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Exact Kohn-Sham Exchange Potential in Semiconductors
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A new Kohn-Sham method that treats exchange interactions within density functional theory
exactly is applied to Si, diamond, GaN, and InN. The exact local exchange potential leads to
significantly increased band gaps that are in good agreement with experimental data. Generalized
gradient approximations yield exchange energies that are much closer to the exact values than those
predicted by the local density approximation. The exchange contribution to the derivative discontinuity
of the exchange-correlation potential is found to be very large (of the order of 5–10 eV). [S0031-
9007(97)04017-9]
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All current electronic structure calculations of solids tha
are based on the Kohn-Sham (KS) method of densi
functional theory [1] approximate both the exchange
well as the correlation potential and the correspondi
energies. Most frequently, the local density approximatio
(LDA) [1] or generalized gradient approximations (GGA
[2–5] are employed. Recently, several schemes ha
been proposed to calculate the KS exchange poten
rigorously [6–9]. The first practical implementations o
these schemes for solids gave encouraging results
band structures in semiconductors, but were forced to u
shape approximations for the potentials [9,10] or averag
eigenvalue gaps in the one-particle Green function [11,1

In this Letter, we present anexactdetermination of the
KS exchange potential, its discontinuity, and the exchan
energy for solids, and discuss results for Si, diamon
GaN, and InN. In addition, the exact treatment of th
exchange interaction enables us to assess the quality
conventional approximate KS methods. Our calculatio
are based on a recently developed general procedure [
that allows one to evaluate the local KS exchange poten
Vxsrd rigorously. The potentialVxsrd equals the functional
derivative of the exchange energyEx with respect to
the electron densityrsrd. This derivative is not directly
accessible, however, sinceEx is known only in terms of
the one-particle KS stateswi , and the explicit functional
dependence of the orbitalswi on the electron density is
unknown. The key idea of Ref. [7] is to determineVxsrd
by noting that the exchange potential requires only t
knowledge of thefirst order change ofEx with respect to
the density. One may employ the chain rule to obtain,
a shorthand matrix notation,

Vx 
dEx

dr


occX
i

"
dEx

dwi

dwi

dVKS
1 c.c.

#
dVKS

dr
. (1)

In Eq. (1), VKS denotes the total local potential in the
single-particle KS HamiltonianT 1 VKS, the eigenstates
of which arewi . The three first-order derivatives on the
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right-hand side of Eq. (1) can be calculated rigorous
from Ex , from first order perturbation theory, and by
invoking linear response theory [7,8], respectively.

Because of the Hohenberg-Kohn theorem, there e
ists a one-to-one mapping between the potentialsVKSsrd
and densitiesrsrd which guarantees that the functiona
derivative dVKSsrdydrsr0d is defined. Its matrix repre-
sentation has to be constructed by invertingdrydVKS
on a restricted function space ofdrsrd and dVKSsrd
that excludes constant functions. This can most eas
be achieved by representing the KS orbitals and pote
tials in a plane-wave basis and excluding the zero wav
vector components [8]. In a plane-wave representatio
with G, G0 denoting reciprocal lattice vectors, one obtain

VxsGd 
X

G0fi0

fEsG0d 1 Eps2G0dgx̃21
0 sG, G0d , (2)

EsGd 
1
V

X
yck

kykjV NL
x sr, r0djckl

3 rcyks2Gd f´yk 2 ´ckg21, (3)

x0sG, G0d 
2
V

X
yck

rp
ycksGdrcyksG0d f´yk 2 ´ckg21,

(4)

wherercyksGd  kckj expfiG ? rg jykl, ´nk are the va-
lence (y) and conduction (c) state KS eigenvalues of
Bloch momentumk, and V denotes the crystal volume.
The operatorV NL

x in Eq. (3) has the same form as the non
local Hartree-Fock exchange operator but is construc
with KS one-particle states. The inverse ofx0 is to be
taken in the subspace of nonzero reciprocal lattice ve
tors and is denoted bỹx21

0 . Note that the zero wave-
vector component ofVx can be chosen arbitrarily since
the KS orbitals are invariant with respect to adding a co
stant to the KS potential. If correlations are neglecte
the solution of the KS equations with the exchange p
tential of Eq. (1) represents an exact “exchange-only” K
© 1997 The American Physical Society 2089
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procedure which is physically equivalent to the so-calle
optimized potential method (OPM) [6] that has only bee
applied to atoms so far [6,11,13]. However, a straightfo
ward extension of this method to periodic systems lea
to divergencies since the integral kernel of the OPM in
tegral equation is not invertible for infinite systems. Th
present exact exchange formalism, that we abbreviate
EXX, eliminates these divergencies exactly.

Equation (2) gives the exact local KS exchange potent
VKS in a form that is well suited for pseudopotential plane
wave calculations. In order to rigorously stay within th
density functional framework, the external potential in th
KS equations should be local as well. We have therefo
employed a local ionic pseudopotential for Si [14] at firs
In addition, we have evaluatedVx using standard nonlocal,
norm-conserving pseudopotentials [15].

