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We propose an integrable Kondo problem in a one-dimensionalt-J model. With the open boundary
condition of the wave functions at the impurity sites, the model can be exactly solved via Bethe an
for a set ofJL,R (Kondo coupling constants) andVL,R (impurity potentials) parametrized by a single
parameterc. The integrable value ofJL,R runs from negative infinity to positive infinity, which allows
us to study both the ferromagnetic Kondo problem and the antiferromagnetic Kondo problem i
strongly correlated electron system. Generally, there is a residual entropy for the ground state, w
indicates a typical non-Fermi liquid behavior. [S0031-9007(97)03860-X]

PACS numbers: 71.10.Pm, 72.10.Fk, 72.15.Qm, 75.20.Hr
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Recently, considerable attention has been drawn by
theory of impurities in both the Fermi and the Luttinge
liquids, and many new developments have been repor
This renewed interest in the quantum impurity proble
was partially stimulated by the search for non-Fermi-liqu
fixed points beyond the well known Luttinger liquid. A
major progress is the extensive studies on the multich
nel Kondo problem by the conformal field theory in th
presence of boundary [1,2] and by the Bethe ansatz [3–
With these powerful methods, it becomes possible to o
tain the low temperature thermodynamics near the criti
point. At the same time, using bosonization and reno
malization group techniques, Kane and Fisher have sho
that a potential scatter center embedded in a Luttinger
uid is driven to a strong-coupling fixed point by the re
pulsive electron-electron interactions [6]. This shows f
the first time that a single impurity in a Luttinger liquid
behaves rather differently from its behavior in a Ferm
liquid. This new finding stimulates the study on the pro
lem of local perturbations in a Luttinger liquid and esp
cially on the Kondo problem in a Luttinger liquid. The
Luttinger-Kondo problem was first considered by Lee a
Toner [7], who found a crossover of the Kondo temperatu
from power law dependence on the Kondo coupling co
stant to an exponential one. Subsequently, a poor ma
scaling was performed by Furusaki and Nagaosa [8], w
addressed the conjecture that ferromagnetic Kondo scre
ing may occur in a Luttinger liquid. The boundary con
formal field theory [9] yielded a classification of critica
behaviors for a Luttinger liquid coupled to a magnetic im
purity (without impurity potential). It turns out that there
are only two possibilities, a local Fermi liquid with stan
dard low-temperature thermodynamics, or a non-Fermi l
uid as observed by Furusaki and Nagaosa [8]. It is no
clear that the non-Fermi-liquid behavior is induced by th
tunneling effect of conduction electrons through the imp
rity which depends only on the bulk properties but not o
the detail of the impurity [10,11].
0031-9007y97y79(10)y1901(4)$10.00
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Despite such important progress, the problem of few im
purities (potential, magnetic, especially both) embedded
a strongly correlated system is still not well understoo
We remark that there is some progress related to this pr
lem: the case of a spinS . 1y2 impurity in a spin1y2
Heisenberg chain solved many years ago by Andrei a
Johannesson [12] and generalized to arbitrary spins by
and Schlottmann and by Schlottmann [13], and an in
grable impurity in the supersymmetrict-J model [14] with
a very complicated Hamiltonian solved by Bedürftiget al.
We remark here that the above models are rather spe
for the absence of backward scattering off the impurit
and therefore cannot lead to a deep understanding of
Kondo problem in a Luttinger liquid, where the backwar
scattering is crucial to the fixed point of the system. In a
dition, Wang and Voit have proposed an integrable mod
of a single magnetic impurity in ad-potential Fermi gas
[11] with a special value of Kondo coupling constant.

Attempting to understand the effects of magnetic im
purities in a strongly correlated electron system, we stu
the properties of the integrablet-J model coupled to two
magnetic impurities sited at the ends of the system. O
starting point is the following Hamiltonian

H  H0 1 Hi ,

H0  2

Na21X
j1,s

sCy
jsCj11s 1 H.c.d

1 2
Na21X
j1

fSj ? Sj11 1 Vnjnj11g ,

(1)

Hi  JLS1 ? SL 1 VLn1 1 JRSNa ? SR 1 VRnNa ,

whereCjs sCy
jsd are annihilation (creation) operators o

the conduction electrons;V , JR,L, VR,L are the nearest
neighbor interaction constant, the Kondo coupling co
stants, and the impurity potentials, respectively;Sj 
1
2

P
s,s0 C

y
jssss0Cjs0 is the spin operator of the conduc

tion electrons;SL,R are the local moments with spin-1y2
© 1997 The American Physical Society 1901
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sited at the left and the right ends of the system, resp
tively; nj  C

y
j"Cj" 1 C

y
j#Cj# is the number operator o

conduction electrons;Na is the length or site number o
the system. Notice that the single occupation condit
nj # 1 is assumed for the Hamiltonian (1). We rema
that the model is very reasonable for the absence of ph
cally questionable terms in the Hamiltonian.

