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Testing CPT with Anomalous Magnetic Moments
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A theoretical framework is introduced that describes possiitd-violating effects in the context of
guantum electrodynamics. Experiments comparing the anomalous magnetic moments of the electron
and the positron can place tight limits @PT violation. The conventional figure of merit adopted in
these experiments, involving the difference between the correspogdiactors, is shown to provide
a misleading measure of the precision ©PT limits. We introduce an alternative figure of merit,
comparable to one commonly used@®T tests with neutral mesons. To measure it, a straightforward
extension of current experimental procedures is proposed. With current technoldBy,mound better
than about 1 part in 18 is attainable. [S0031-9007(97)03884-2]

PACS numbers: 11.30.Er, 12.20.Fv, 13.40.Em, 14.60.Cd

The CPT theorem [1] is a powerful result holding for in the difference between the quantities entering the di-
local relativistic quantum field theories of point particles mensionless figures of merit. One is a mass (energy) dif-
in flat spacetime. It states that such theories must be irference while the other is a coupling difference. Indeed,
variant under the combined operations of charge conjugaall CPT tests to date have looked for differences between
tion C, parity reversaP, and time reversal. Among the particles and antiparticle masses, lifetimes, or couplings.
implications of the theorem are the equality of particle andAn important limiting factor in comparing bounds from
antiparticle masses and lifetimes. various systems and in establishing new tests has been the

Invariance undelCPT has been tested in a variety of absence of a theoretical framework for describing possible
experiments [2]. The tightest bound published to dateCPT violation.
arises from experiments with the neutral kaon system [3], The combination of the theoretical proof GPT invari-
where theCPT figure of merit ance in conventional field theory and high-precision tests in

rk = [(mx — mg)/mg| (1) experiments has triggered investigations of possRI

is K b ller than 2 N0 Thi K violation as a candidate signature for new physics beyond
IS known to be smaller than 2 parts in IS TéMark- the standard model, such as string theory [6]. The current
able precision is possible because neutral-kaon 0sCillgs,nqs in the kaon system are close to the scale of sup-
tions provide a natural interferometer with dimensionles

L led by th diff b n ressedCPT violation possibly arising in strings [6,7], and
sensitivity controlled by the mass difference between theey tests in other neutral-meson systems are feasible with
physical K; and Ky states:|(m; — mg)/mg| = 10714,

™ ; , ) analysis of existing data or in planned experiments [7,8].
The quoted precision fork is thus attained via measure- y Y P P [7.8]

h o fab in4 There are also possible implications for baryogenesis [9].
ments with a precision Oh a OUtll part '?_ Oﬂp Motivated by these ideas, a theoretical framework for
Atomic experiments have also confirmé&PT sym-  yhe yreatment of possiblEPT and Lorentz violations at

metry. High-precision comparisons of thg anomalou%e level of the standar8U(3) X SU(2) X U(1) model
magnetic moments'of the electron and positron currently,5q recently been developed [10]. Within this framework,
provide the most stringent boundsﬁﬁ’Tonatlc_)n inlep- generalCPT- and Lorentz-violating extension to the
ton systems [4]. Deno.te the electron and pomg@mtqrs standard model has been presented that appears to maintain
by g andg., respectively. Then, a conventional figure yegjraple features of the quantum field theory, including
of merit used in these experiments is [2] gauge invariance, naive power-counting renormalizability,
re = l(g- — g+)/8avl, (2)  and microscopic causality. PossibBPT violations are
which is known to be smaller than 2 parts in'40 The  controlled by parameters with values to be bounded by
experiments confine isolated single electrons or positronexperiment.
in a Penning trap for the indefinite periods [4,5] and The existence of this model suggests a variety of ex-
measure their cyclotron and anomaly frequencies to @erimental approaches to testiGf T and makes possible
precision of better than 1 part in 0 These frequencies a quantitative comparison of various figures of merit. In
can be combined to determirge— 2, which is of order the present work, we consider a restriction of the model
1073, and hence to yield the limit or,. to quantum electrodynamics to investigate testCefl
The figure of meritr, is poorer thanrg by about 6 using the anomalous magnetic moments of the electron
orders of magnitude, even though the experimental meand positron. In what follows, we use this model to show
surements involved in thg — 2 experiments are about 4 that the conventional figure of merit adopted ing — 2
orders of magnitude sharper. This discrepancy originatesxperiments is a misleading measureGRT bounds in
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lepton systems. Instead, an alternati@®T figure of ¢ — 2 experiments. For example, the effects of the mag-
merit is introduced, and its value within our model is ob-netron and axial motions and the usual higher-order rela-
tained. A straightforward experimental procedure to meativistic corrections are all described within conventional
sure it is proposed, and an estimate is given of the likelyDirac theory and are the same for electrons and positrons.
resultingCPT bound. It therefore suffices to work with the electron and positron
In the present context, the domina@PT-breaking theories described b, . The pointis that all perturbative
terms from the model act to modify the Dirac equation.corrections except those involviag, andb,, vanish when
In natural units/i = ¢ = 1), the result is the electron and positron energies are subtracted. More-
. over, any interactions involving the coupling@f andb
((y#0, = eAuy® = auy® = buysy® = miy =0, to otheryperturbative terms ar% of highgr ogrdér and there-
(3) fore can be neglected. o
where y is the electron-positron fields , is the photon In what follows, we denote the_ relativistic electron and
® positron Landau-level wave functions By, andy,, re-

