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Magnetic Exchange Coupling in FerromagnetyyySuperconductoryyyFerromagnet Multilayers
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The possibility of magnetic exchange coupling between two ferromagnets (F ) separated by a
superconductor (S) spacer is analyzed using the functional integral method. For this coupling to
happen three basic conditions need to be satisfied. First, an indirect exchange coupling between the
ferromagnets must exist when the superconductor is in its normal state. Second, superconductivity
must not be destroyed due to the proximity to ferromagnetic boundaries. Third, roughness of theFyS
interfaces must be small. The appearance of the superconducting gap causes a reduction of the indirect
exchange coupling existent in the normal state. This reduction is temperature dependent, being weaker
near the critical temperature and stronger at zero temperature. [S0031-9007(97)03941-0]

PACS numbers: 75.70.Cn
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The problem of magnetic coupling in ferromagnet
metal/normal metal multilayers has received considera
attention in recent years, both on the experimental side
and on the theoretical side [2]. The main features th
have emerged from these experiments were associated
an indirect exchange coupling between the ferromagne
layers via the normal metal host. An oscillatory couplin
as a function of the thickness of the normal metal spa
was ubiquitously observed in several multilayered syste
[3]. The prevailing experimental evidence indicates th
the exchange coupling with metal spacers is short rang
i.e., the magnetic coupling can be observed only acro
a layer of thicknesses 10 to 130 Å [4]. Thus, the ke
question, for both theory and experiment, is the follow
ing. Can such a thin metallic layer survive pair breakin
effects of the ferromagnetic layers from both sides and
remain superconducting? It is the purpose of this pape
show that appropriate choices of superconductor and
romagnet lead to the survival of superconductivity and
new effects on the magnetic coupling. Presently there
no experimentally known multilayered systems that sho
magnetic coupling both above and belowTc. The main
reasons for that are that the conditions that need to
satisfied are difficult to achieve. The desirable superco
ductor should havehigh critical temperature andshortco-
herence length, while the desirable ferromagnet should
metallic with not so largepair breaking effects. Further-
more, the desirableFyS interfaces should be atomically
flat and well lattice matched to avoid the effects of roug
ness and strain. Thus, ideal systems to study are h
Tc superconductor/colossal magnetoresistance ferrom
net multilayers likeNd22xCexCuO4yLa12ySryMnO3 or
Nd22xCexCuO4yLa32ySryMnO7 (for the s-wave case)
andYBa2Cu3O72dyLa12ySryMnO3 or YBa2Cu3O72dy
La32ySryMn2O7 (for thed-wave case).

If the superconducting metal, in its normal state, allow
an indirect exchange coupling between ferromagne
layers, it is valid to ask the following questions. Firs
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how does the presence of ferromagnetic layers affect
superconductivity of the spacer? Second, does anyth
dramatic happen to the magnetic coupling when t
system is cooled through the superconducting transit
temperature of the spacer? Third, what happens
the magnetic coupling at very low temperatures wh
the superconductivity of the spacer is well establishe
Fourth, what are the effects of interfacial roughnes
These questions are the central topic of this paper a
they are intended to establish the conditions under wh
magnetic coupling inFySyF multilayers should exist.

The recent published literature onFyS multilayers has
focused mostly on the changes of the critical tempe
ture Tc of the superconductor [5,6] as a function o
thickness of the ferromagnetic layers. The experimen
reports have been mixed. In the cases of NbyGd mul-
tilayers [7] the observation of a nonmonotonicTc has
been attributed either to a change in the underlying p
breaking mechanism with increasing thickness of the G
layer (Strunket al. [6]) or to evidence for the predicted
p-phase coupling [7] as a function of thickness of th
Gd layer (Jianget al. [7]). More recently, there were
experimental attempts to observe magnetic coupling
FySyF multilayer systems Fe4NyNbNyFe4N, NiyNbyNi,
and GdNyNbNyGdN [8]. Unfortunately these experimen
tal attempts have failed. No magnetic coupling was o
served even when the superconductor was in its norm
state, thus indicating that the effects of interfacial roug
ness and strains in these systems may be strong, unlik
the more usual multilayers [1,3,4].

