
VOLUME 79, NUMBER 9 P H Y S I C A L R E V I E W L E T T E R S 1 SEPTEMBER1997

sia

ther
ance

f

Resonant Decay of Cosmological Bose Condensates
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We present results of fully nonlinear calculations of decay of the inflaton interacting with ano
scalar fieldX. Combining numerical results for a cosmologically interesting range of the reson
parameter,q # 106, with analytical estimates, we extrapolate them to largerq. We find that scattering
of X fluctuations off the Bose condensate is a very efficient mechanism limiting growth oX
fluctuations. For a single-componentX, the resulting variance, at largeq, is much smaller than that
obtained in the Hartree approximation. [S0031-9007(97)03914-8]
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In recent years, we have come to realize that the pos
flationary universe had probably been a much livelier pla
than was previously thought. In many models of infl
tion, the decay of the inflaton field is not a slow pertu
bative process but a rapid, explosive one. At the init
stage of this rapid process, called preheating [1], flu
tuations of Bose fields coupled to the inflaton grow e
ponentially fast, which can be thought of as “paramet
resonance” [2], and achieve large occupation numbers.
the second stage, called semiclassical thermalization
the resonance smears out, and the fields reach a slo
evolving turbulent state with smooth power spectra [3,4

The explosive growth of Bose fields leads to very lar
variances of these fields close to the end of the resona
stage. That could result in several important effects tak
place shortly after the end of inflation. These inclu
symmetry restoration, baryogenesis, and supersymm
breaking [5]. To find out if these effects had indee
occurred, one needs a good estimate of the maximal siz
Bose fluctuations. The semiclassical nature of proces
involving states with large occupation numbers allows
to treat a resonant decay of the inflaton, and any B
condensate in general, as a classical nonlinear prob
with random initial conditions for fluctuations [3]. Thi
classical problem can be analyzed numerically.

In this Letter we report results of fully nonlinear calcu
lations for the most interesting case when the coupling
a massive inflatonf to some other scalar fieldX is rela-
tively large. That means, more precisely, that the syst
is in the regime of wide parametric resonance [1], ch
acterized by a large value of the resonance parameteq,
q ¿ 1. We have studied both expanding and static u
verses, to cover both postinflationary dynamics and
cays of possible other Bose condensates. Our objec
was to obtain an estimate for the maximal size ofX fluc-
tuations, the importance of which we emphasized abov

Our results are as follows. We have found th
scattering ofX fluctuations off the Bose condensate off,
which knocks inflaton quanta out of the condensate a
into low-momentum modes, is very efficient in limitin
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the size ofX fluctuations for large values ofq, such as
required [1,4] to produce particles much heavier than th
inflaton. This scattering process involves the condensa
of zero-momentum inflatons and, for that reason,
especially enhanced, cf. Refs. [3,6,7]. Fluctuations ofX
can reach larger values for smaller values ofq. The
suppression of the maximal size ofX fluctuations for large
q significantly restricts the possibility of grand unified
theory (GUT) baryogenesis after inflation, as well a
the types of phase transitions that could take place af
preheating.

Our present results should be compared with tho
obtained in the Hartree approximation. We find tha
for a single-component fieldX in flat space-time, the
Hartree approximation does not give an adequate estim
of the maximal size ofX fluctuations for anyq ¿

1. A similar conclusion was made in Ref. [4] for the
conformally invariant case of massless inflaton interactin
with a massless fieldX, based on our simulations of
the fully nonlinear problem for that case. The Hartre
approximation, with its characteristic positive feedback o
X on the inflaton decay [1,4], may still apply whenX has
sufficiently many components; it remains to be seen if th
can happen for realistic sizes of GUT multiplets.

In the model with a massive inflaton (model 1 o
Ref. [4]), the full scalar potential isV1sf, Xd 

1
2 m2f2 1

1
2 g2f2X2 1

1
2 M2

XX2. For comparison, we will present
results for the model with massless inflaton (model 2
in which the potential isV2sf, Xd 

1
4 lf4 1

1
2 g2f2X2.

