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Theory of Fission for Two-Component Lipid Vesicles
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The coupling between Gaussian curvature and local lipid composition for two-component lipid
vesicles can destabilize the narrow neck in a budding transition. Such a coupling reduces the Gaussian
rigidity of a membrane and enhances the fission transition if the minor component lipids prefer to stay
at regions with large positive Gaussian curvature. On the other hand, it increases the Gaussian rigidity
and a fusion transition is enhanced if the minor component lipids are expelled from regions with large
positive Gaussian curvature. [S0031-9007(97)03882-9]
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The study of shape transformations and topologi
changes such as budding, fission, and fusion of lipid ve
cles has important physical and biological significance.
many ways, lipid vesicles provide excellent model sy
tems to study the structure and function of cell me
branes. The processes of budding, fission, and fusio
membranes are essential mechanisms for cells to trans
nutrients and waste. Encapsulation of drugs and D
by vesicles or liposomes also provides a powerful to
in controlled drug delivery. However, a fundamental u
derstanding of essential aspects of release in general
fission and fusion in particular is still lacking.

Recent experiments have suggested that budding
fission of lipid vesicles can be explained by physical pro
erties of lipid membranes alone [1]. Budding transitio
and other shape transformations are quite common
single-component and multicomponent lipid vesicles [
6]. It is well known that the shape of single-compone
lipid vesicles is largely determined by the minimizatio
of bending energy of lipid membranes for a given areaA
and a given volumeV [7]. For single-component lipid
vesicles, varying temperature can control the shape tra
formation due to the resulting area change of the me
brane [1,8]. Similar shape transformation by changi
the ratio of surface area to volume can also be indu
by applying osmotic pressure. For two-component lip
vesicles, shape transformations can also be controlled
the composition of the lipid bilayer [9,10]. In this cas
the phase separation of two constituents is also sub
to a line tension between two fluid domains. The sha
of such a two-component lipid vesicle is therefore det
mined by the competition between bending energy a
boundary energy for a given volume and domain area.

Fission and fusion are usually seen in multicomp
nent lipid vesicles [1,11]. Fission after budding can
induced in an artificial dimyristoyl phosphatidylcholine
cholesterol mixtures by applying osmotic pressure witho
0031-9007y97y79(8)y1579(4)$10.00
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changing temperature [1]. The experiment suggests t
a coupling between curvature and local lipid compositio
might be important for such a fission process. Howev
the underlying mechanism of these topological change
so far unclear.

In this paper, we study the effect of the coupling b
tween Gaussian curvature and local lipid composition f
two-component lipid vesicles after a budding transitio
Here we first investigate the stability of a narrow nec
connecting two buds in two-component lipid mixture
Since fission involves topological change, the coupling
local lipid composition to Gaussian curvature is believe
to be important for a fission transition. This coupling ca
be understood in a simple way as a result from molec
lar geometry to the curved surface where they stay. W
show that this coupling can destabilize the narrow nec
which is stable in one-component lipid vesicles [3,4], an
show that such a coupling can reduce the Gaussian rig
ity, which in turn can enhance fission if the minor com
ponent lipids prefer to stay at regions with large positiv
Gaussian curvature. On the other hand, Gaussian rigid
is enhanced if the minor component lipids prefer to st
at regions with large negative Gaussian curvature.

The free energy functional in our model can be e
pressed as

FfVg  EfVg 1 sAfVg 2 pV fVg 1 m
Z

V

dA fsrd ,

(1)

where V represents the whole surface of the vesic
EfVg is the free energy of the vesicle,AfVg is the surface
area,V fVg is the enclosed volume, andfsrd is the local
area fraction of the minor component lipid.s, p, and
m are the Lagrange multipliers which can be adjusted
achieve the desiredA, V , and lipid composition. For two-
component lipid vesicles, we expressEfVg as
EfVg 
k

2

Z
V

dA fc1srd 1 c2srd 2 c0g2 1 kG

Z
V

dA c1srdc2srd 1 l
Z

V

dA c1srdc2srdfsrd 1
t
2

Z
V

dA f2srd ,

(2)
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wherek is the bending rigidity,kG is the Gaussian rigid
ity, l is the coupling constant between Gaussian cu
ture and local lipid composition, andt is the temperature
The coupling constantl can be expressed asl  k

0
G 2

kG in a two-component theory, wherek0
G is the Gaussia

rigidity of the minor component lipids. Forl , 0, the
minor component lipids prefer to stay at regions with la
be

t

e
i-
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positive Gaussian curvature. Here, we have assume
stable, homogeneous lipid mixture (i.e.,t . 0).