field, e is the electron charge, am is its mass. The ivel h dinal | J : .
eight quantitiesa, and b, are (small) real constants spectively. The corresponding lowest-order eigenenergies
~ Ly are denoted; . andE; ., wheren = 0, 1,2, ... labels the

that are invariant undeCPT transformations and act | "o\ 0 s D" obcie the spin. In the elec-
as effective coupling constants. The stand&Z@T- = pin.

; . tron case the spin-up and spin-down states form two lad-
transformation properties af can be used to show that . . o
i X ders of levels, for which the spin-down states with given
the terms involvingz,, andb,, breakCPT. These features

) . n = ng > 0 are almost degenerate with the spin-up states
and Eq. (3) largely suffice to develop the results in theWith n = ny — 1. The degeneracy is broken due to the

present work. Various issues concerning other symmetr : o S
. ; . ; .~ anomalous magnetic moment. A similar situation holds
transformations (including rotational and boost properties . .
or the positron case, except that the spin labels are re-

and more general extensions of guantum eIectrodynamiQ/sersed The lowest-order cyclotron and anomaly frequen-
are treated in Ref. [10] but are not directly relevant here. z Y y Ireq

In g — 2 experiments, the leading contributions to the '®S @e and o, for the electron and the corresponding

C n .
energy spectrum originate in the particle interaction wit frequenmeswc andw, for the positron can be expressed

the constant magnetic field of the Penning trap. The" ter[ns of tj1e Ioweit e|gene7nerg|eis as ~

quadrupole electric field and other fields produce lesser o/ = E{+; — Eg, o, = Ej.; — E{;. (6)
effects. Since any possib@PT violation must be small, e orient our coordinate system so that the magnetic
it suffices to work within a perturbative framework using fjq|q B = B2 lies along the positive axis, and we choose
relativistic quantum mechanics. The figldcan thus be 0 gaugeA” = (0, —yB,0,0). The Iovx’/est-ordeICPT-

regarded as a Dirac wave function for an eIectrc_)n,,a;;ld _vjolating corrections to the electron energies frdit,
can be treated as a background electromagnetic potentighan are

We denote byA, the conventional Dirac Hamiltonian
) ; _ P _ leB|(2n +1 = 1)
operator for an electron in the potentig}, for a constant SE, ., = ay + a3 =—— ¥ b3| 1 — — -
magnetic field, including an anomaly term. The exact nxl E,\(Ey+1 + m)
eigenenergies ok, are the usual Landau levels, and the — P:
. . . . -+ b() = ) (7)
eigensolutions can be used as the basis for perturbative E,+1

calculations. In the presence of t#T-violating terms
given in Eq. (3), the modified Dirac Hamiltonian for the
electron wave function i& ~ = H, + H,,, where

wherep, = p? is the third component of the momentum.
For the positron, we find a similar expression but with the

replacementa,, — —a,, E, -} — E,+;,and=1 — *1
Hio = apy’y* — buysyy*. (4)  in the numerator of the third term.

