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Mean Field and Corrections for the Euclidean Minimum Matching Problem
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The minimum matching oV random points in/-dimensional Euclidean space is a tractable model of
frustration with disorder. We use numerical simulations to obtain precise estimates of the ground-state
energy for2 = d = 10. We then consider the approximation where distance correlations are neglected.
This model’s solution leads to an excellent “random link” approximatios at 2. Incorporating three-
link correlations improves the accuracy, leading to a relative errdr4sh atd = 2 and3. Finally,
we argue that the Euclidean modelgd series is beyond all orders of a link correlation expansion.
[S0031-9007(97)03532-1]
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There has been a tremendous amount of work on fruds the problem of finding the matching of minimum energy.
trated disordered systems in the past twenty years, ifihe constraint of having a dimerization introduces frustra-
part driven by the exact solution [1] of the Sherrington-tion as in general all points cannot be paired to their nearest
Kirkpatrick spin glass model [2]. However, the relevanceneighbor. One can also consider the thermodynamics of
of this infinite range model to three-dimensional shortthis system, as proposed by Orland [11] and Mézard and
range systems remains controversial [3,4]. Two of theParisi [12], by takingall matchings but weighting them
difficulties which have hampered attempts [5,6] to usewith the Boltzmann factor. Here we concentrate on the
replicas in finite dimensions are: (i) for finite connectivity T = 0 properties because exact ground states can be ob-
systems, the saddle point equations involve the order pdained for any given instance of si2éusing on the order
rametersy, g With an arbitrary number of indices rather of N° steps [13].
than justg.g [7]; (ii) in d-dimensional Euclidean space, Physically, one is not interested in the properties of any
the geometry introduces strong correlations among thparticular instance of the MMP; more relevant are typical
guenched bond variables because it selects which bonds aard ensemble properties such as the average energy when
present. It is usually overlooked that these two obstaclethe lengths/;; are random variables with a given distri-
have been overcome in a frustrated disordered system sirbution. One then speaks of the stochastic MMP. There
pler than a spin glass, the minimum matching problemare two frequently used ensembles for thecorrespond-
(MMP) [8]. For this problem, Mézard and Parisi have ing to the EuclideanMMP and therandom link MMP.
treated the order parametersg,.. exactly [9], and have In the first, theN random points lie in a/-dimensional
introduced an expansion [10] to take into account the correEuclidean volume and thg; are the usual Euclidean dis-
lations among the bond variables. In this Letter, we detertances between pairs of points. The points are independent
mine the accuracy of their replica approach by comparingnd identically distributed, so one speaks of a random point
with the actual properties of thé-dimensional Euclidean problem. In the second ensemble, it is the link lendths
MMP. First, we find that the relative error introduced by which are independent and identically distributed random
the leading approximation for the zero-temperature energyariables. A connection between these two systems was
density is less tha#% atd = 2 and3% atd = 3. Second, first given by Mézard and Parisi [9]: they pointed out that
the inclusion of the first Euclidean corrections reduces thathe one- and two-link distributions could be made identical
error by a factor of abouit0 atd = 2 andd = 3, showing inthe two problems. A consequence is that the Cayley tree
that the replica approach gives a quantitatively accurate depproximation for the random point and random link prob-
scription of this system in finite and even low dimensionslems are the same. Mézard and Parisi were able to solve
Third, we argue that the largébehavior of systems such the random link MMP using an approach based on replicas
as the MMP and possibly spin glasses depends on arbitra9,12]. One may then consider the random link MMP to be
ily high order bond correlations and is thus beyond all or-a “mean field model” for the Euclidean MMP. The mean
ders of the expansion proposed by Mézard and Parisi [10field approximationconsists of using the thermodynamic

ConsiderN points (V even) and a specified set of link functions of the random link model as estimators for those
lengths/;; = [;; separating the points, fdr=i,j = N.  of the Euclidean model. Hereafter we shall refer to it as
One defines a matching (a dimerization) of these points btherandom link approximatiofil4]. Finally, Mézard and
combining them pairwise so that each point belongs to onfarisi have shown how to derive corrections to the random
and only one pair. Define also the energy or length of dink approximation using an expansion in link correlations.
matching as the sum of the lengths of the links associatebh [10], they have computed the leading corrections, asso-
with each matched pair. The minimum matching problenciated with the triangle inequality in the Euclidean model.
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How accurate are these approximations? To answer thithed-dimensional ball with unit radius. If we take the ran-
we first give our numerical results for the Euclidean MMP,dom link model where link lengths are independent and
and then compare with these analytical predictions. have the individual distributio®,(/), then the Euclidean