The only theoretical work relevant to these que
tions that has been published so far, to the best kno
edge of the author, is the pioneering work of Sipr an
Gyorffy [9]. They have analyzednumerically the pos-
sibility of magnetic coupling through a superconduct
at zero temperature without solving for the gap equati
self-consistently. The work presented here distinguish
itself from the work of Sipr and Gyorffy in the following
© 1997 The American Physical Society 1933
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ways. The present work shines light on thetemperature
dependence of the magnetic coupling through the sup
conductor (both atT ø 0 andT ø Tc), while solving the
gap equation self-consistently in the asymptotic limit
large spacer thicknesses. The results obtained here
mostly analytical in contrast with thenumericalwork of
Sipr and Gyorffy [9].

For the purpose of answering the questions above,
system chosen here is a trilayer consisting of two identi
ferromagnets of thicknessdf separated by a superconduc
tor of thicknessds. The ferromagnetic layer is labeled
the F layer, and the trilayer system will be referred to a
FySyF, when the spacer is superconducting (S layer) and
FyNyF, when the spacer is in its normal state (N layer).
The underlying assumptions are as follows. It is assum
thatdf ¿ ds, such the ferromagnetic layers can be treat
as semi-infinite. When the spacer is in its normal stateN
layer), it is assumed that an indirect exchange coupli
exists between the ferromagnetic layers (F layers). It is
further assumed that the critical temperatureTc of the su-
perconductor is much smaller than the Curie temperat
Tf of the ferromagnet, such that fluctuation effects on t
magnetism are negligible. Furthermore, theF layers are
ferromagnetic metals, the superconductor is assumed to
s-wave BCS type, and theFyS interface is assumed to be
smooth, i.e., atomically flat.

Under all these assumptions, the Hamiltonian density
written as

H  HS 1 HF , (1)
where HS  C̄asrd hfK 1 UsrdgdagjCgsrd 1 V , and
HSF  C̄asrd hsHcdagjCgsrd. The indicesa andg indi-
cate spin components and repeated indices indicate s
mation. The kinetic energy term isK  si=d2y2m 2 m,
while the potential energy isUsrd  U0Fsrd, where
Fsrd  fQsx 2 dsy2d 1 Qs2x 2 dsy2dg. HereU0 can
be positive or negative. The only exchange interacti
considered in the ferromagnetic layers is between
spins of itinerant electrons, but a real space representa
of the exchange interaction is used given that theFySyF
system is inhomogeneous. Thus, the exchange interac
sHcdag is more transparently written as

sHcdag  2fssxdaghxsrd 1 ssydaghysrd

1 sszdaghzsrdg ,
where hisrd 

R
dr 0 Jisr , r 0dSisr 0dFsrd is an effective

exchange field felt only within the boundaries of th
ferromagnet. Here the spin variableSisr 0d  C̄msr 0d 3

ssidmnCnsr 0d. For Tf ¿ Tc, andjhzj ¿ maxsjhyj, jhxjd,
the F layers have negligible magnetization fluctuations
low T and an easy axis along thez axis. Thus,hzsrd can
be replaced by its average valuekhzsrdl  JkSzlFsrd.
The potential energy isV  2gC̄srd"C̄srd#Csrd# 3

Csrd"f1 2 Fsrdg resulting from a delta function contac
attraction. This attractive interaction leads to ans-wave
superconductor.