It is well known thatH0 is exactly solvable forV 
21y4 and3y4 [15,16]. Here we study only theV  3y4
case while both the charge and spin sectors can be
scribed by a Luttinger liquid. TheV  21y4 (super-
symmetrict-J model) case can then be treated simila
without any difficulty. By including the impurities, an
electron impinging on the boundaries will be complete
reflected and suffer a reflection matrixRj,L or Rj,R [11].
The waves are therefore reflected at either end as

eikjx ! Rj,Lskjde2ikj x , x , 1 ,

eikjx ! R21
j,Rskjde2ikj x22ikjNa , x , Na .

(2)
t

r

t

w
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The reflecting Yang-Baxter equation [17,18],

Sjlsqj 2 qldRj,asqjdSjlsqj 1 qldRl,asqld
 Rl,asqldSjlsqj 1 qldRj,asqjdSjlsqj 2 qld , (3)

a  R, L ,

constrains the integrability of the present model. He
Sjl is the electron-electron scattering matrix in the bul
By evaluating Eq. (3), we find that the present mod
is exactly solvable with the following parametrizedJa

andVa (a  L, R): Ja  28ys2ca 1 3d s2ca 2 1d, Va 
s4c2

a 2 7dys2ca 1 3d s2ca 2 1d, wherecL,R are two arbi-
trary real constants. Generally,JL andJR may take differ-
ent values. Here we consider only theJR  JL, VR  VL,
i.e.,cL  cR  c, case. The solution of our model in the
integrable line is quite similar to those of other integrab
models with open boundaries [17,18]. Notice that the r
flection matrixRL,R (K6 in Ref. [17]) is an operator ma-
trix rather than ac-number matrix. The spectrum of the
Hamiltonian (1) is uniquely determined by the following
Bethe ansatz equations:
,

energy
√
qj 2

i
2

qj 1
i
2

!2Na



"
qj 1 isc 2 1d
qj 2 isc 2 1d

#2 Y
r61

(
NY

lfij

qj 2 rql 2 i

qj 2 rql 1 i

MY
a1

qj 2 rla 1
i
2

qj 2 rla 2
i
2

)
(

la 2 isc 2
1
2 dla 1 isc 1

1
2 d

la 1 isc 2
1
2 dla 2 isc 1

1
2 d

)2 Y
r61

NY
j1

la 2 rqj 1
i
2

la 2 rqj 2
i
2


Y

r61

MY
bfia

la 2 rlb 1 i

la 2 rlb 2 i
,

(4)

with the eigenvalue of (1) given byE  2N 2
PN

j1 4ys4q2
j 1 1d. Here N is the number of conduction electrons

qj  1y2 tanskjy2d, andkj andla are the rapidities of charge and spin, respectively.M is the number of spin-down
electrons.

Below we discuss the ground state properties for different regions of parameterc.
(i) c $ 1.—The system falls into the ferromagnetic Kondo coupling regime and no bound state can exist at low

scales. The ground state is thus described by two sets of real parametershqjj andhlaj. Define the quantities

Zc
Na

sqd 
1
p

(
2u1sqd 1

1
2Na

"
fcsqd 2

MX
a2M

u1sq 2 lad 1

NX
j2N

u2sq 2 qjd

#)
,

Zs
Na

sld 
1

2Nap

(
fssld 2

NX
j2N

u1sl 2 qjd 1

MX
a2M

u2sl 2 lad

)
,

(5)
e

ed
nd
with the phase shiftsfcsqd  2u2sqd 1 4 tan21fqysc 2

1dg, fssld  2u2sld 1 4 tan21flysc 1 1y2dg 2 4 tan21 3

flysc 2 1y2dg induced by the impurities in the charge an
spin sectors, respectively, andunsxd  22 tan21s2xynd.
Note above we have used the reflection symmetry of
Bethe ansatz equations to include solutions withq2j 
2qj and l2a  2la. The Bethe ansatz equations a
solved byZc

Na
sqjd  IjyNa andZs

Na
sld  JayNa, where

Ij and Ja are nonzero integers. In the ground sta
Ij and Ja must be consecutive numbers around ze
symmetrically to minimize the energy. The rootsqj and
la become dense in the thermodynamic limit, and
define their densities as

rc
Na

sqd 
dZc

Na
sqd

dq
, rs

Na
sld 

dZs
Na

sld
dl

. (6)
d

he

e
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The cutoffs ofq andl in the ground state are6Q and6L,
respectively, which correspond toZc

Na
s6Qd  6sN 1

1y2dyNa, Zs
Na

s6Ld  6sM 1 1y2dyNa. In the thermo-
dynamic limit Na ! `, N ! `, andNyNa ! finite, we
find that the energy is minimized atL ! `, which gives
a result ofN  2M by integrating Eq. (6). The magne-
tization is given by1y2sN 1 2 2 2Md. This indicates a
spin triplet ground state which is in contradiction to th
Furusaki-Nagaosa conjecture [8].