Since fission occurs after the pinch off the narrow ne
(of size a) of a budded state [as shown in Fig. 1(a)
we first investigate the neck stability in a two-compone
lipid vesicle. Here, axial symmetry is assumed. Min
mizing the free energy functionalFfVg in Eq. (1) with
respect tofsrd, the free energy of a budded state can
expressed as
FfV1g  4pk0
G 1 s0AfV1g 2 pV fV1g 1

k

2

Z
V1

dA fc1srd 1 c2srd 2 c0g2

2
l2

2t

Z
V1

dA c2
1srdc2

2srd 1
1
2t

Z
V

00
1

dA fm 1 lc1srdc2srdg2, (3)
e
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and the composition profile is given by

fsrd 

Ω
2flc1srdc2srd 1 mgyt, r [ V

0
1 ,

0, r [ V
00
1 .

(4)

Here, k
0
G  kG 2 mlyt, s0  s 2 m2y2t, and V1

is shown in Fig. 1(a). V
0
1 represents the region wher

c1srdc2srd $ 2myl, andV
00
1 represents the region wher

c1srdc2srd , 2myl and the local area fractionfsrd van-
ishes. Forlym ø R2, V

00
1 vanishes as the neck siz

a .
p

lym. As shown in Ref. [4], the first four terms in
Eq. (3) describe a budded state with a stable neck when
Lagrange multiplierss, p, m are chosen to be appropria
values. This neck is not stable for two-component lip
vesicles due to the fifth term in Eq. (3) which contribut
a term proportional to21ya2. This term tends to destab
i

h

t
i

i

the

d
s

lize the narrow neck of a budded state and leads the n
size to a smaller value until the neck is stabilized again
steric interaction among lipids, or by dehydration force
However, the budded state is not necessarily the equi
rium state fork0

G , 0. Fission can occur if a two-vesicle
state [as shown in Fig. 1(b)] has a lower free energy. Fu
thermore, phase separation occurs in the neck region
a ,

p
lym. The area fraction of minor component lipid

vanishes in theV00
1 region since the molecular shape doe

not fit the large negative Gaussian curvature. If the ra
of the two buds are different from each other, the dist
bution of minor component lipids will be enriched on th
smaller bud due to the shape transformation. This effe
should be distinguished from the domain-induced buddi
process in Ref. [10].

For a two-vesicle state, the free energy is given by
FfV2g  8pk0
G 1 4ps0sR2

1 1 R2
2 d 2

4
3

ppsR3
1 1 R3

2 d 1 2pkfs2 2 c0R1d2 1 s2 2 c0R2d2g 2 2p
l2

t
sR22

1 1 R22
2 d ,

(5)
a
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two
size
and the area fraction of minor component lipids is

fsrd 
21
t

µ
l

R2
i

1 m

∂
, i  1, 2 , (6)

whereR1 and R2 are the radii of the two vesicles. The
first term in Eq. (5) is the renormalized integrated Gauss
curvature energy. Forl and m both negative, the two-
vesicle state has a reduced Gaussian rigidityk

0
G and fission

might occur for negative values ofk
0
G .

To investigate the feasibility of a fission transition, w
compare the free energy of the two-vesicle state to t
of the budded state in which two buds are connect
by a narrow neck. Here, for simplicity, the approxima
solutions to the variational problem in Eq. (1) is jud
ciously chosen by parametrizingV in the proximity of
two spherical vesicles of radiusR1 andR2. For smalll,
the equilibrium radius can be one ofR6  fs2s0 1 1d 6p

s2s0 1 1d2 2 8p gy2p for given values ofs, p, andm.
Moreover, we adopt a trial shapeV1 in which the two
end caps are spherical but the inner regions are descr
n

at
d

e

ed

FIG. 1. Geometry of lipid vesicles in a budded state (a) a
in a two-vesicle state (b). Axial symmetry of lipid vesicle
about a horizontal axis is assumed. In the budded state,
end caps are spherical and the inner region has a neck of
a which connects those two buds. In general,R1 andR2 could
be different.
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sinQ 
r
Ri

1 a

µ
1
r

2
1
Ri

∂
, i  1, 2 , (7)

which is chosen to fit the caps at the equators and to m
at the center in a neck of radiusa. This shape is shown in
Fig. 1(a). The local lipid composition profile is shown i
Fig. 2 by takingl  210, m  2104, t  105, andR 
R1 (these values are consistent withc0  1 and thermal
energy comparable withk  1). The local area fraction
of the minor component lipids decreases dramatically n
the neck region, and phase separation occurs when n
sizea ,

p
lym.

