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Lagrange Method in Reflection Positivity
in the Spin Space

In their Letter [1], Yanagisawa and Shimoi (YS)
attempted to apply spin-reflection positivity, which was
first used in the Hubbard model by Lieb [2], to the
Kondo-Hubbard model at half filling by using the so-
called “Lagrangian multiplier method.” YS introduced
the Lagrange multipliers in the Hamiltonian to realize
constraints of single occupancy of fermion for localized
spin. Unfortunately, the method of YS is incorrect, and
does not form a proof as it is. In this Comment I
describe the problems, and how they can be dealt wi
by modifying their proof.

YS wrote spin1y2 operator in the fermion representa-
tion and introduced the Lagrange multipliers in the Hamil
tonian to realize the constraints of the single occupancy
fermions,

Hl ­ H0 1
X

i

liQi , (1)

where Qi ­ ni" 1 ni# 2 1 and ni,s is the number op-
erator for fermion at sitei with spin s s­ ", #d. H0 is
the Hamiltonian for the Hubbard-Kondo lattice model in
Ref. [1]. Let jCl be the variational ground state, which is
li dependent as in Eq. (1). YS expected that the resultin
conditions in the variational principle areQi jCl ­ 0 for
all i. The Lagrange multipliers break the spin up-down
symmetry under the partial particle-hole transformatio
[3]: Qi ! Q̃i ­ ni" 2 ni#, although they do not break
the symmetry in Eq. (1). This symmetry containing in
the transformed Hamiltonian (not the original one) play
an essential role in reflection positivity in the spin spac
when we investigate the half-filled system. Without this
symmetry, we cannot naively assume that the coefficie
matrix C for the ground state is Hermitian [2]. YS obvi-
ously overlooked this fact and assumedC (for any li) to
be Hermitian “because of the up-down symmetry of th
spin” [1]. This is only true if we setli to be the (unique)
solution of the variational problem. Thus the uniquenes
proof of YS must be restricted to the special values ofli .
Their “proof” for anyli , which does not make use of any
calculus of variation, is not justified.

By following the procedure in the Lagrange multiplier
method correctly, we get

kCjQi jCl ­ 0 , (2)

as the resulting variational condition (or Euler equation
rather thanQi jCl ­ 0 as YS expected [1]. The condition
[Eq. (2)] is weaker than the desired conditionQi jCl ­
0. Hence the Lagrange multiplier in Eq. (1) does no
guarantee the single occupancy condition in genera
Fortunately, we can get rid of this problem by the
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following (somewhat unnatural) argument. Fixli to the
solution of the variational problem. Since the groun
state of Eq. (1) is proven to be unique andQi commutes
with the Hamiltonian, the condition [Eq. (2)] implies the
desired one.

I note that YS later presented a “proof” of the equiva
lence betweenkCjQi jCl ­ 0 andQi jCl ­ 0 in the limit
jli j ! ` [4]. This “proof” is based on an obvious mis-
understanding of the Lagrange method, and is incorre
YS treatli as free parameter that one can choose as o
wishes, ignoring the fact that they must be determined b
solving the Euler equation simultaneously in the calculu
of variations [5].

A correct way to introduce the Lagrange multipliers i
to use

P
i liQ

y
i Qi instead of

P
i liQi in Eq. (1). These

terms keep the spin up-down symmetry under the part
particle-hole transformation and can realize the desir
condition. A more transparent method for proving th
uniqueness and positive definiteness of the coefficie
matrix C is to choose a suitable set of basis to realiz
the desired condition as I have done previously [6].

In conclusion, the Lagrange multipliers introduced
by YS break the spin up-down symmetry after th
partial particle-hole transformation, and cannot realiz
the physical constraints as YS expected. Their so-call
“Lagrangian multipliers method” is incorrect, and must b
modified considerably to be a complete proof.
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