(ii) 1y2 , c , 1.—The system falls also into the fer-
romagnetic Kondo coupling regime. However, unlike
case (i), two bound states of electrons can be form
around the impurities in the ground state, which correspo
to two imaginaryq modes atq  6is1 2 cd. The Bethe
ansatz equations for the real modes are thus reduced to
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"
qj 1 isc 2 1d
qj 2 isc 2 1d

qj 2 ic

qj 1 ic

qj 1 isc 2 2d
qj 2 isc 2 2d

#2 Y
r61

(
N22Y
lfij

qj 2 rql 2 i

qj 2 rql 1 i

MY
a1

qj 2 rla 1
i
2

qj 2 rla 2
i
2

)
(

la 2 isc 2
3
2 d

la 1 isc 2
3
2 d

la 1 isc 1
1
2 d

la 2 isc 1
1
2 d

)2 Y
r61

N22Y
j1

la 2 rqj 1
i
2

la 2 rqj 2
i
2


Y

r61

MY
bfia

la 2 rlb 1 i

la 2 rlb 2 i
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(7)
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Following the same procedure discussed above, we ob
again a spin triplet ground state. This can be underst
in the following picture: the bounded electrons and t
local moments form two spin-1 local composites d
to the effective attraction and the ferromagnetic Kon
coupling. However, the itinerant electrons impinging o
these composites will screen their moments partially d
to the indirect Kondo coupling induced by the electro
electron correlation. In such a sense, we recover Furus
Nagaosa’s conjecture [8], though the local moments are
completely screened.

(iii) 21y2 , c , 1y2.—The system falls into the an
tiferromagnetic Kondo coupling regime. No bound sta
appears in the ground state. By integrating Eq. (6) in
thermodynamic limit, we haveN 1 2  2M. This indi-
cates a spin singlet ground state, a similar result to tha
the Kondo problem in a Fermi liquid.

(iv) 21 # c # 21y2.—No bound state exists in th
ground state. It seems that the ground state should b
spin triplet. We note that bothJa andVa take positive val-
ues in this region. The repulsive boundary potential dom
nates over the Kondo coupling, and bars the conduc
electrons from forming singlet with the local moments.
such a sense, no Kondo screening occurs, which stron
indicates that both the boundary potential and the electr
electron correlation in the bulk have significant effects
the Kondo problem in a Luttinger liquid.
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(v) 23y2 , c , 21.—For this case, the system i
still in the regime of antiferromagnetic Kondo couplin
but with a weaker or attractive boundary potential. Tw
imaginaryl modes atl  6isc 1 1y2d and two imagi-
nary q modes atq  6isc 1 1d appear in the ground
state. These modes correspond to the formation of bo
singlet pairs of two conduction electrons with the loc
moments. By integrating the densities of the real mod
in the thermodynamic limit, we still arrive at a spin single
ground state.

(vi) c , 23y2.—The Kondo coupling is ferromagnetic
and the boundary potential is repulsive. There is no bou
state in the ground state. Following the same proced
discussed in (i), we obtain againN  2M for the ground
state. Therefore, there is no Kondo screening in this
gion, which contradicts the Furusaki-Nagaosa conjectu

The thermodynamics of the present model can be ca
lated in a closed form based on the Bethe ansatz equat
(4). This allows us to obtain the temperature and ma
netic field dependence of the free energy which conta
three parts of contributions, i.e., the bulk term, the boun
ary term, and the Kondo effect term. Here we omit t
details of calculation which follow the standard procedu
and can be found in some excellent works [3,19–21]. T
Kondo effect induced free energy is the most interest
term which takes the following form at low temperature
(hereafter we assumec as an integer or half integer):
Fk  2T sgnsn1d
Z lnf1 1 zjn1jsldg dl