In the Euclidean MMP, leL.;;, be the energy or length and random link MMP have the same ord two-link
of the minimum matching. Taking the points to be inde-distributions [9] because two Euclidean distances are inde-
pendent and uniformly distributed in a unit volume, Steelgpendent. If correlations among three or more link lengths
[15] has shown that a& — o, L,,/N'~'/4 converges are weak, then the properties of the two systems should
with probability one to a nonrandomy,-independent con- be quantitatively close. Thus an analytic approximation
stantB5,,(d). In physics language, this result shows thatto 83 (d) is obtained by computing its anal@{i;; (4) in
L is self-averaging and that the zero-temperature erthe random link MMP. In Refs. [9,12], Mézard and Parisi
ergy density has an infinite volume limit when the densitysolved these random link models under the replica sym-
of points is kept fixed. To date, little has been done to commetry hypothesis. They showed further that the replica
pute the ground-state energy densitBss,(d). The best symmetric solution is stable (at least fér= 1), and thus
estimates are8y,,(2) = 0.312 [16,17] and BL,,(3) =~  is mostlikely exact. Their solution givegi s (d) in terms
0.318 [16]. Here we use a systematic procedure [18] toof a functionG, related to the probability distribution of
obtain By (d) with quantifiable errors. First, in order link lengths for matched pairs. In our Euclidean units their
to have a well defined dependence &nwe have used result can be written
the ensemble averagé,k;,,)/N'~1/4. Second, in order to
reduce corrections to scaling in the extrapolation to the Di(d) d f“o
large N limit, we have placed the points randomly in the 2 (1/d) )-
d-dimensional unit hypercube with periodic boundary con-
ditions. This removes surface effects and empirically leadgvhereG, satisfies the integral equation
to the finite size scaling law

N d-1,-Gy)
W _pe i1+ 40 B0 ) gy G maf ceteta. @

Gy(x)e %W dx, (2)

Bt (d) =

oo

Finally, in order to reduce statistical fluctuations,we haveand where

used a variance reduction trick [14]. Using these meth-
ods, we have extracted from our numerical dafa,(d)
and its associated statistical error. The fits to Eq. (1) are
good, with y? values confirming the form of the finite is the average (rescaled) link length of the nearest neigh-
size scaling law. The error bars on the extrapolated valubor graph in the limitv — .
Bim(d) are obtained by requiring that? increase by one Brunetti et al. [19] have used direct numerical simu-
from its minimum. We find85,,,(2) = 0.3104 + 0.0002, lations of these random link models to confirm the pre-
and B5,(3) = 03172 + 0.000 15; values at higher di- dictions to the level 0f0.2% at d = 1 and 2, and we
mensions are given in Table I. have done the same to the level®f% at1 = d = 10,
Now we discuss how to use the random link model togiving further evidence that the replica symmetric so-
approximateB;;, (d). For any two pointsi, j) placed at lution is exact. From the analytical side, solving the
random in the unit-dimensional hypercube, the density integral equation forG, leads to BX5,(1) = 72/24 =
distribution of ;; is given at short distances B, (l; =  0.4112335..., BRE(2) = 0.322580..., and BX5,(3) =
r) = dBur?~', whereB, = 7%/2/(d/2)!is the volume of  0.326839...; values at higher dimensions are given in

Di(d) = lim (Ly)/N'V = (1/ayB, " 4

TABLE I. Comparison of MMP ground-state energies for the three models: Euclidean,
random link, and random link including three-link Euclidean correctiénss(d = 10).

d BE(d) ,BRL(d) dBR'LB;BE ,BEC(d) BE;;BE
2 0.3104 = 0.0002 0.322580 +0.078 0.30915 —0.40%
3 0.3172 = 0.000 15 0.326839 +0.091 0.31826 +0.33%
4 0.3365 = 0.0003 0.343227 +0.080 0.33756 +0.30%
5 0.3572 £ 0.00015 0.362175 +0.070 0.35818 +0.27%
6 0.3777 £ 0.0001 0.381417 +0.059 0.37849 +0.21%
7 0.3972 £ 0.0001 0.400277 +0.054 0.39807 +0.22%
8 0.4162 = 0.0001 0.418548 +0.045 0.416 85 +0.17%
9 0.4341 = 0.0001 0.436 185 +0.042 0.43485 +0.17%
10 0.4515 = 0.0001 0.453200 +0.037 0.45214 +0.14%
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Table I. If we consideBis,(d) as a mean field prediction are shifted and rescaled in such a way that the leading term
for B4 (d), the accuracy is surprisingly good. Including of the1/d expansion for this new model is exactly th&Z
the trivial value i, (1) = 0.5, we see that the random coefficient for the initial one [20]. In fact, it is possible
link approximation leads to a relative erroriof.8% atd =  to introduce a sequence of such “rescaled” models, where
1,0f3.9% atd = 2, and 0f3.0% atd = 3. Also, the error thekth model is designed to produce th&i* term of the
decreases with increasing dimension. It can be argued, f@xpansion. We have computed the leading terms predicted
the MMP as well as for other link-based problems [14], thatby a replica symmetric analysis of these modelsifer 1
the random link approximation not only has a relative erroand?2, from which we find that the ordeir/d? coefficient
tending toward$) asd — <, but that, in fact, this error is in Eq. (5) is72/12 + y2/2 — y.
at most of order /d?. leen our high quality estimates, = We now come to the final point of the paper: how well
we are able to confirm this property numerically. Incan one predicBi,(d) by incorporating Euclidean cor-
Fig. 1 we plot the quantity/(8ii — Bum)/ B along  rections to the random link approximation? It is necessary
with a quadratic fit given to guide the eye. As expected, théiere to review the work of Mézard and Parisi; for greater
data scales ak/d. Thus the random link approximation detail, we refer the reader to their article [10]. They be-
gives both the leading anty/d subleading dependence of gin with the partition functiorZ for an arbitrary stochastic
Bim(d). In order to obtain analytic expressions for the MMP and write the quenched average foreplicas. In
associated coefficients, we have derivedithé expansion the Euclidean model, thg; have three- and higher-link
for BRL, from Egs. (2) and (3). We used two methodscorrelations. Mézard and Parisi keep the three-link corre-
to do this. The first, straightforward but computationally lations (arising only when the three links make a triangle)
lengthy, consists of settinG,(x) = G4(x = x/d + 1/2)  and neglect higher connected correlations. Note that it is
and then writingG,(x) as a power series i/d. From not cleara priori whether these “higher order” terms are
this we find negligible compared to the three-link term. The resulting

