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Next-to-Leading Order QCD Corrections to Three-Jet Cross Sections with Massive Quarks
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We calculate the cross section fet e~ annihilation into three jets for massive quarks at next-to-
leading order in perturbative QCD, both on and off theresonance. Our computation allows the
implementation of any jet clustering algorithm. We give results for the three-jet cross section involving
b quarks for the JADE and Durham algorithms at c.m. energies= m;. We also discuss a three-jet
observable that is sensitive to the mass ofihguark. [S0031-9007(97)03569-2]

PACS numbers: 12.38.Bx, 13.87.Ce, 14.65.Fy

Jets of hadrons, which originate from the productionfive parity-conserving and four parity-violating Lorentz
and subsequent fragmentation of quarks and gluons in higstructures. Second, the leading order matrix elements of
energy electron positron annihilation have been among thihe four-parton production processese™ — Z*, y* —
key predictions [1,2] of quantum chromodynamics (QCD).ggQ 0, 00qq, Q0 Q0 are needed. Herg denote light
For precision tests of QCD the" e~ experiments provide quarks which are taken to be massless.

a particularly clean setup. There exist a number of jet The calculation of the) (a?) virtual corrections to the
observables that are well defined (i.e., infrared-finite) inprocesse e~ — Q Qg with massive quarks is straight-
QCD, and which can be calculated perturbatively as arforward albeit tedious. Non-neglection of the quark mass
expansion in the strong coupling,. The next-to-leading leads to a considerable complication of the algebra. The
order (NLO) QCD corrections to three-jet production wereinfrared (IR) and ultraviolet (UV) singularities, which are
computed more than a decade ago [3,4] for masslesncountered in the computation of the one-loop integrals,
quarks, and subsequent implementations [5—9] of thesare treated within the framework of dimensional regu-
results have been widely used for tests of QCD with jeflarization in D = 4 — 2e space-time dimensions. We
physics. remove the UV singularities by the standavtS renor-

To date, huge samples of jet events produced aZthe malization. An essential aspect of our computation is to
resonance have been collected both at LEP and SLC. Froshow that the IR singularities of the virtual corrections are
these data large numbers of jet events involvinguarks  canceled by the singularities resulting from phase space
can be isolated with high purity using vertex detectors. Fointegration of the squared tree amplitudes for the produc-
detailed investigations db jets quark mass effects must tion of four partons. Different methods to perform this
be taken into account in the theoretical predictions [10]cancellation have been developed (see [7—9], and refer-
Specifically, knowledge of the NLO three-jet fraction for ences therein). We use the so-called phase space slicing
nonzero quark mass opens the possibility to measure thraethod elaborated in [7]. The basic idea is to “slice” the
mass of theb quark from b jet data at theZ peak phase space of the four parton final state by introducing
[11]. Further applications include precision tests of thean unphysical parton resolution parametgp, < sycut,
asymptotic freedom property of QCD by means of threewherey,, is the jet resolution parameter. The parameter
jet rates measured at various center-of-mass energies, alsg, splits the phase space into a region where all four par-
far below theZ resonance [12]. tons are “resolved” and a region where at least one parton

As far as massive quarks are concerned the three, fouremains unresolved. For massless partons, the resolved
and five jet rates are known to leading order (LO)dpn  region may be conveniently defined by the requirement
only [13-15]. In this Letter we report the calculation that all invariantss;; = (k; + k;)* built from the parton
of the e"e™ annihilation cross section into three jets momentak; are larger than the parametgr,. We have
involving a massive quark antiquark pair at next-to-modified this definition slightly to account for masses [16].
leading order QCD [16,17]. The determination of this In the unresolved region soft and collinear divergences
cross sectionry o to order a? consists of two parts: reside, which have to be isolated explicitly to cancel the
first, the computation of the amplitude of the partonicsingularities of the virtual corrections. This is consider-
reactionete™ — y*, Z* — QQg at leading and next-to- ably simplified due to collinear and soft factorizations of
leading order in the QCD coupling. Hexg denotes a the matrix elements which hold in the limit;, — 0. In
massive quark ang a gluon. We have calculated the the presence of massive quarks, the structure of collinear
complete decay amplitude and decay distribution structurand soft poles is completely different as compared to the
for this reaction. This allows for predictions including massless case. As an example, we would like to dis-
oriented three-jet events. The differential cross sectioruss fore™e™ — Q(k;)Q(k2)g(k3)g(ks) the limit where
involves the so-called hadronic tensor which containone gluon, sayg(ks), becomes soft. In this limit, the
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squared matrix element can be written as a universahentumk, can then be carried out analytically i di-
factor multiplying the squared Born matrix element for mensions. In the soft limik, — 0 the squared matrix
ete” — QQg. The integration over the soft gluon mo- element reads