Both fields (f and X) have standard kinetic terms and
are minimally coupled to gravity. We will often use
rescaled variables: for model 1,t  mh, where h is
the conformal time;j  mx; w  fastdyfs0d; x 
Xastdyfs0d. For model 2, one should replacem withp

l fs0d in these rescalings. Hereastd is the scale factor
of the Universe, defined so thatas0d  1, and fs0d is
the value of the homogeneous inflaton field at the en
of inflation, whendwydt  0. The resonance paramete
q is q ; g2f2s0dy4m2 for model 1, andq ; g2y4l for
model 2.
© 1997 The American Physical Society 1607
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In order for resonance to fully develop in the expandin
universe, the resonance parameterq should exceed a
certain minimum value,qmin, which depends on the mas
MX of X [4]. In model 1, forMX  0, qmin , 104; for
MX  10m, qmin , 108. We have simulated this mode
for q up to q  104 in flat space-time and for a few
q ranging from 104 to 106 in the expanding universe.
We have developed an analytical approach, and we
analytical estimates to extrapolate our results to largerq,
needed to produce heavier particles.

The full nonlinear equations of motion forw and x,
which follow from the action described above, are solve
directly in configuration space with initial conditions cor
responding to conformal vacuum at the end of inflation f
all modes with nonzero momenta. The initial condition
for x are given in Ref. [4]; those fordw are obtained
similarly, along the lines of Ref. [3]. Classical fluctua
tions evolve from quantum ones, and, in cases we c
sider, their typical initial sizes are much smaller than th
scale of nonlinearity. Hence, initial evolution is linea
with respect to fluctuations. During the initial linear stag
the equation of motion for Fourier components ofx can
be approximated as

ẍk 1 v2
k stdxk  0 , (1)

v2
kstd  m2

xa2 1 k2 2 äya 1 4qw2
0 std , (2)

mx ; MXym, andw0 is the zero-momentum mode ofw;
Ùw0s0d  0. By virtue of our rescaling,w0s0d  1.

The computations were done on1283 lattices, for a
single-componentX. For the case of the expanding un
verse, we usedm2  10212M2

Pl. Energy nonconserva-
tion in flat space-time typically was less than1023; in
the expanding universe in linear regime our calculatio
closely reproduced calculations in the Hartree approxim
tion, which have much better accuracy.

Let us first consider the case without expansion of t
Universe. In the formulas above, one substitutesastd 
1. The variances of the fieldsx and w in model 1 at
q  2000, mx  0 as functions of time are shown in
Fig. 1. The angular brackets denote averaging over r
dom initial conditions; for space-independent quantitie
like variances, this is equivalent to averaging over spa
The exponential growth of the variancekx2l at early times
is a parametric resonance. The linear stage in the pres
case ends att ø 40.

At large q, fluctuations of X are produced by the
resonance stage only during short intervals of time ne
moments whenw0 passes through zero [1,8]. Thes
are intervals in which the adiabatic (WKB) conditio
Ùvkyv

2
k ¿ 1 is broken for somek. Notice a series of

spikes inkx2l at the same moments of time. They ar
due to modulation ofvk by the oscillatingw0. Indeed,
introduce analogs of occupation numbersnk via kx2l R

d3k Pxskd ~
R

d3k nkstdyvkstd. Even at the resonance
stage, change innk during one oscillation is much smalle
than variation ofvk : when instead ofkx2stdl we plot
1608
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FIG. 1. Variances of the fieldsX and f in model 1 in flat
space-time (mx  0). The filled square marks the spike valu
of kX2l at the end of the linear stage. The dotted curve iskX2l
in the Hartree approximation.

R
d3k nkstd, the spikes are replaced by comparative

small steps at times whenw0  0. We will distinguish
betweenkx2l in spikes and in “valleys” between them by
a subscript: “s” or “v.”

We have monitored the power spectra,Pskd, of w andx

in all our integrations. The strongest resonant momentu
of x is typically of orderq1y4; for someq, though, it can
be close to zero. Development of resonance peaks forx is
followed by appearance of peaks forw due to rescattering,
cf. Ref. [3]. Later, rescattering leads to a turbulent sta
characterized by smooth power spectra.

The linear stage is followed by a plateau inkx2stdl (un-
less we consider an exceptionalq, for which the reso-
nance peak was close to zero). There, the variances
fluctuations do not grow, but an important restructurin
of the power spectrum ofx takes place. The power
spectrum ofx changes from being dominated by a reso
nance peak at some nonzero momentum to being do
nated by a peak near zero. The width of this new pe
at k ø 0 is of order one. When this peak becomes stro
enough, the growth of variances resumes. The resum
growth (att * 50 in Fig. 1) is quite rapid (compared to the
subsequent slow evolution) and is strongly affected
rescattering. This stage can be called semiclassical th
malization [3], or chaotization stage. During it, the powe
spectra smoothen out; both power spectra are now do
nated by momenta of order one.

