 4.6 K and a corresponding unloadedQ factor
of about2 3 109. We conducted measurements at 5.3
where the resonator frequency-temperature coefficien
about 4 HzyK. Because the bath temperaturesTb ­
4.3 Kd is only 1 K belowTs, the maximumPm we can
apply before temperature regulation ceasessPh ­ 0d is
only about 20 mW. The power flowing throughR1
elevates the average sapphire temperature up to 0.1
which has negligible effect on the mode frequency.

Two methods of mode center frequency readout are e
ployed. In the first, the resonator mode center frequen
is measured manually by probing the resonance with
frequency-swept microwave signal derived by mixing
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high stability (about10212) fixed frequency source with
a high resolution synthesizer. The spurious frequency si
nals created in the mixing process are filtered from th
probing microwave signal using a tunable bandpass fi
ter to prevent interference with the desired signal. In thi
method the frequency resolution is about5 3 10212.

In the second method, used only in the case of th
H1411 mode, the frequency is measured to much highe
precision, by using the resonator as a feedback eleme
of a microwave loop oscillator. This loop oscillator is
further stabilized by using an active Pound frequency dis
criminator system giving a fractional frequency stability
of ,10215 [4]. This microwave frequency is double het-
erodyned down to audio frequencies using a second hig
stability loop oscillator and an rf synthesizer so that it ca
be counted with a conventional frequency counter.

All of the microwave measurements system compo
nents are at room temperature, except for the ferrite ci
culator (one per coupling probe) and isolators (two pe
transmission line to and from the circulator) that are
placed near the resonator to minimize frequency pullin
effects.

Experimental observations and discussion.—The
manually measured frequency power dependencefsPd of
the resonator at 5.3 K is shown in Fig. 2 for the mode
at 9.9, 10.6, 11.9, and 12.6 GHz. It can be seen th
in all cases the slopes≠fy≠Pd is negative, and the fit
is linear with about a 5% statistical error. The lack o
curvature at high power indicates that the effect of th
thermal resistanceR1 is negligible. The magnitude of
2≠fy≠P mode parameters and the inferred fractiona
frequency shift with stored energy,21yf≠fy≠U, are
summarized in Table I. The latter quantity is obtained
from ≠fy≠P by multiplying by 2pyQ. The cou-
pling in all the modes is sufficiently high that a large

FIG. 2. The measured mode frequency as a function of di
sipated power for the modes at 9.9, 10.6, 11.9, and 12.6 GH
The dashed lines represent lines of best fit through the expe
mental points of the manual measurements. “11.9 auto” is
fully automated measurement of the 11.9 GHzsH1411d mode
using a loop oscillator.
2143
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TABLE I. Mode parameters, measured slope2≠fy≠P, and the inferred fractional frequency
shift with stored energy,21yf≠fy≠U, are summarized for theHc11 modes studied from 9.9
to 12.6 GHz.

Mode freq. (GHz) 9.88 10.57 11.25 11.93 12.61
Mode No.,c 11 12 13 14 15
2≠fy≠P sHzymWd 6 5% 0.37 0.26 · · · 0.45 0.41
UnloadedQs109d 6 5% 2.3 1.75 0.6 2.4 2.2
Coupling 4.7 0.28 0.23 0.31 0.11
21yf≠fy≠U s10212ymJd 6 8% 1.0 0.92 · · · 1.2 1.2
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St.,
fraction of incident power,4bys1 1 bd2, is absorbed by
the sapphire. We did not attempt to include the mode
11.25 GHz because its resonance curve is distorted and
unloadedQ considerably diminished by a nearby lowQ
mode. The measured slope of fractional frequency sh
with stored energy1yf≠fy≠U is essentially constant from
9.9 GHz to 12.6 GHz, varying only from21.0 6 0.1 to
21.2 6 0.1 3 10212ymJ. This implies from Eq. (1) that
V is nearly constant from 9.9 GHz to 12.6 GHz. Intu
itively, one expects a slight increase with mode frequen
as the fields become concentrated in a smaller volum
The independence of frequency-power dependencefsPd
on the coupling indicates that the observed effect depen
only on the unloaded resonator, hence internal dissipati
and is not some frequency pulling effect.

For the 11.93 GHz modes20.45 HzymWd there is fair
agreement with previous measurements [5]:20.6 and
20.4 HzymW for HEMEX resonators (CS1 and CS2
of identical dimensions and an unloadedQ of about
2 3 109 [5].

An automated measurement (Fig. 2) using a loop osc
lator system gives an accurate measurement of the sl
for the 11.93 GHz mode. This measurement gives t
same slope as the previous manual measurement. In
low power region (below 0.6 mW) the deviation from
linearity is caused by residual offset voltages in the fr
quency control servo which become more important
low gain.

The measured values21yf≠fy≠U and2≠fy≠P are in
agreement with the rough estimates based on Eqs. (4)
(5). This, together with the sign and linearity offsPd and
the correctQ dependence, are taken as strong eviden
that the phenomenon observed here is indeed the radia
pressure term of Braginsky [1].

In conclusion, we report observations of radiation pre
sure induced lattice expansion in a solid dielectric res
nator. The measurements were made on highQ-factor
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quasi-TE whispering gallery modes from 9.9 to 12.6 GH
in a monocrystalline sapphire resonator at liquid heliu
temperatures. The fractional frequency shift is in the ran
21.0 to 21.2 3 10212 permJ of energy stored in the reso
nator. This result is consistent in sign, magnitude, and l
earity with the radiation pressure induced lattice expans
term predicted by Braginsky.
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