To estimate the change inTc of the superconductor one
needs to worry only about therestrictedpartition function
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Z at temperatureT  b21, which can be written as a
functional integral [10] with actionS 

Rb
0 dt

R
dr 3

fC̄asrd≠tCgsrd 2 HS 2 HSFg, where r  sr, td and
h̄  kB  1. The Hubbard-Stratonovich pair fieldDsr, td
is introduced and upon integration over the fermion
variables the partition function Z 

R
DDDD̄ 3

exps2SefffD, D̄gd is obtained. The effective action is
Seff 

Rb

0 dthbjDsr dj2yg 2 Tr ln bG21jyb and the in-
verse Nambu propagator isG21  2≠t 2 fK 1 Usrd 1

sHcdsgsz 1 Dsrds1 1 D̄srds2, where s6  ssz 6

isydy2, with sj being the Pauli matrices.
In the limit kFs ds ¿ 1, take the volumeV  LxLyLz ,

and define the Fermi momentum via the relationEF 
k2

Fs
y2m  s3p2nd2y3y2m. Thus, chooseLx  ds and

minhLy , Lzj ¿ ds, take the asymptotic limitkFs ds ¿ 1,
and perform an expansion ofSeff in powersD to obtain
the static linearized Ginzburg-Landau equation

eDsxd 2 j2
GL

d2

dx2 Dsxd  0 (2)

with boundary conditionsfdDsxdydxgx6dsy2  7Dsxdy
b at the FyS interfaces. The coefficientb is
the extrapolation length kFs

b ø lfEFy2Tcg f1 1p
1 2 U0yEFgy

p
1 2 U0yEF , with l  1 2 f1y4g 3

sJkSzlyLd2, when EF . U0 and jJkSzlj ø L 
minh2pTc, sEF 2 U0dj.

The coefficients appearing in (2) aree  fT 2 TcgyTc

andkFs
jGL  afEFyTcg, where the numerical coefficient

is a  f2e22gypg
p

7z s3dy48. The solution of (2) is
Dsxd  D0 cosskxd inside the superconductor. In the
limit kFs

ds ¿ 1, the parameterk ø pydeff. This leads
to a correction to the critical temperature of the bu
superconductor

e  2

µ
pjGL

deff

∂2

, (3)

wheredeff  sds 1 2bd is the effectivelength of the su-
perconductor. The suppression ofTc from the bulk value
is small provided thatpjGL ø deff and thus supercon-
ductivity survives. A strong suppression ofTc happens
whenpjGL , deff. Notice that the choices of the super
conductor and the ferromagnetic metal are very importa
in order to have a weak suppression ofTc. The choice
of the spacer should be a superconductor with ahigh bulk
Tc and ashort coherence lengthkFs jGL. For the ferro-
magnet, it is important to be ametal sEF . U0d, with
Tf ¿ Tc, but with not so strongpair breaking effects,
i.e., apb  jJkSzljy2pTc ø 1. To illustrate this point,
take the ideal case ofNd22xCexCuO4yLa12ySryMnO3

multilayers, where the bulkTc of Nd22xCexCuO4 is
Tc ø 30 K, and jGL ø 10 Å [11], and the ferromag-
net La12ySryMnO3 with Tf ø 300 K and J ø 10 K
[12]. Ignoring anisotropy and complex spin structur
effects, the pair breaking parameterapb ø 0.027, and
thus Eq. (3) can still be used to estimate the reducti
of Tc due to the ferromagnetic boundaries. A mode
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EF ø 104 K with k21
F ø 0.38 Å leads to an extrapola-

tion lengthb ø 60 Å. The effective length of the super-
conductor becomesdeff  ds 1 2b, and fords  10 Å,
the reduction inTc from its bulk valueTcs`d is only
6%. Thus, for spacer thickness in the rangeds  10 Å
andds  130 Å (where magnetic coupling is observed i
many systems [4]), the suppression ofTc is even smaller
and superconductivity survives.

In this case, the exchange couplingHc appearing in
(1) may be treated as a perturbation. Define the inve
Nambu propagatorG21  G21 1 sHcdssz , where an
explicit separation between the inverse propagatorG21 
2≠t 2 fK 1 Usrdgsz 1 Dsrds1 1 D̄srds2 (in the ab-
sence of ferromagnetic boundaries) and the exchange c
tribution sHcdssz (due to the ferromagnetic boundaries
is made. This separation is very useful because the eff
tive actionSefffD, D̄g can now be written as

Seff 
Z b

0
dt

(
jDsrdj2

g
2

1
b

Tr ln bG21 2 Heff

)
.

