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For a number of high-Tc cuprates it has been observed that the resistive transition reveals an upper
critical field with increasingly negative gradient on cooling. However, thel point of the specific
heat scarcely shifts with applied magnetic field. Either phenomenon is highly unusual in itself, but
also appears to be irreconcilable with one another under the BCS framework. This Letter offers an
explanation of the observed phenomena on the basis of the bipolaron theory. [S0031-9007(97)03885-4]
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There are several strikingly universal properties
high-Tc cuprates, in particular, their critical phenomen
It has been established beyond doubt [1] that in highTc

superconductors the anomaly in the specific heat spre
to aboutjT 2 TcjyTc , 0.1 or larger. The estimations
with the canonical Gaussian fluctuations yield an unu
ally small coherence volume, comparable or even l
than the unit cell volume [2]. That means that the over
of pairs is small. Another striking critical phenomeno
of cuprates is their unusually high values of the upp
critical field, and its temperature dependence. In ma
superconducting oxides, including the cubic ones,
upward curvature ofHc2sTd has been observed ([3–8] an
references therein). There have been several attemp
explain the divergent resistiveHc2sT d on cooling (see, for
example, [7] and [9]). However, only the small bipolaro
theory [10] with pairs preformed aboveTc has successfully
predicted this phenomenon [11]. Further evidence for
charged 2e Bose liquid was provided by the quantitativ
mapping of the specific heat of several high-Tc cuprates in
zero magnetic field to thel curve of He4 [12]. Also the
in-plane andc axes transport as well as the normal st
gap observed in the NMR [13], the infrared reflectivi
[14], and the angle-resolved photoemission [15], all fi
a satisfactory explanation in the preformed boson mo
[16–19].

In this Letter, by applying the Alexandrov-Mott theor
[10], we explain a startling behavior of the thermodynam
phase transition in a magnetic field [1,20–22] contra
ing with the resistive transition [3–8]. Our approach
the critical phenomena of high-Tc superconductors em
phasizes their striking universality being independent
the coupling mechanism and the symmetry of the or
parameter.

In a BCS superconductor there is a well defined s
in the specific heat at the transition temperature; t
transition temperature tracks the sharp resistive transi
in all magnetic fields. For most high-Tc cuprates in zero
magnetic field, there is also a well definedl type peak
in the specific heat at the resistive transition temperat
0031-9007y97y79(8)y1551(4)$10.00
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However, as shown in the comprehensive experimen
study by Junodet al. [20] and by several other group
[1,21,22] the effect of magnetic field on the specifi
heat anomaly is to reduce the peak height but leave
position largely unchanged. The peak in specific hea
usually associated with critical fluctuations. This vie
point is reinforced when the behavior is compared w
that of liquid helium-4 [12]. On the other hand, th
resistive transition shows practically parallel shift towar
lower temperatures in the Lorentz-force free geometry [
Consequently in high-Tc cuprates, the resistive behavio
does not correspond to that of the specific heat, except
zero magnetic field. Moreover, applying the canonic
fluctuation theory based on the Ginsburg-Landau (G
free energy one arrives at a quite meaningless value
the zero temperature coherence length, which appear
be of the same order as the wavelength of holes or e
less, hence invalidating the main assumption of the G
and BCS theory [23].

We argue that the superfluid transition temperature
cuprates is given by the resistive measurements and
the specific heat anomaly owes its origin to some oth
phenomenon. In the theory of critical phenomena t
peak in the specific heat is associated with the diverg
correlation length as the transition is approached. W
the introduction of a magnetic field some of the long ran
order is suppressed; this reduces the superfluid transi
temperature as measured by resistivity. The specific h
anomaly, however, remains largely unaffected by t
magnetic field as it is governed by short range effe
(see also discussion in Ref. [22]). Only the peak heigh
reduced because of the suppression of the long range o
by the magnetic field. We therefore regard the spec
heat anomaly as mainly due to short range fluctuatio
and the temperature at which these occur practica
unaffected by the application of a magnetic field.

In the following we show that a weakly interactin
charged Bose gas (CBG) in a magnetic field has precis
the property which reproduces both the specific heat a
the resistive transition of cuprates. In a Bose system
© 1997 The American Physical Society 1551
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value of the chemical potential is governed by the tot
density sum rule,

nB 
Z

de rsedfsed , (1)

wherersed is the density of states andfsed is the Bose-
Einstein distribution function,

fsed 
1

expfse 2 mdyT g 2 1
. (2)

The specific heat can be calculated from the derivative
the energy,

CsT , Hd 
d

dT

Z
de

rsede
expfse 2 mdyT g 2 1

. (3)

The result is

CsT , Hd 
ke2l
T2

2
kel2

T 2k1l
, (4)

where

kexl  2T
Z

de rsed
≠fsed

≠e
ex . (5)

We note that the specific heat calculated from Eq. (4)
invariant to a shift in the energy,e ! e 1 e0, as it should
be sh̄  c  kB  1d.

For a system of ideal bosons in 3 dimensions th
density of states (DOS) is given by

rsed 
m3y2pe
p

2 p2
, (6)

where m  sm2
abmcd1y3 with mab and mc being the in-

plane andc-axis effective masses, respectively. Wit
magnetic field perpendicular to the planes the bosons
quantized into Landau levels with the associated DOS,

rse, Hd 
m3y2vH

2
p

2 p2

X̀
n0

fe 2 vH sn 1
1
2 dg21y2, (7)

wherevH  2eHymab is the cyclotron frequency.
The difference between the effect of the magnetic fie

on resistivity and on the specific heat becomes transpar
if we calculate the specific heat in the presence of t
magnetic field. For an ideal CBG the Landau energ
levels are essentially one dimensional. Thus there is
Bose-Einstein condensation in a magnetic field [24], a
the resistive transition is immediately suppressed such t
TcsHd  0 for all H. We deliberately retain the feature
of the noninteracting charged Bose gas which preve
Bose-Einstein condensation to investigate the behavior
the specific heat in the absence of a condensate. This i
test our premise that the specific heat in a finite magne
field is unrelated to the condensate formation.