The wave function for a positron can be found using At first sight, it might appear from these equations that
charge conjugation. Typically, experiments on positrond?0tha, andb,, have physically observable consequences.
are performed in Penning traps with the same magnetilowever, the corrections due to, correspond to a
fields as used for electron experiments, with only the'€definition of the zero of the energy and momentum,
electric field changing polarity. We therefore solve for£ — £ — a’andp — p — a, in the dispersion relation
the positron wave function in the same fiedd, as for for £, ,(p). The corresponding shifts for positrons would
the electron. In the present case, this implies the usudlave opposite signs faz,,. Although the electron and
Dirac Hamiltonianfl,” for a positron is the same &%,  Positron four-momentum shifts are of opposite signs,
except that the coefficient of,, changes sign. Using they cannot be detected in — 2 experiments because
the charge-conjugation transformation, BB T-violating the double tower of states in each case is shifted so

perturbation for the positron is found to be that all level spacings are constant. The cyclotron and
- 0 0 anomaly frequencies remain unchanged for both cases,
Hiy = —auy vy* — buysy v". () and hence:, has no observable effect [11]. Without loss

In investigatingCPT-violating effects, it is unnecessary of generality, we can therefore sej, to zero in what
to include all possible perturbations that are relevant tdollows.
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For Penning-trap configurations typically used;in- 2 basic energy scale:
experiments, the axial momentum replages Since the = (- - )/E| 9
energy of the axial motion is several orders of magnitude T s n,ms Al s ( )_ _
smaller thanE ,, the terms in Eq. (7) involving the prod- taken as usual in the weak-field, zero-momentum limit.
uct of by with p,/E=, can safely be neglected provided Here, E, ; andE,’; denote energy eigenvalues for the full

the ratiob,/bs is not too large [13]. For the typical mag- Penning-trap Hamiltonians. Within our particular frame-
netic fields ofB = 5 T, |eB|/m* = 1072, so the correc- Work E, ; — m in this limit, and the difference of ener-

tion terms involving the product df; with |eB| can also be ~ gies in the numerator becomes half the difference between

ignored. The dominar@PT-violating contributions there- the two measured anomaly frequenciag,/2 ~ —2bs,
fore depend only oiy;. It follows that there are no correc- independent ofn ands. Thus, in our model the defi-
tions to the cyclotron frequencies, while the electron andnition (9) reduces to, = |Aw,/2m| = [2b3/m|. This
positron anomaly frequencies shift by2b; and?2bs, re- shows that, unlike the conventional quantity the figure

spectively. This gives of merit r, is a well-defined measure &PT violation.
Moreover, since it is a ratio of energies, it is comparable
Ao, =w;, —w =0, Aw,=w, — o, =—4b3. tothe measurex in Eq. (1) conventionally used f@@PT
tests with the neutral-kaon system.
(8) Within the framework of scenarios involving spon-

The leading-order signal f@PTbreaking in Penning-trap taneous CPT and Lorentz breaking from a higher-

g — 2 experiments with fixed magnetic field is therefore dimensional fundamental model such as a string theory
a difference between the electron and positron anomalf6,7,14], the natural suppression scale @PT violation
frequencies. Note that the signature (8) @#Tviolation is the ratio of a light scalen; to a large (Planck or

is sensitive only to the spatial components iofin the  compactification) scaldl. It is therefore plausible that
direction of B. However, since the relative directions 7. = m;/M. Some intuition as to the range of possible
of the two vectors can be probed experimentally, forvalues forr, can be found by choosing various values
example by changing the orientation®br by performing ~ for m;. If m; = m and takingM =~ Mpiuck, We find
measurements at different times, bounds on the differerf = 5 % 10~*. If insteadm,; = 250 GeV, which is of
spatial components df are in principle accessible. the order of the electroweak scale, then= 2 X 107"

