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Do the Quark Masses Run? Extractingm(mz) from CERN LEP Data
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We present the first results of next-to-leading order QCD corrections to three-jet heavy quark
production at the CERN"e~ collider LEP including mass effects. Among other applications, this
calculation can be used to extract the bottom-quark mass from LEP data and, therefore, to test the
running of masses as predicted by QCD. [S0031-9007(97)03560-6]
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The decay width of th&Z gauge boson into three jets 1"3,( )= 78 a( z)[ 2 Hy (yes 1)

has already been calculated at the leading order (LO) et 642

including complete quark mass corrections [1,2]. There + S2Hu(ye, 1)] )

it has been shown that for thHe quark the effects of the
mass could be as large as 1% to 6%, depending on itghere g is the SU(2) gauge coupling constaaty and
value and the jet-resolution paramejer In fact, these sy are the cosine and the sine of the weak mixing
effects had already been seen in the experimental tests ahgle,gy = —1 + 4/3s%, andg, = 1 are the vector and
the flavor independence of the strong coupling constardixial-vector coupling of th& boson to the bottom quark.
[3-5]. FunctionsHy)(y., r») contain all the dependences on

In view of that we proposed [2], together with the and the quark mass, = (M, /m)? for the different al-
DELPHI Collaboration [6], the possibility of using the gorithms. These functions can be written as an expansion

ratio [2—4] in a;
I'%(yo)/T?
bd — J o
= - (1) — AO(y ) 4 Fs A0

3 I‘de(yc)/rd HV(A)(st rb) A (yc) . A (yc)
as a means to ex.trac:[I the bottom-quark mass from LEP + rb[Bs)()A)(yc,rb)
data. In this equatior,s;(y.)/I'? is the three-jet fraction,
andg denotes the quark flavor. Since the measurement of B(l) (yorr )} 3)
R% is done far away from the threshold @f-quark v Ye T

production, it will allow one, for the first time, to test the
running of a quark mass as predicted by QCD. However,
we discussed in [2] that the leading order calculatio
does not distinguish among the different definitions of the”
quark mass: perturbative pole ma#sg, running mass at

M, scale, or running mass ai; scale. The numerical

difference is significant when the different definitions
of masses are used in LO calculations. Therefore,

order to correctly take into account mass effects, it i
necessary to perform a complete next-to-leading ord

(NLO) calculation of three-jet ratios including quark
FunctionsBy,) take into account residual mass effects,

masses [7,8]. In this Letter we sketch the main points o he leading d q has b ¢ d.
this calculation, leaving the details for other publicationsP"c€ the leading depen encenp as been factorize

[9,10], and we present the results that have been used Bye tree-level contributionB\(, were calculated numeri-
the DELPHI Collaboration to measure the running masally in [2] for the different algorithms, and results were
of the bottom quark at = my [11]. presented in the form of S|mple fits to the numerical re-
To define the jets we use the jet-clustering algorithmssults. Finally, the functlonBV(A), which were completely
(see, e.g., [12]) because they lead to IR finite observablasnknown, contain the NLO corrections depending on the

Here, A©) is the tree-level contribution in the massless
imit. It is the same function for the vector and the axial-
vector parts, and it is known for the different algorithms

Sn analytic form. The functiom" gives the QCD NLO
correction for massless quarks and, to a good approxi-
mation, it is also the same for the vector and the axial-

jyector parts. [There are triangle diagrams contributing to

he axial part even fom, = 0; however, they are small
3] and we are not going to consider them here.] This
unction is also known for the different algorithms [12].

and have small hadronization corrections at LEP. quark mass and are the main result of our work.
The decay width of th& boson into three jets with a  Note that the way we writéfy4) in Eq. (3) is not an
heavy quark can be written as follows [2]: expansion for small,. We keep the exact dependence
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on r, in the functionsBy4). Factoring outr, makes it the following tests: (i) We have checked our four-parton
easier to analyze the massless limit and the dependence mfobabilities in the massless limit against the amplitudes
the results o, in the region of interest. This means that presented in Ref. [15]. The three-parton amplitudes for
our results can also be adapted, by including the photomassive quarks cannot be compared directly with the cor-
exchange, to compute the e~ cross section into three responding massless result, as they have different struc-
jets out of theZ peak at lower energies or at higher ture of IR singularities. (ii) The four-parton transition

energies for top quark production. amplitudes have also been checked in the case of mas-
At the NLO we have contributions to the three-jet crosssive quarks by comparing their contribution to four-jet
section from three- and four-parton final states. processes with the known results [1]. (iii) To check the