|
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whereg; is the strong coupling constantc = 3 is the | (leading color terms), andy + t4 < 2 smin (Subleading
number of colorsy;; = 2k;k;, andm denotes the quark color term). The complete soft factstk;, k», k3) mul-
mass. Each of the three terms in (1) can now be intiplying the squared Born matrix element fef e~ —
tegrated over the appropriate soft phase space volum@(k;)Q(k2)g(k3) which is obtained by this integration
which we define by the conditiong,, + 34 < 2 Smin | reads
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where B =1 —4m?/(t;» + 2m?), o =1 — B)/ | We now present our results for the cross sectié’jﬁo
(1 + B), and u is an arbitrary scale introduced to keep for b quarks in theMS scheme. We require that at least
ay dimensionless inD dimensions. The poles ik  two of the jets that remain after the clustering procedure
exhibited in (2) (and additional poles from the collinearcontain ab or b quark [21]. We use thé quark mass
region of phase space which we do not show explicitly)parameterm, () defined in theMS scheme at a scale
can now be canceled against the IR poles of the one-loop. The asymptotic freedom property of QCD predicts
integrals entering the virtual corrections. One is then lefthat this mass parameter decreases when being evaluated
with a completely regular differential three-parton crossat a higher scale. Withn,(m;) = 4.36 GeV [22] and
section which depends ot . as(mz) = 0.118 [23] as an input and employing the
The contribution too; o of the resolved part of the standard renormalization group evolution of the coupling
four-parton cross section is finite and may be evaluatednd the quark masses, we use the valyéu = myz) =
in D = 4 dimensions, which is of great practical impor- 3 GeV.
tance. It also depends oy, and is most conveniently Figures 1(a) and 1(b) show the three-jet cross section
obtained by a numerical integration. Since the parametalrifw at /s = u = myz with b quarks of massn, =
smin IS completely arbitrary, the sum of all contributions 3 GeV as a function ofin = Smin/(sVeut) for the JADE
to 013\1Lo(ycut) must not depend om,;,. In the soft and and Durham algorithms at a value of the jet resolution
collinear approximations one neglects terms which vanisiparametey.,, = 0.03. Itcan be clearly seen that the cross
assmin — 0. This limit can be carried out numerically. section reaches a plateau for small values of the parameter
Since the individual contributions depend logarithmicallyymi,. The error of the numerical integration becomes
on smin, it is a nontrivial test of the calculation to demon- bigger ayymi, — 0. In order to keep this error as small as
strate thatoy; o becomes independent of,;, for small  possible without introducing a systematic error from using
values of this parameter. Moreover, in order to avoidthe soft and collinear approximations, we takgn, =
large numerical cancellations, one should determine thé0 2 for the JADE algorithm an@y, = 5 X 1073 for
largest value of,;, which has this property. the Durham algorithm. These values are used in Figs. 1(c)
The three-jet cross section depends on the experand 1(d), where we pIotNLO as a function of., together
mental jet definition. We consider here the JADE [18]with the LO result. The QCD corrections to the LO result
and Durham [19] clustering algorithms, although otherare quite sizable, as known also in the massless case. The
schemes [20] can also be easily implemented. We haveenormalization scale dependence which is also shown in
checked that we recover the result of [6] in the mass¥igs. 1(c) and 1(d) is modest in the whojg,, range
less limit. exhibited for the Durham and abowg,, ~ 0.01 for the
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ties involved [25]. Yet such an analysis would be worth
the effort: It would be the first determination of tibe
quark mass at a high scale, and it might also experimen-
tally establish the “running” of a quark mass as predicted
- - - by QCD.

10 10 0 10 Summarizing, we have computed the NLO QCD cor-

- - o - rections fore*e~ — 3 jets for massive quarks. Our re-
FIG. 1. (@) and (b) r?rc‘)(f;"“_’mg as d/e(?neo; '{(‘):Tﬁ;‘jﬁgg; 4 sults, which we shall report on in detail in future work,
’Surharﬁ algorithms at am\;nalue I(I)l;‘n they]L‘ett resolution paramete?hou"_j find _appllcatlons toa numbe_r of precision tes_ts of
Yeut = 0.03 With m,(u = my) = 3 GeV anda,(u = my) = QCD involving b andc quarks at various c.m. energies,
0.118. (c) and (d) showo?*? as a function ofy., for the  and to theoretical investigations of top quark production
JADE and Durham algorithms, respectively. The dashed lingyt very high-energetic electron positron collisions.

is the LO result. The NLO results are fqr = m; (solid ;
line), u — m,/2 (dotted line), and — 2m, (dash-dotted We thank S. Bethke, O. Biebel, P.N. Burrows,

line). Initial-state photon radiation is not included in the crossP' Haberl, G. Rodrigo, and M. Wunsch for discus-
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No. 057AC9EP(1). A.B. acknowledges support by
Deutsche Forschungsgemeinschaft.

: bd .
JADE algorithm. Below this value, perturbation theory is Note added—A ratio R;" similar to the ratio B

not applicable in the JADE scheme. defined in Eg. (3) was calcglated at NLO iny in [17]
The effects of theb quark mass at th& peak may be @nd by Rodrigo, Santamaria, and Bilenky [26]. When
exhibited with the following ratio [24]: adopting the definition oRk3“, we find agreement with the
b results of these authors. We wish to thank A. Santamaria
B(Yeur) = R; (Yeur) . ?) for detailed correspondence on this matter.
R; SC(YCut)
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