(4)
Minimization of the effective action withoutHeff,

i.e., dSeffsHeff  0dydDpsrd  0 leads to the saddle
point gap equationDsrdyg  TrfGs2gyb, which can
be used to compute the effective HamiltonianHeff ø
2TrfsHcdsszG g2y2b. The effective magnetic Hamilton-
ian Heff across the superconductor is

Heff  2
EJ

N3D

X
nm,k'

Z Z
≠V

dx1dx2xnmsk'd , (5)

where the energy scaleEJ 
1
2 J1J2kSzl1kSzl2N3DVs

contains the density of states of the bulk superconduc
N3D . The domain≠V includes both ferromagnets. The
indices 6 refer to the F layers. The matrix element
xnmsk'd  2Dnmsx1, x2dQnmsk'd defines the nonlocal
“susceptibility” of the system which appears unde
the double integration overx1 and x2. The weight-
ing factor Dnmsx1, x2d  wnsx1dwnsx2dwmsx1dwmsx2d
contains the eigenstateswnsxd, i.e., Hesx, k'dwnsxd 
jnsk'dwnsxd, of the one dimensional Hamiltonian
Hesx, k'd  2f1y2mg≠2y≠x2 2 meff 1 Usxd, where the
effective chemical potentialmeff  m 2 k2

'y2m with
k2

'  k2
y 1 k2

z . The additional term
Qnmsk'd  Cnm

T Tnm 1 Cnm
P Pnm

contains the coherence factorCnm
T  fpun pum 1

pyn
pym

g2 and thermal factorTnm  f fsemd 2 fsendgy
fem 2 eng in the quasiparticle-quasihole channel, and t
coherence factorCnm

P  fpun pym 2 pum pyn g2 and the
thermal factorPnm  f fsemd 1 fsend 2 1gyfem 1 eng
in the quasiparticle-quasiparticle channel. The coef
cients pun

and pyn
defined, respectively, byjpun

j2 
f1 1 jnyengy2 and jpyn

j2  f1 2 jnyengy2, reflect the
simplification D ø kDsxdl. This simplification occurs
only whenDsxd can be approximated by its spatially av
eraged valuekDsxdl  g

P
n,k'

kw2
nsxdl h1 2 2ffensk'dgj,

thus leading to the approximate eigenenergiese2
n ø

j2
n 1 D2.
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on-
)
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Assume thatEF ¿ maxhD, Tj. In the asymptotic limit
kFs

ds ¿ 1, the single particle wave functionswnsxd
are standing waves, the discrete quantum numbern
becomes a continuousmomentumindex, and the sums
over the indicessn, md become integrals. Notice that the
momentumk' is conserved across the interface. At low
temperaturessDyT ¿ 1d the form of the coupling is

Heff  2EJ
F

2p2

coss2kFs
dsd

s2kFs dsd2
exps2kFs dsDyEFd . (6)

While at temperatures close toTcsDyT ø 1d, the mag-
netic coupling becomes

Heff  2EJ
F

2p2

coss2kFs
dsd

s2kFs dsd2

∑
1 2

2
3p2

sDyEFd2

∏
.

(7)

It is important to analyze the qualitative features of the
previous expressions. First, notice that the period of osc
lation of the magnetic coupling across the superconduct
is entirely controlled by thepseudo-Fermi momentum of
the superconductorkFs defined above. The appearance
of superconductivity does not introduce any new period
This is expected since no new momentum modulatio
in the spin degrees of freedom occurs, through th
appearance of the superconducting gap, at length sca
comparable tok21