In Fig. 3, we show the free energy difference b
tween the budded state and the two-vesicle state (DF ;
FfV1g 2 FfV2g). For DF . 0, the two-vesicle state
is favored over the budded state and fission can occ
Here, we takek  kG  1, c0  1, p  1.1, s0  1,
t  105, l  210, andR1  R2  R1. As the neck size
decreases, the free energy of the budded state decre
which indicates the narrow neck is not stable. Increasi
the percentage of minor component lipids, or equivalen
decreasingm, tends to stabilize the two-vesicle state ov
the budded state. Other effects that are not included in
model, such as dehydration force and steric interacti
will increase the free energy of the budded state. Sin
a continuous model breaks down when the neck size
comparable to molecular size, we then take a cut off
the lower bounde  ayR  0.01 by considering vesicle
size about1 mm and bilayer thickness about 10 nm
For DF . 0 at e  0.01, such as those curves ofm #

220 000 in Fig. 3, the two-vesicle state has a lower fre
energy than the budded state. Under these conditions,

FIG. 2. The area fraction of the minor component lipids in th
inner region, as described by Eq. (7). Inset is an enlargem
of the neck region. The value offszd decreases dramatically
near the neck region. Herez is the axis of symmetry, and
z  0 at the center of the neck [as shown in Fig. 1(a)]. F
the neck sizea .

p
lym, fszd is nonzero on the whole surface

of lipid vesicles. For a smaller neck size,fszd vanishes in the
neck region.
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expect that the neck size of the budded state decreases
fission can occur spontaneously at the molecular level.

The phase boundary between the budded state and
two-vesicle state is shown in Fig. 4 forl  25 and210.
Here, we choose the following values for the other p
rameters:k  kG  1, c0  1, p  1.1, s0  1, and
R1  R2  R1. In Fig. 4, below the phase boundar
curves, a budded state is the equilibrium phase and a b
ding transition occurs continuously by changing tempe
ture, osmotic pressure, or lipid composition. In these ca
the narrow neck is stabilized by the dehydration for
or by the steric interaction. Above the phase bounda
the two-vesicle state is the equilibrium phase and a
sion transition can occur. The phase boundary is appro
mately given byk0

G  kG 2 lmyt , 0. In other words,
the condition for fission to occur for two-component lipi
vesicles is that the renormalized Gaussian rigidity is ne
tive, and the proposed coupling between local lipid comp
sition and local Gaussian curvature can provide a driv
force to destabilize the narrow neck of a budded vesi
which is stable in one-component lipid vesicles. This r
sult applies to temperatures higher than the chain melt
temperature of constituent lipids since our model assum
fluid lipid bilayer. In addition, we have assumed that,
a flat bilayer, a homogeneous fluid mixture is thermod
namically stable—i.e.,t . 0. We note that near the criti-
cal temperature for phase separation,t . 0, the effects
described above are enhanced. On the other hand
higher temperatures, the effect of the coupling term d
creases as1yt, and fission is disfavored. For simplicity, w
have ignored the coupling term between local lipid com
position and local mean curvature [fsc1 1 c2d] in Eq. (2).
Including this term will not change our results significant

FIG. 3. Free energy difference (DF) between a budded state
and a two-vesicle state form  25000, 210 000, 220 000,
230 000. The other parameters arek  kG  1, c0  1,
p  1.1, s0  1, t  105, l  210, andR1  R2  R1. As
the neck size (a  Re) decreases, the free energy of the budd
state decreases which indicates an unstable neck in our mo
Here we choose the lower bound cutoff ate  0.01 for vesicle
size about1 mm and bilayer thickness about 10 nm.
1581
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FIG. 4. The phase boundary between the two-vesicle s
and the budded state as a function oft and 2m for l  25
and 210. The other parameters arek  kG  1, c0  1,
p  1.1, s0  1, andR1  R2  R1. Below the data points,
the budded state is stable, while the two-vesicle state is
equilibrium state above the data points. At higher temperatu
the budded state is favored and fission is disfavored.

since its contribution to the free energy differenceDF van-
ishes for small neck sizea.