One-loop three-parton amplitudes are both infrareperformance of the numerical programs we have applied
(IR) and ultraviolet (UV) divergent. Therefore, some our method to the massless amplitudes of ERT and ob-
regularization procedure is needed. We use dimensionghined the known results for the functiods". (iv) We
regularization for both IR and UV divergences, becauséave checked, independently for each of the groups of dia-
it preserves the QCD Ward identities. The three-partorgrams with different color factors, that the final result ob-
transition amplitudes can be expressed in terms of a fewained with massive quarks reduces to the massless result
scalar one-loop integrals [9]. The result contains polesn the limit of very small masses.
in e = (4 — D)/2, where D is the number of space- The last test is the main check of our calculation. We
time dimensions. Some of the poles come from UVhave calculated the functiondy ) for several values
divergences and the others come from IR divergencesf r,, in the rangeM, ~ 1 — 5 GeV, and then we
The UV divergences, however, are removed after thdave extrapolated the results foy — 0. In that limit
renormalization of the parameters of the QCD Lagrangianwe reproduce the values for the functiod! in the
After that we obtain analytical expressions, which contairdifferent algorithms considered and the different groups
terms proportional to the IR poles and finite contributions.of diagrams. This check is not trivial at all since the

The four-parton transition  probabilities  for structure of IR divergences for massive quarks is quite
Z — bbgg(bbgg) are split in two parts. The first different from the case of massless quarks: For massive
part contains the terms which are divergent when onguarks collinear divergences are regulated by the quark
gluon is soft or two gluons (or light quarks) are collinear.mass, and therefore some of the poleg ithat appear in
These terms are integrated analytically in arbitrddy the massless case are softened byrjog
dimensions in the soft and collinear regions of phase Combining Egs. (1)—(3) and using the known expres-
space. This way we obtain the IR singular contributionssion for I'? [2,16] we writeR? as the following expan-
of four partons in the three-jet region and show thatsion ina;:
they are canceled exactly by the corresponding IR poles a
coming from the virtual corrections according to [14]. R} =1+ rb<b0 + —Sb1>, (4)
The second part, corresponding to the radiation of hard &
gluons, gives rise to finite contributions and can bewhere the functiong, andb; are an average of the vector
calculated inD = 4 dimensions. The three-je¢t width ~ and axial-vector parts weighted by = g7 /(g7 + gx)
is obtained by integrating both renormalized three- partoranch = g¢4/(gv + g3), respectively. They can be writ-
contribution and four-parton transition probabilities inten in terms of the different functions introduced before,
the three-jet phase-space region defined by the differeritqg. (3) [2,8], and also depend on andry,.
jet-clustering algorithms. This quantity is infrared finite It is important to note that because of the particular
and well defined. normalization we have used in the definition &£,

Following Ellis, Ross, and Terrano [15] (ERT) we which is manifested in the final dependence gnand
have classified both three-parton and four-parton trane4, most of the electroweak corrections cancel Those
sition probabilities according to their color factors. It are about 1% [17] in total rates, while iR’ they are
is clear that the cancellation of IR divergences betweeelow 0.05%. Therefore, for our estimates it is enough
three-parton and four-parton processes can occur only ie consider tree-level values @fy and g4. The same
side groups of diagrams with the same color factor. Thergument applies for the passage from decay widths to
cancellation of IR divergences can be seen more clearlgross sections. Contributions from photon exchange are
by representing the different amplitudes as the dlfferensmall at LEP and can be absorbed in a redefinition of
cuts one can perform in the three-loop bubble dlagramgv andg? [18]. They will add a small correction to our
contributing to theZ-boson self-energy. After summing observable.
up the three-parton and four-parton contributions to the Although intermediate calculations have been per-
three-jet decay width of th& boson we obtain the func- formed using the pole mass, we can also re-express our
tions Hy) in Eq. (2) at ordera,. Since a large part results in terms of the running quark mass by using
of the calculation has been done numerically, it is im-the known perturbatlve expressiol; = mp(w)[1 +
portant to have some checks of it. We have performe@a;,(u)/7(4/3 — log[m#/u2])]. The connection between
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pole and running masses is known up to orggrnowever, B 1
consistency of our pure perturbative calculation requires [ -
we use only the expression above. We aobtain 0.99 [
2 -
— Ay ) N m »
R} =1+ 7(p) [bo + %(51 — 2bg log M—i)} 0.98 |-
() 0.97 [-
wherer, () = 7, (p)/m7z and g
_ 0.96 |-
by = by + bo[8/3 — 2log(rs)]. (6) g
7, (u) can be expressed in terms of the running mass of the 0.95 &
b quark atu = myz by using the renormalization group. 0.94 SRR/ RN SRR B
At the order we are working, () = 7 (mz) [a,(mz)/ 0 0.025 0.05 0.075 0.1
as(,u)]—‘Wo/ﬂo with as(;u) = as(mZ)/[l + as(mZ)Bot] y
andr = log(u?/m3)/(4m), Bo = 11 — 2N;/3, Ny = 5, °
andyo = 2. FIG. 1. NLO results for RYY (DURHAM) for u = my