All densities and electronic energies were determine
with ten specialk points. Kinetic energy cutoffs of 25,
65, 45, and 40 Ry, for Si, diamond, GaN, and InN, re
spectively, were used, and the band summations includ
all conduction bands. The matrix size ofx̃0 lay be-
tween258 3 258 and458 3 458. We have checked very
carefully that the presented band gaps are converged
0.02 eV, LDA and GGA energies to 0.01 eVyatom, and
EXX and Hartree-Fock energies [16] to 0.04 eVyatom.

Figure 1(a) depicts the exact and approximate exchan
potentials of the valence electrons in silicon along th
[111] direction. The LDA potential underestimates th
spatial variation of the exchange potential significantl
In the physically most relevant bonding region in betwee
the Si atoms,V GGA

x is seen to be superior to the LDA
potential that is less attractive and smoother than t

FIG. 1. (a) Comparison of the calculated exact exchan
potential (open circles), in eV, along the [111] direction in S
with the approximate LDA (dashed line) and GGA (solid line
[4] exchange potentials. The filled black circles correspond
the positions of the Si atoms. The LDA and GGA potentia
were evaluated at the exchange-only EXX density and t
local ionic pseudopotential was employed. The mean valu
of all exchange potentials have been set equal to zero.
Self-consistent charge densities computed with the indicat
exchange-only functionals.
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exact potential. This is due to the unphysical, repulsiv
self-interaction that is contained in the LDA. Othe
gradient approximations [2,3,5] show similar trends an
yield too large exchange potentials in regions of low
density. In accord with these findings, the EXX metho
yields a more pronounced variation of the valence char
density across the [111] axis than LDA as shown i
Fig. 1(b). The GGA methods tend to overestimate th
more pronounced inhomogeneity of the charge densi
These trends in the exchange potentials and densities
present in all semiconductors that we have studied. T
following values (given in parenthesis) are the maximum
and minimum valence electron densities, respectively,
Å23 along the [111] axis analogous to Fig. 1. Diamond
LDA (0.095; 2.03), GGA [4] (0.066; 2.13), and EXX
(0.078; 2.06). GaN: LDA (0.039; 3.41), GGA [4] (0.022;
3.55), and EXX (0.031; 3.41).

The accuracy of an approximate density functiona
Eapp

x frg can be assessed in two ways. One may determi
the deviation from the exact functionalEEXX

x frg at a
given, fixed reference densityr0. Alternatively, one may
determine the self-consistent densityrapp that corresponds
to this functional and compareEapp

x frappg with the exact
value EEXX

x frEXXg. In Si, we find the exact exchange
energy EEXX

x frEXXg, evaluated at the self-consisten
densityrEXX, to equal229.40 eVyatom. Here, the local
pseudopotential [14] has been employed again. In Fig.
this result is compared to those obtained with sever
approximate functionals [2–5]. The LDA exchange
energy is227.72 eVyatom and deviates from the exac
value by a very significant amount of 6% whereas a
gradient approximations show much improved value
Thus, gradient approximations that have been original
fitted to atomic data show a remarkable transferability
extended systems. Figure 2 also shows that the agreem
with the exact energy deteriorates if one calculates t
exchange energiesEapp

x frappg self-consistently. We note

FIG. 2. Exchange energy differences of Si, in percent, a
calculated using the LDA [17], GEA [5], PW86 [2], PW91
[3], and BE88 [4] approximate exchange functionalsEapp

x ,
relative to the EXX exchange energy. The grey bars hav
been calculated for the fixed densityrEXX. The black bars
represent results from self-consistent, approximate exchan
only calculations using the charge densityrapp.
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that these self-consistent calculations were perform
without taking correlation contributions into account.

The self-consistent total energyEEXX
tot frEXXg in Si is

found to be equal to2104.75 eVyatom. This has to
be compared with the exchange-only LDA and GGA [
values of2103.21 and 2104.92 eVyatom, respectively.
Thus, the relative error is21.5% for LDA and only 0.2%
for the GGA of Ref. [4]. All these findings show clearl
that GGA exchange and total energies are definit
superior to the ones obtained within the LDA. W
obtained very similar trends in all the other solids th
we have investigated.

The self-consistently determined Hartree-Fock e
change and total energies are229.61 eVyatom and
2104.87 eVyatom, respectively, in Si. Thus, they a
very close to the corresponding EXX values. The sa
holds for the self-consistent Hartree-Fock and EX
densities that deviate by less than1024% at the bond
center. Similar findings have been reported for ato
before [11]. We point out that the difference betwe
Hartree-Fock and exchange-only EXX is thatEx is
evaluated with Hartree-Fock orbitals and Kohn-Sh
orbitals, respectively. In the former method, the sing
particle equations contain anonlocal exchange potential
whereas the EXX method leads to alocal potential. This
locality may be considered as an additional restriction
the wavefunctions, which causes the EXX total energy
be higher than in Hartree-Fock.