As can be seen from Eq. (4) the form of the specific he
depends on various integrals over the density of states. T
main weight of these integrals sits on either the upper
lower limit, depending on the exponent inex . We are con-
sidering the limit of high temperatures, soT ¿ vH . Only
the lowest Landau level can produce a divergent integ
1552
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(for m ! vHy2), the effect of all the other Landau level
is much less sensitive to the DOS shape. Nevertheles
be precise we perform the numerical calculations of t
chemical potentialm, Eq. (1), and the specific hea
Eq. (5), with the exact DOS, Eq. (7). The results f
several relative values of the magnetic field are presen
in Figs. 1 and 2. The characteristic temperature at wh
the chemical potential changes its slope remains ab
Tc0  3.31n

2y3
B ym as long asvH ø Tc0. Only in a

very strong field,vH . Tc0, Fig. 1, this characteristic
temperature shifts appreciably towards zero. Therefo
the position of the specific heat anomaly remains larg
unaffected by the moderate magnetic field, Fig. 2. T
suppression of the maximum value ofCsT , Hd goes as the
square rootof the magnetic field, thus even a modera
magnetic field can produce a sizable change in the va
of the specific heat atT  Tc0 without any appreciable
change in the peak position. Both results reprodu
fairly well the experimental data by Junodet al. [20].
On a quantitative level one can compare the theoret
change in the specific heatCsT , Hd 2 CsT , H1d with the
experimental one thus eliminating all field-independe
contributions, e.g., the lattice specific heat. A paramet
free fit to the experimental data for Hg-1223 [21]
shown in Fig. 3 withH1  7T and the in-plane bipo-
laron massmab  17.1me. The effective mass and the
number of bosonsnB affect only the absolute values o
CsT , Hd 2 CsT , H1d and CsT , Hd with a little effect on
the anomaly shape [25]. One could hardly expect that
simple model would be able to describe quantitatively t
critical fluctuation effects which are responsible for th
shape of the specific heat near thel point. Nevertheless,
the result is that the theoretical shape agrees well w
the experimental evidence, Fig. 3. Hence the wea
interacting CBG appears to be a fair approximation for t
ground state of high-Tc cuprates. We believe that a larg

FIG. 1. Chemical potential of CBG as a function of tem
perature and magnetic field,vHyTc0  0, 0.001, 0.1, 0.2,
0.4, 1.0 (from top to bottom).
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FIG. 2. Specific heat anomaly of the charged Bose gas
vHyTc0  0, 0.004, 0.008, 0.012, 0.016, 0.020, 0.024.

lattice polarizability of the cuprates weakens the Coulom
repulsion between bosons. As a result its dimensio
strength rs  16pe2mye0s4pnBy3d1y3 becomes of the
order of unity or less even for heavy carriers due
a very large static dielectric constante0 ¿ 1. In that
case our theory becomes exact taking into account
quantum as well as the thermodynamic fluctuations [2
A broadening of the Landau levels due to scattering h
only a little effect on the specific heat anomaly. As a
example, in the extreme case of a very large broaden
one can choose a hybrid form of the zero and finite fie
DOS preserving the singular nature of the lowest Land
level as the only effect of the magnetic field,

rse, Hd ø
m3y2pe
p

2 p2
1

m3y2vH

2
p

2 p2
p

e
, (8)

where we have used the invariance of Eq. (4) to sh
the zero of energy byvHy2. If this form of DOS is

FIG. 3. Change in the specific heat of CBG with an applie
magnetic field (different lines correspond toH  0, 0.52T
and 2T, respectively) compared with the experiment [21] fo
Hg-1223.
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used to numerically calculate the specific heat, all resu
including the shape of the anomaly remain practica
unchanged.

On the other hand, the theory of the Bose-Einste
condensation of CBG yields a significant change of t
condensation temperature in a magnetic field ifTct ¿ 1,
wheret is the scattering time for zero energy excitation
Without any broadening of the Landau levelsTc drops
to zero at any magnetic field as mentioned above. If
collision broadening of the Landau levels is taken in
account, the resistive critical field is determined as [11]

Hc2sT d  Hdst21 2 t1y2d3y2, (9)

where Hd , 1ysTctd1y2 is a constant andt  TyTc0.
This equation fits well several independent resistiv
measurements [6–8,19].

In conclusion, we have discussed the effect of t
magnetic field on the specific heat of high-Tc cuprates
contrasting with that on the resistive transition. W
have presented a reasoned argument that the specific
anomaly which is observed in finite fields is, in fac
not the result of a superconducting phase transition.
substantiate our claim we have calculated the spec
heat for a noninteracting charged Bose gas in a magn
field. In this system there is no Bose condensation
a magnetic field, and yet there is still the characteris
maximum in the specific heat. We believe that the pres
study provided a good qualitative understanding of t
startling experimental result [1,20–22]. We obtaine
a quantitative fit of our simplified model of weakly
interacting charged bosons to the experimental shape.
explained this fact by the robustness of the calcula
specific heat to the broadening of the Landau leve
The specific heat anomaly owes its origin to a sha
change in the temperature dependence of the chem
potential nearTc0, Fig. 1, which is a feature of any Bos
liquid irrespective of the interaction strength. A similarit
between the specific heat of cuprates in a magnetic fi
and that of He4 films on Vycor with the different coverage
supports our conclusion.
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between the specific heat transitions in high-Tc cuprates
in a magnetic field and those in the superfluid He4 films.
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