At the perturbative level, Egs. (4) and (5) are equiva<{(dashed), u =30 GeV (dash-dotted) andu = 10 GeV
lent. However, they neglect different higher order terms{dotted) for m(mlz) = ? ??PY f'ﬂl‘_rg as(mﬁ) ?63-11_8-5 GFC\>;
and lead to different answers. Since the experiment i%g\r;g?ggﬁg |i‘|'1":) ANty () — 3 Gevreagpser sod Iine).e
performed at high energies (the relevant scalesgrand
mz./y:) one would think that the expression in terms of
the running mass is more appropriate because the running
mass is a true short distance parameter, while the pol¥e also present the LO results for the quark mass equal to
mass contains in it all the complicated physics at scaled GeV (lower solid line) which is, roughly, the value of
w ~ M,. Moreover, by using the expression in terms ofthe pole mass obtained at low energies ar@eV (upper
the running mass we can vary the scale in order to est0lid line) which is, roughly, the value one obtains for the
mate the error due to the neglect of higher order correctunning mass at the:z scale by using the renormalization
tions. In any case, if one would use in Eq. (5) scales a§roup. Note that choosing a low value far makes the
low as u = 5 GeV, one would get something closer to result cIo;er to thq LO result written in terms of the pole
the pole mass result. mass, while choosing a large makes the result approach

Although we have studied the observable Eq. (1) for thd© the LO result written in terms of the running mass at
four jet-clustering algorithms discussed in [2,8,12], herethemzbacgle.
we will present results only for the DURHAM algorithm _ If R3" is measured to good accuracy one could use
[19], which is the one that gives smaller radiative correcEd- (5) and the relationship between, (u) and,(mz)
tions, and we postpone the presentation of results for tht® extractm,(mz). However, the extracted result will
different algorithms for another publication [10]. depend on the scalg.. For illustration, in Fig. 2 we

The functionb, gives the mass corrections at leading€Present, as ahl;unctlon gf, the value one would obtain
order. As shown in [2] it depends very mildly on the for 7, (mz) if R3’x, = 0.96 for y. = 0.02. What is the
quark mass in the region of interes/{ ~ 3 — 5 GeV).  best scale one should choose in three-jet quantities is a
Therefore it is appropriate to present our results fodong standing discussion. One would think that if the
bo as a fit in onlyy.: by = Zi=o k(()n) log" y.. For the energy is equally distributed among the three jets one

DURHAM algorithm, in the rang@.01 < y. < 0.10 and should choose. ~ m /3. However, a more conservative
3GeV < M, <5 Gév usings%., —0 23105 we obtain approach is to vary the scale in an appropriate range and

© _ a @ take the spread of the result as an estimate of the error due
ko= —10.521, ko~ = —4.4352, ko~ = —1.6629." 44 pigher order corrections. From Fig. 2 we see that if we
The functionb is the main result of this paper. It gives ;o w in the rangemy/10 — my the error due to the

. . bd ..
the NLO massive corrections ®;°. It is important 10 geaie in the determination @, (m) would be of about
note thatb, contains significant logarithmic corrections 5y Gev. |f scales as low ag = 5 GeV are accepted,
depending on the_quark(gyass.(l)\Ne take ther(lg)into accoulfe error increases ©.23 GeV. Whether this error can
by using the formb; = ki~ + k; " log(y.) + km l0g(r,)  be reduced by a clever choice of the scale or resummation
in the fit. The coefficients we obtain, for the DURHAM of |eading |ogs |nyc or r, remains to be seen.
s%r;eme and ra(|11)ges for and(gf, mentioned above, are  The calculation presented in this paper has already
ki =29792, k" = 59.358, km = 46.238. been used by the DELPHI Collaboration [11] to ex-
In Fig. 1 we presenR:? for 4 = my, (dashed)u =  tract the value ofm,(mz) from R%?. The preliminary
30 GeV (dash-dotted), andu = 10 GeV (dotted) for result [we would like to thank the DELPHI Collabora-
mp(mz) = 3 GeV anda,(mz) = 0.118. For comparison tion for allowing us to use these numbers here] they
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FIG. 2. Extracted value offi,(mz) if R3%, =096 as a
function of the scaleu. We takea,(mz) = 0.118 (solid) and
Aag; = 0.003 (dashed).

obtain is
my(mz) = 2.85 = 0.22(stad + 0.20(theo
* 0.36(frag) GeV, @)

which has to be compared with low energy determina-

seminars. While preparing the manuscript a preprint
dealing with the same problem has appeared [23].

*On leave from JINR, 141980 Dubna, Russian Federation.
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