At this point, we can address the issue of the appropri- We have seen that any existigTviolation generated
ateness of the figure of me¥it given in Eq. (2) as a suit- by » would induce a potentially measurable shift between
able measure dEPTviolation. Recall that thg factor of ~ the energy levels of electrons and positrons in a Penning
an elementary particle is essentially the strength of the gytrap. Indeed, the ratio, could be bounded in experiments
romagnetic ratio, which is the ratio of the magnitudes ofusing current techniques. We have investigated several
the magnetic moment and the angular momentum. CorPossible experimental procedures that could be adopted.
ventional quantum electrodynamics for an electron in a’he most effective one would involve taking advantage
Penning trap predictég — 2) = 2w,/w., andCPTin-  of the predicted vanishing of the differendaw, in the
variance predictg_ = g.. The latter relation holds to €lectron and positron cyclotron frequencies. Singg
within the measurement accuracy of two parts if?0t ~ both depend on the magnitude of the magnetic field, it
therefore appears tempting to use the figure of merif would be important to maintain the calibration Bfin
Eq. (2) as a measure GIPT violation. However, within the measurements dw,. This could be accomplished
our framework,CPTis broken without affecting the elec- by using the equality of the cyclotron frequencies to
tron or positron gyromagnetic ratios. This means that th&erify that the magnetic field remains the same for both
theoretical value of, is zero even thougBPTis broken. ~ electrons and positrons. The ratio could then be

One might be tempted to fix this problem by adopt-obtained from measurements dfw, at equal values
ing as fundamental the conventional experimentally base@lf the magnetic field. These measurements could be
definition (gexpr — 2) = 2w,/ ., wherew, and w, are repeated using different values of the magnetic field to
experimental frequencies. This definition gf would  Verify that Aw, is independent of the magnitudgfor a
maker, nonzero ifCPTis violated, but it would be differ- fixed orientation of the field axis. Sinﬁce the Penning trap
ent from the theoretical definition based on the gyromageonfiguration selects the componenttofn the direction
netic ratio. Moreovery, would then depend on the field of B, an additional check would involve looking for
B and might not be well defined. For example, our re-diurnal variations in the differencéw,.
sult (8) means that, would become, = [Aw,/w?’| = We can estimate the bound on that could be
|4b3/w |, which diverges in the weak-field limi# — 0.  attained. Suppose the angular anomaly frequencies can be
This provides an explicit counterexample to the thesis thaieasured to an accuracy of approximately 10 Hz. This
rq is a suitableCPT figure of merit. would seem feasible, for example, using the line-fitting

A more appropriate figure of merit can be introducedprocedure described in Ref. [4]. At the same time, the
theoretically in a general context as the ratio o€BT-  equality of the cyclotron frequencies would have to be
violating electron-positron energy-level difference and themaintained to an accuracy of one part in®10 account
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for possible drifts in the magnetic field. Using Eq. (8), [8] D. Colladay and V. A. Kostelecky, Phys. Lett. 84, 259
by = —Aw,/4. Assuming no differences in the angular (1995); Phys. Rev. 12, 6224 (1995); V.A. Kostelecky
frequency are observed to this level of precision, then  and R. Van Kooten, Phys. Rev. B4, 5585 (1996).

the bound|bs| =2 X 1075 eV can be obtained. This [9] O. Bertolamiet al., Phys. Lett. 83,95 178 (1997).
corresponds to &PT figure of merit ofr, < 1072 inthe  [10] (Dl.gg%laday and V. A. Kostelecky, Phys. Rev.d3, 6760
el?ﬁggneggzgfen :55;%;,{5 a somewhat tighter bound f(JTll] Note that the coefficients;, cannotbe removed by a

- . gauge transformation on the electron and photon fields
r. would be attainable than that for the corresponding because the full Lagrangian, including the term involving

figure of merit rx arising from experiments with the a,, is gauge invariant. Instead, in any theory with
neutral-kaon system. However, performing the latter tests  only one fermion field,a, can be eliminated by a field
would continue to be essential because neutral-meson redefinition coupled with a background gauge change.

CPT violation is controlled by distinctCPT-violating This is equivalent to the redefinition of the energy and
parameters appearing in the quark sector. In any event, momentum as described in the text. These resuIFs have
a bound of the estimated magnitude frin the electron- been proved in a general context in [10], where it was

positron sector would be in line with the greater precision ~ Shown that interactions between two fermion fields can
that is experimentally accessible in a Penning trap using Produce effects depending on the difference between
measurements of atomic transition frequencies coulpllngs In two d'St'rllCt terdeOflth's type. - This is

. . . \ irrelevant for separately trapped electrons or positrons.
un-gglrSGvrva(\)r:lt( ,\;z Ssjé’%oétgg 9|]r.]EIg?1rOt6g:3l/ ;23 bL;/'?HeD(l\TgF Incidentally, the effects of the, term for the electron-

positron field are unobservable even in Penning-trap
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coupling.
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