( ) expression for the quenched average becomes

ok

N n 2 a
7= T1( [ 5
: , . j=la=1 0 2
wherey = 0.577... is Euler’s constant. If, as claimed,

the random link approximation gives an error of order X eZu,.TWz:m(wumm ”'f“““'""c, (6)
1/d?, Eq. (5) gives an analytic expression for the leading
and first subleading terms in thgd expansion o3, (d). ~ Whereu;; is a complicated nonlinear function of the link
This claim is strongly supported by the numericallength/;;.  They then compute the lim — «, n — 0
results: perform|ng a fit of OU,BMM(d) values to a trun- USlng the saddle pOIht method while aSSUmlng that repllca
catedl/d series leads t6.424 + 0.008 for the coefficient Symmetry is not broken. In the zero-temperature limit,
of the 1/d term; this is to be compared to the theoreticaliust as in the standard random link model, the saddle point
prediction ofl — y = 0.422784 .. equations can be expressed in termsGgf but now G

We have been able to obtain the next coefficient of theatisfies a more complicated integral equation [Eq. (34)
series in1/d for S5, by using a second method. We in their paper] From this, one can calculate new esti-

introduce a mod|f|ed random link model where the linksmates forBizy (d), which we shall denotgj;y,, whereEC
stands for Euclidean corrections.

We have solved the equations numerically for this
modified G, and have computeﬂMM(d) for2=d=
10. We flnd,B w(2) = 0.30915 and,B u(3) = 0.31826.
0.08 - The results ford = 4 are given in Table . Comparing
with Bi4(d) and BiGs(d), we see that the new estimates
0.06 |- are considerably more accurate. At= 2, the random
link approximation leads to an error 8/9%; this error is
004 L decreased by nearly a factor td by incorporating these
leading Euclidean corrections. Similarly dt= 3, the
error is reduced fron3.0% to less thar0.4%. At larger
d, the error continues to decrease, but the effect is less
dramatic.
0 . — To interpret this last result, consider how the difference
0 01 0.2 03 0.4 BES: — BRE, scales withd. Using Eq. (6), we see that it
1/d is sufficient to estimate the size of the three-link correction
FIG. 1. Linear scaling withl/d of the quantityd(Bsyy —  term. Itsd dependence follows that of the probability of
Bi)/ Bim .- finding nearly equilateral triangles @s— . Since this

_|_

wia(d) =

Y o<1/d2>] 5)

0.1

0.02 |-
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probability goes to zero exponentially withthe three-link  even the leading such correction is enough to get predic-

correlations give tiny corrections at large(as confirmed tions for thermodynamic functions precise to better than

by the numerics), and the power series expansidiéhof ~ 1%. However, ahigh dimensions, we have seen that this

BE5, isidenticalto that of 885,. This property continues  k-link correlation expansion cannot give thé&/ expansion

to hold if one includes 4, 5, or anfinite number of of the MMP; probably this is not special to the MMP, but

multilink correlations in Eq. (6). Thisis due to the fact that applies more generally to most link-based combinatorial

the Euclidean and random link graphs hén@al properties  optimization problems and perhaps even to spin glasses.

that are identical up to exponentially small termsdn  That leaves open the analytical determination of td¢”

In particular, the statistics of fixed sizetV{independent) coefficient for these kinds of problems.
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