An important effect seen in Fig. 1 is the rapid growth o
fluctuations of the fieldw. Indeed, at late times, they are
much larger than fluctuations ofx. Fluctuations ofw are
produced by the scattering process in whichx fluctuations
knock w out of the zero mode. For some time, thoug
the fluctuationdw  w 2 w0 can be neglected. Then, in
addition to Eq. (1) we obtain the equation

ẅ0 2 säyadw0 1 a2stdw0 1 4qkx2lw0  0 . (3)

Equations (1) and (3) comprise the Hartree approximati
in the present model. The classical average in (3) appro
mates the corresponding quantum average (used, e.g
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the second paper by Boyanovskyet al. in Ref. [2]) with
accuracyOs1ynampd, wherenamp is a typical occupation
number in amplified modes.

The end of the linear stage is (at largeq) a Hartree effect:
it is due to the shift of the frequency ofw0 caused bykx2l;
see Eq. (3). This is confirmed by Fig. 1 and the data
Fig. 2, where we compare spike values,kx2ls, at the end
of the linear stage in the Hartree approximation and in
full problem; they agree well. Using analytical results
Ref. [8], we find that the width of the resonance peak sca
asq1y4, up to a power of lnq. We then estimate that th
linear stage ends whenkx2ls , q23y2. The data of Fig. 2
at q * 100 are well fitted by theq23y2 dependence.

To go beyond the Hartree approximation, we deve
the perturbation expansion indw near it. This assumes
that jdwj ø w̄, wherew̄ is the amplitude ofw0. Solving
the equations obtained in the first order indw with
the help of the Green functions, we get, for Fouri
components ofdw andx,

wpstd ø 2
4q
Vp

Z t

0
dt0 sinfVpst 2 t0dgw0st0d

3
Z

d3k xp
kxk1pst0d , (4)

xkstd  x
s0d
k 1 8q

Z t

0
dt0 Fkst, t0dw0

Z
d3p wp

pxk1p .

(5)

Here Vp  sp2 1 1d1y2; x
s0d
k std solves Eq. (1) in the

Hartree approximation, andFkst, t0d is the retarded Green
function for it. At times whenx grows on average, the
main contribution to the time integral in (5) comes fro
t0 near t. Using the random phase approximation, w
then obtain kjwpj2l , q2w̄2V 21

R
d3k kjxkj2l kjxk1pj2l,

whereV is the total spatial volume.
The Hartree approximation breaks down when t

second term in the right-hand side of (5) becomes of

FIG. 2. Filled squares and crosses are the spike values,kX2ls,
at the end of the linear stage, obtained in fully nonline
simulations of models 1 and 2 in flat space-time; emp
boxes are the spike values at the first plateau in the Har
approximation. Stars and pentagon correspond tokX2l at the
moment when the zero-momentum mode decays in model
the expanding universe.
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order of the first. We find that that happens at timetsc,
when, in terms of the physical fields,

kX2lv ,
f3s0d

q3y2f̄stscd
; ksdfd2l , f2s0dyq , (6)

wheref̄ is the amplitude off0. At that time the system
becomes dominated by rescattering. In Fig. 1, that tim
is tsc , 60. When variances of fields reach values (6
the analogs of occupation numbers, introduced as befo
reach values of order1yg2 for bothX andf.

At t . tsc, the maxima and minima ofkx2l evolve
slowly. The variance ofw continues to grow rapidly for a
while; see Fig. 1. Indeed, according to Eq. (4), a period
(or close to periodic)x can still drive the growth ofdw,
via a force-driven (as opposed to parametric) resonan
This growth ofdw will stop only when the approximation
leading to (4) breaks down, that is,df , f̄.

Let us now turn to model 1 in the expanding univers
see Figs. 3 and 4. We usedfs0d  0.28MPl [4]. For
masslessX, the evolution of the scale factor was dete
mined self-consistently, including the influence of pro
duced fluctuations in the Einstein equations; for massi
X, the Universe was assumed matter dominated.

In the expanding universe, particle creation acquires
qualitatively new feature [4]: because of the time depe
dence ofw̄, the resonance peak scans the entire instabi
band; see Fig. 4. As our numerical integrations confir
(see also [4]), in order for production of fluctuations t
be efficient, variation of the frequency ofx, Eq. (2), need
not be periodic. What is required is that every once in
while the adiabatic condition breaks down. In this situ
ation, “nonadiabatic amplification” seems to be a be
ter term for stimulated particle creation than “parametr
resonance.”