Our prediction is consistent with the experimental r
sults in Ref. [1] in which fission was not observed b
thermally creating excess surface area. Furthermore,
theory shows that fission can be induced by applying
motic pressure or increasing the percentage of minor co
ponent lipids. Choosing the shape of minor compon
lipids which fits regions with large positive Gaussian cu
vature can also enhance the fission transition. On the o
hand, forl . 0 in our model, the minor component lipid
prefers to stay at regions with large negative Gaussian
vature. In this case, fusion instead of fission is enhanc
We note that our results are model dependent since
budded state is described by a variational trial soluti
and the phase boundary between the two-vesicle state
the budded state might be shifted away from those cur
in Fig. 4. However, the general trends of our predictio
are believed to be true. To test our theory, one possible
periment is to see the predicted fission by applying opti
tweezers on two-component lipid tubules. Similar expe
ments have been done for single-component lipid tubu
[12] in which case the optical tweezers induce a surfa
tension on the lipid membranes and it changes the r
of surface area to volume of the tubules [13]. The resu
ing pearled state consists of many vesicles connected
narrow necks. For two-component lipid tubules, we e
pect that the narrow necks are unstable and the lipid tub
may lead to many isolated vesicles after applying the
tical tweezers, if appropriate minor component lipids a
chosen.
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In summary, we have shown that the coupling of loc
lipid composition to Gaussian curvature can destabilize t
narrow neck in a budded state of lipid vesicles. Dependi
on the molecular shape factors of minor component lipid
this coupling can reduce (or increase) the Gaussian rigid
and fission (or fusion) can be enhanced.

We thank C. F. Schmidt and J. Li for stimulating
interactions. This work supported in part by NSF Gra
No. DMR92-57544.

[1] H.-G. Döbereiner, J. Käs, D. Noppl, I. Sprenger, an
E. Sackmann, Biophys. J.65, 1396 (1993).

[2] E. Evans and W. Rawicz, Phys. Rev. Lett.64, 2094
(1990).

[3] U. Seifert, K. Berndl, and R. Lipowsky, Phys. Rev. A44,
1182 (1991); L. Miao, B. Fourcade, M. Rao, M. Wortis
and R. K. P. Zia, Phys. Rev. A43, 6843 (1991); L. Miao,
U. Seifert, M. Wortis, and H.-G. Döbereiner, Phys. Rev.
49, 5389 (1994).

[4] B. Fourcade, L. Miao, M. Rao, and M. Wortis, Phys. Rev
E 49, 5276 (1994).

[5] K. Berndl, J. Käs, R. Lipowsky, E. Sackmann, an
U. Seifert, Europhys. Lett.13, 659 (1990); J. Käs and
E. Sackmann, Biophys. J.60, 825 (1990).

[6] U. Seifert, Phys. Rev. Lett.66, 2404 (1991); M. Mutz and
D. Bensimon, Phys. Rev. A43, 4525 (1991); W. Wiese,
W. Harbich, and W. Helfrich, J. Phys. Condens. Matte
4, 1647 (1992); B. Fourcade, M. Mutz, and D. Bensimon
Phys. Rev. Lett.68, 2251 (1992).

[7] W. Helfrich, Z. Naturforsch. 28C, 693 (1973); H. J.
Deuling and W. Helfrich, J. Phys. (France)37, 1335
(1976); S. Svetina, A. Ottova-Leitmannova, and R. Glase
J. Theor. Biol.94, 13 (1982).

[8] H. P. Duwe and E. Sackmann, Physica (Amsterdam)163,
410 (1990).

[9] S. Leibler and D. Andelman, J. Phys. (France)48, 2013
(1987); S. A. Safran, P. Pincus, and D. Andelman, Scien
248, 354 (1990); S. A. Safran, P. Pincus, D. Andelman
and F. C. MacKintosh, Phys. Rev. A43, 1071 (1991);
F. C. MacKintosh and S. A. Safran, Phys. Rev. E47, 1180
(1993); U. Seifert, Phys. Rev. Lett.70, 1335 (1993); J. L.
Harden and F. C. MacKintosh, Europhys. Lett.28, 495
(1994).

[10] F. Jülicher and R. Lipowsky, Phys. Rev. Lett.70, 2964
(1993).

[11] A. L. Bailey and P. R. Cullis, Biochemistry36, 1628
(1997).

[12] R. Bar-Ziv and E. Moses, Phys. Rev. Lett.73, 1392
(1994).

[13] R. Granek and Z. Olami, J. Phys. II (France)5, 1349
(1995); P. Nelson, T. Powers, and U. Seifert, Phy
Rev. Lett. 74, 3384 (1995); R. E. Goldstein, P. Nelson
T. Powers, and U. Seifert, J. Phys. II (France)6, 767
(1996).