2 coshspld
2 T sgnsn2d

Z lnf1 1 zjn2jsldg dl

2 coshspld
, (8)

wheren1 andn2 are twoc-dependent integers.znsld are elements of the following coupled integral equations:

ln hsld 
e0sld 2 m

T
2 sf1gG 1 f2gd lnf1 1 h21sldg 2 G lnf1 1 z1sldg ,

ln znsld  Ghlnf1 1 zn11sldg 1 lnf1 1 zn21sldgj, n . 1 ,
(9)

ln z1sld  2G lnf1 1 h21sldg 1 G lnf1 1 z2sldg ,

lim
n!`

hfng lnf1 1 zn11sldg 2 fn 1 1g lnf1 1 znsldgj 
2H
T

,

totic

us
e

where m is the chemical potential,e0sld  2 2 4l2y
s4l2 1 1d, fng andG are integral operators with the ke
nelsansld  sny2pdyfl2 1 sny2d2g and1yf2 coshspldg,
respectively, andH is the external magnetic field. Notic
that we have omitted the excitations breaking the bou
states in deriving (9). Their contributions to the free e
ergy are exponentially small at low enough temperatur
-

nd
n-
s.

For H  0 and T ! 0, the driving term G lnf1 1

h21sldg in (9) is nothing butT21essld. essld is the
dressed energy of the spin waves and has the asymp
form essld ! 2pe0 exps2pjljd for jlj ! `, wheree0 is
the energy density of the ground state. This allows
to formulate the low-temperature expansion of (9). Th
asymptotic solution of (9) is given by functionsznsxd, with
1903
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.

x  lnfspe0dyTg 1 pjlj. znsxd decrease monotonically
with x for all n, and tend to finite limitszn1 asx ! `. The
limits are given byzn1  sinh2snHyT dy sinh2sHyT d 2

1. No anomaly appears in the free energy of the bulk a
the open boundary. They contain only constant terms a
T 2 terms up to the orderosT 2d. An interesting feature is
that with differentc values, the system may show eithe
Fermi- or non-Fermi-liquid behavior. To show this, w
study the entropy of the ground state for a variety ofc re-
gions. Forc . 1 or c , 23y2, there is no bound state in
the ground state.n1 andn2 take the values2jcj 1 1 and
1 2 2jcj, respectively. Therefore, the two local spins a
renormalized to two effective moments with the strengt
jcj 1 1y2 andjcj 2 1y2, respectively. However, it seems
that the larger “moment” couples with the conduction ele
tron antiferromagnetically, while the smaller moment co
ples with the conduction electrons ferromagnetically. T
residual entropy of the ground state can be easily c
culated from Eq. (8) asSg  lnfs2jcj 1 1dys2jcj 2 1dg.
For c  0, the local moments are completely screene
and bothn1 and n2 are equal to unity. Thus the en
tropy of the ground state is zero and the system flows
a Fermi-liquid fixed point. Forc  21y2, n1  2, and
n2  0, the residual entropy takes a value of ln2. While
for c  21, n1  21y2, n2  3y2, Sg  ln 3. Notice
that for c  21y2 andc  21, the system falls into the
regime of antiferromagnetic Kondo coupling but with
nonzero residual entropy. We remark thatc  1y2 and
c  23y2 are two critical points, since at these point
both Ja and Va are divergent. The residual entropy ha
different limits forc ! 1y2 1 01s23y2 1 01d andc !
1y2 1 02s23y2 1 02d. From the above discussion we
conclude that the system generally has ac-dependent resid-
ual entropy which strongly indicates a non-Fermi-liqu
behavior. The system can flow to a Fermi-liquid fixe
point only in a narrow parameter region ofc , 0. Such a
fascinating effect can be understood in the following pi
ture: The charge-spin coupling induced by the backwa
scattering off the impurity introduces an effective boun
ary field to the local moment, which means the charge d
grees of freedom join the Kondo effect. However, unlike
real magnetic field, the “effective field” does not split th
degeneracy of different orientation of the local momen
In fact, when the conduction electrons are impinging a
leaving the impurity, the incident waves and the reflectio
waves feel different strengths of the impurity spin. On
is 1y2 2 c and the other is1y2 1 c or vice versa. The
finite residual entropy is a result of the cooperative effe
of the charge and spin sectors.

In summary, we introduce an integrable model
the Kondo problem in a 1D strongly correlated electro
system. With different values of the parameterc, the
system can show either a Fermi-liquid behavior or a no
Fermi-liquid behavior beyond that obtained by Furusa
1904
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and Nagaosa [8]. A nonsinglet ground state in an an
ferromagnetic Kondo coupling region is obtained. It
found that the residual entropy depends not only on t
self-magnetization of the ground state, but also on t
interaction parameterc, which we interpret as a “coop-
erative effect” of the Kondo coupling and the impurit
scattering. It would be instructive to apply renormaliza
tion group analysis and conformal field theory to reve
a more complete picture for such an interesting problem
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