Time dependence of variances is shown in Fig. 3 f
the caseq  106 andmx  2. The variances of fields at
the time when rescattering begins to dominate (tsc ø 8.5
in the figure) can be estimated in the same way as befo
and we obtain again Eq. (6). Note that now̄fstscd ø
fs0d, due to the redshift of the field.

We may assume that, because of the fast scatter
processes, the system att . tsc loses memory of the

FIG. 3. Variances of fieldsX andf, together with the inflaton
zero-momentum mode, in model 1 in the expanding universe
1609
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FIG. 4. Power spectrum of the fieldX in model 1,mx  0,
in the expanding universe, output every period at maxim
of w0std. The result can be trusted fork smaller than the
Nyquist momentumkNy ; in this particular case,kNy ø 32 (in
units of the inflaton mass). After rescattering,Px skd decreases
exponentially in a range ofk below kNy .

initial conditions, so thatkX2lv,s depend only on the current
value off̄ and the effective, slowly changing value of th
resonance parameter,qeffstd ; qf̄2stdyf2s0d. Then, on
dimensional grounds,kX2lv,sstd  f̄2stdfv,ssqeffd. This
relates the time dependence ofkX2lv,s (or their scaling with
f̄) to their scaling withq.

According to Eq. (6),fvsqeffd , q
23y2
eff , which gives

kX2lv std ~ f̄21. We can construct an analog of par
ticle density, n, as nym  f4qsssf2

0 1 sdfd2dddyf2s0d 1

m2
xg1y2kX2l. As long as the term withf0 is the leading

term in the square brackets,n ~ kX2lvf̄, so thatn, at
t . tsc, should be time independent. Our data confir
that. Thus,X fluctuations are being produced at the sam
rate as they are diluted by the expansion. This can
called negative feedback amplification.

A striking feature of the data of Fig. 3 is that, att .

tsc, kX2l in spikes becomes essentially time independe
According to our scaling argument, this means thatfs ~

q21
eff , so that kX2ls scales as1yq. In Fig. 2, we show

by stars the values ofkX2l in the expanding universe,
taken at times whenf0 decays (more precisely, when
f̄2 ø kdf2l), and the spike and the valley values ofkX2l
coalesce. The scaling of these values withq is well fitted
by 1yq.

The values ofkX2ls at the time whenf0 decays are
within a factor of a few from the maximal value,kX2lmax,
that kX2l achieves in the expanding universe. The exa
value of that factor depends on the parameters; forq  106

it was the largest, equal to 2.6, atMX  0. Our final es-
timate for kX2lmax, obtained using the1yq scaling to ex-
trapolate the data, iskX2lmax , 0.1f2s0dyq. For example,
for q  108, required to produce scalar leptoquarks wit
MX  10m, we get kX2lmax , 10210M2

Pl. In compari-
son, in the Hartree approximation, the maximal value
kX2l is kX2lH

max , q21y2f̄fs0d [1,4]; for q  108 and
MX  10m this gives kX2lH

max , 1027M2
Pl. In general,

kX2lH
max ¿ kX2lmax wheneverqeffstscd ¿ 1.
1610
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If instead of a single-componentX we considerX with
N real components, our estimate forkX2ly at t  tsc
becomes larger than in (6) by a factor of

p
N . For realistic

GUT values ofN, this can increasekX2lmax by an order
of magnitude.

Because the number densityn stays constant for a while,
despite the expansion, the time-integrated conversion
inflatons intoX fluctuations in this two-field model is, in
fact, quite efficient. For definite predictions for baryo
asymmetry generated in decays of leptoquarks, howev
one has to include other fields, which can have smal
q and thus provide faster alternative channels of inflat
decay.

The relatively quick complete exponential decay off0,
see Fig. 3, is a distinctive feature of model 1, as opposed
the conformally invariant model 2. In the latter case, w
find that at the time when rescattering starts to domina
kdf2l , f̄2yq, kX2lv , f̄2yq3y2, and in the subsequen
evolutionkX2l redshifts together with̄f2.
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Note added.—As the writing of this paper was nearing
completion, we received a preprint, Ref. [9], in which th
method of Ref. [3] was also applied to two-field model
The authors of Ref. [9] consider only flat space-time a
conformally invariant cases; their results for these cas
partially overlap with ours.
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