In Table I, we summarize the fundamental band ga
in Si, diamond, GaN, and InN as obtained by the LD
and EXX method, respectively. In both cases, we ha
included LDA correlations [17], even though they a
found to raise the gaps by only 0.1–0.2 eV in all materi
and in both methods. In the case of Si, the use of lo
or nonlocal pseudopotentials makes very little differen
For all considered semiconductors, the EXX band g
are roughly 1 eV larger than the corresponding LD
gaps and in much better agreement with experiment. T
systematic improvement can be attributed to the abse
of the self-interaction in the EXX formalism. In the LDA
method, the self-interaction is well known to raise t
more localized valence states relative to the delocali
conduction band states and to diminish the gap.

In Table II, we compare the presently calculated ba
gaps for silicon with results obtained by alternati
density functional or quasiparticle methods. Both t
EXXyASA [9,10] and the KLI method of Ref. [12] also
attempt to compute the exchange potential exactly. T
former method employs a shape approximation (ato
sphere approximation, ASA) for the KS potential and de
sity. The KLI method uses an averaged eigenvalue
proximation in the one-particle Green function contain
implicitly in Eqs. (3) and (4). In order to check the d
pendence of the results on the type of pseudopotential
have employed standard LDA [15] as well as relativ
tic KLI [18] and (consistent) EXX [19] pseudopotential
ed
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TABLE I. Energy gaps (in eV) and exchange partsDx of the
discontinuity (in eV) for various semiconductors. The minimal
gapEgap and higher band gaps, relative to the top of the valence
band, are given. The calculated values shown are obtained b
the LDA and the present EXX method, respectively. For Si,
values computed with local and nonlocal pseudopotentials ar
shown. The experimental value for InN refers to the wurtzite
structure.

LDA EXX Dx Expt.

Si L 1.54 2.36 5.84 2.4a

(local) G 2.79 3.46 6.15 3.05b

Egap 0.52 1.43 5.48 1.17c

Si L 1.45 2.30 5.98 2.4a

(nonlocal) G 2.55 3.29 6.31 3.05b

Egap 0.49 1.44 5.62 1.17c

C L 8.42 9.19 10.18
G 5.57 6.28 9.29 7.3d

Egap 4.16 5.06 8.70 5.47d

GaN L 4.58 5.94 8.40
G 1.90 3.46 7.63 3.30e

X 3.38 5.09 7.62

InN L 3.19 4.55 7.44
G 20.18 1.40 6.14 1.95f

X 2.94 4.68 6.76

aRef. [24].
bRef. [25].
cRef. [26].
dRef. [27].
eRef. [28].
fRef. [26].

As summarized in Table II, the different pseudopotentials
have very little influence on the EXX results in Si. By
contrast, the KLI approximation for the valence electrons
is seen to have a very noticeable effect on band gaps.

The exact KS band gap differs from the true band gap
by a finite discontinuityDxc of the exchange-correlation
potential [20], whose size has not been unambiguously de
termined until now [21]. Fortunately, the exact exchange
potential enables us to calculate the exchange contributio

TABLE II. Comparison of band gaps in Si, calculated with
the present EXX method and other schemes that go beyon
LDA. In parenthesis beneath the top row, the types of ionic
pseudopotentials employed are given.

EXX EXX EXX KLI a EXXyASAb GWc

Si (LDA) (EXX) d (KLI) a (KLI) a

L 2.30 2.35 2.26 1.82 1.98 2.27
G 3.29 3.26 3.25 2.87 2.87 3.35
X 1.58 1.50 1.49 0.94 1.24 1.44

aRef. [18].
bRef. [10].
cRef. [29].
dRef. [19].
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Dx to the discontinuity exactly. It is given by [22,23]

Dx  kckjV NL
x 2 Vxjckl 2 kyk0jV NL

x 2 Vx jyk0l ,

(5)
where jckl and jyk0l denote the energetically lowest
conduction and highest valence band states, respective
As can be deduced from Table I,Dx amounts to typically
twice the band gap. Since the discontinuityDxc is
guaranteed to be smaller than the true band gap by
definition, the correlation contribution to the discontinuity
must cancel a large portion of the exchange partDx .
Importantly, the sum of the EXX band gap andDx

turns out to be almost identical to the Hartree-Foc
band gap; the differences are found to be less than 3
in the semiconductors that we have studied. This ca
be understood by assuming the difference between t
Hartree-Fock and the exchange-only EXX orbitals to b
negligible. With this assumption, the matrix elemen
kwi jV NL

x 2 Vx jwil equals the difference between the
ith Hartree-Fock and exchange-only EXX one-particl
energy. Thus,Dx equals the difference between the
Hartree-Fock and the EXX eigenvalue gaps. We no
that one may interpret the right-hand side of Eq. (5
alternatively as the exchange contribution to the excitatio
energy between any pair of valence and conduction ba
states [22], and we have included several of these valu
in Table I as well.

In conclusion, we have provided a way to take into ac
count exchange in the KS theory exactly that may be co
sidered a rigorous starting point for treating correlations
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