Fs
. At low temperaturessDyT ¿ 1d

there is an energy cost to be paid. Almost all of the
electrons that were easily polarized in the normal state
the superconductor are now paired into singlets. As a r
sult the spin polarization of the superconductor is costly
i.e., when summing over all intermediate states (virtua
quasiparticle states) there is a minimum energy require
the superconducting gap [13]. The gap introduces
new length scalejGL which controls the decay of the
coupling. Notice that DyEF ø 0.15ykFs jGL in the
asymptotic limit kFs

ds ¿ 1. At temperatures close
to Tc, when sDyT ø 1d, there is nearly no additional
decay caused by the superconducting gap. The gap is
small that intermediate quasiparticle states are strong
thermally populated. NearTc, these intermediate quasi-
particle states resemble the normal state eigenfunction
except for the presence of a small superfluid densit
controlled byD. As a result, only an overall reduction of
the prefactor of the oscillations appears. This reductio
is controlled by DyEF  0.26s1 2 TyTcd1y2ykFs

jGL,
which vanishes atT  Tc. Second, notice that the
asymptotic decay is proportional toskFs dsd22 instead of
the usual RKKY decayskFrd23 for magnetic impurities.
The change in the form of the decay can be viewed a
a geometrical effect since the magnetic “impurities” are
now two semi-infinite ferromagnets and as a result th
magnetic coupling has to be more effective. Third, sinc
the potentialU0 labels the different types of ferromag-
nets, it is important to analyze the dependence ofHeff on
U0yEF . In Eqs. (6) and (7),F  g0ysg0 1 1d2, where
g0 

p
1 2 U0yEF . The amplitude of the coupling is
1935
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a,
gradually reduced from its maximal value atU0  0
until it vanishes atU0  EF . This reduction can be
interpreted as the disappearance of spin dependent s
at the Fermi energy of the ferromagnets asU0yEF ø 1
increases toU0yEF ø 1; thus it is essentially a density o
states effect. Fourth, the energy scaleEJ is proportional
to the productJ1J2kSzl1kSzl2, and thus depends both
on the strength of the exchange coupling of the itinera
electrons sJ1, J2d and on the magnetization of the
ferromagnetsskSzl1, kSzl2d.

The effects of roughness on the critical temperature
the superconductor are negligible provided that the len
scale of the roughness fluctuations,r ø jGL. On the
other hand, the effects of roughness on the magnetic c
pling are very important, since,r can be easily of the order
of the magnetic oscillation period,p  pykF, and thus
average out the oscillatory behavior. These studies h
been performed experimentally in FeyCryFe multilayers
[14], and also theoretically for several FyNyF multilayers
[15]. The case of FySyF multilayers is not so different,
i.e., roughness is also expected to affect the magne
coupling in two basic ways. The first one is that the ma
netic coupling must be averaged over thickness fluctu
tions of the superconductor film. The second way is th
the magnetic coupling is affected by lateral fluctuation
which break translational invariance, and thus conser
tion of momentum parallel to theFyS interface. Only the
first case is discussed here. Assuming that the thickn
fluctuations are Gaussian around the mean value thi
nessd̄s with variances, then in the limit thatd̄s ¿ s

the only modification in Eqs. (6) and (7) consist in repla
ing the thicknessds by the average thickness̄ds and re-
placing coss2kFs dsd by expf2s2kFs sd2y2g fcoss2kFs d̄sd 1

2s2kFs
sd ssyd̄sd sins2kFs d̄sdg. Thus, provided thats ,

sp  ,pyp
p

2, the magnetic coupling is not dramaticall
reduced. For instance, if,p  10 Å, then fors , sp 
2.25 Å magnetic coupling should still be observed.

To conclude, it is worth emphasizing that magnetic co
pling through a superconductor may be observable w
present experimental resolution, provided that approp
ate choices for the ferromagnet and the superconduc
are made. It is also important to emphasize that ma
netic coupling should already exist when the superco
ductor is in its normal state. In addition, the optima
experimental configuration should involve multilayere
structures with thin ferromagnets and thin supercondu
tors, although the systems discussed here referred onl
trilayers with semi-infinite ferromagnets. Ideal system
to study experimentally should consist of a high tempe
ture, short coherence length superconductor and a meta
ferromagnet with not so large pair breaking effects. Fu
thermore, the layers should be well lattice matched, a
have smoothFyS interfaces. Systems that are particular
tempting to investigate, both theoretically and experime
tally, consist of multilayers of highTc cuprate supercon-
ductors/colossal magnetoresistance ferromagnets.
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