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Magnus and lordanskii Forces in Superfluids
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The transverse force acting on a quantized vortex in a superfluid is a problem that has eluded a
complete understanding for more than three decades. In this Letter | calculatepérluid velocity
part of the transverse force in a way closely related to Laughlin’'s argument for the quantization of
conductance in the quantum Hall effect. A combination of this result,vibritex velocity part of
the transverse force found by Thouless, Ao, and Niu [Phys. Rev. I&tB758 (1996)], and Galilean
invariance shows that there cannot be a transverse force proportional to the normal fluid velocity.
[S0031-9007(97)03821-0]

PACS numbers: 67.40.Vs, 47.37.+q, 67.57.Fg

The importance of quantized vortices in superfluidsno statement is made regarding the other parts of this
has been recognized since Onsager first put forth théorce that depend on the normal and superfluid velocities.
idea of quantization of circulation almost 50 years ago The confusion in the topic of writing the various parts
[1,2]. A vortex moving in a superfluid experiences aof the Magnus force is widespread. Part of it arises from
force transverse to its velocity which is equivalent to thedifferent interpretations on the role played by excitations,
Magnus or Kutta-Joukowski hydrodynamic lift present inand whether or not these are scattered asymmetrically
classical hydrodynamics [3], which is generally written by the vortex [14] leading to a transverse force (the

lordanskii force) proportional to the normal fluid density
1) . . y
. . pn and either the relative velocitigs, — vy) or (v, —
per unit length of the vortex [4]. Here is the mass den- y \yherev, is the velocity of the normal component far
sity of the fluid,(vy — vriuia) is the velocity of the vorteX 0 the vortex.
relative to thg fluid, andc is a vector in tht_'—: dlregtlon of The results presented in this Letter, combined with
the vortex with magnitude equal to the circulation £ TAN and Galilean invariance, are incompatible with the

$ vewuia - al). , existence of a transverse force proportional to the normal
However, there is no consensus on the problem ofiq velocity v
-

generalizing the Magnus force to the superfluid case, and | st note that this Letter does not deal with the

various mequyvalent_ expressions for the relevant force§atarmination of additional dissipative terms (namely

can be found in the literature [5—11]. _ the longitudinal forces), which are negligible under the
This Letter deals specifically with the calculation of the . 4itions of the present work. This is an interesting

superfluid velocity part of the Magnus foraghich is the g hiect as well, but the arguments presented determine

transverse force that depends on the superfluid velegity only the transverse forces.

Itis shown that this force is given by In Section | | write down the most general transverse

Fy = —ps kg X vg, (2) force, linear in the velocities, which is compatible with

wherep is the density of the superfluid component [12], Galilean invariance. Section Il is the main section of the
and , is the circulation of the superfluid around a vortex Letter, where the superfluid velocity part of the Magnus

(a multiple of the quantum of circulatioly/m [1,2]). force is calculated. In Section Il | write the final form
Recently Thouless, Ao, and Niu [5] (TAN) have of the transverse force by combining the results of this

convincingly argued for a universatbrtex velocity part Letter and TAN, plus Galilean invariance. | also discuss
of the Magnus force the diverse results obtained by other authors and their

assumptions.
Fy = ps g X vy (3) I. Galilean invariant transverse force-In a homoge-
per unit length for uniform neutral superfluids; and Geller,neous superfluid the forces acting on a vortex must be ex-
Wexler, and Thouless have generalized TAN's results tgpressed in terms of velocity differences only. Consider a
charged systems in the presence of a periodic potentiakctilinear vortex moving with velocity, in a superfluid
[13]. The natural assumption by TAN that the normalwhere the superfluid component has an asymptotic veloc-
fluid does not circulate around the vortéx, = ¢v, - ity v, and the normal component. The most general
dl = 0) has been confirmed by a recent calculation [11]Galilean invariant transverse forcean be written as
in the thermodynamic limit (mean free path of excitations . N
much smaller than system size). There is an important F=ARXw=v)+BRX (W =), (4
point to notice: TAN deals only with the part of the whereA and B are constants to be determined atds a
transverse force that depends ontoetexvelocity, while  unit vector pointing in the direction of the vortex line. Our

F=pr X (V= Viia),
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task is the determination of these unknown coefficientsand given the fact that, = v, = 0, the work is given

It is customary to divide this expression into separateby integrating the force per unit length along the displace-
terms, each involving one particular velocity and denotementdr of each vortex segmeif:

them accordingly: theortex velocitypart of the Magnus

force F, = (A + B) k X vy, thesuperfluid velocityart W= — f Al X v)-dr =A f(dl X dr) - v,

F, = (—A) k X v, and thenormal fluid velocitypart ) )

F, = (—B) k X v,. Knowledge of two of these forces (5)
completely determines the third. In the following section = Af dS - vy = A (LyL:) vs.

| determine the coefficiem by calculating the superfluid _ _

velocity part of the Magnus force. For isolatedsystems the change in energy corresponds

Il. Free energy and force—Here | wish to present to the amount of work. The argument is straightforward,

a very Simple gedankenexperiment, whose outcome but it is much Simpler to consider dﬂothermalprocess.
will determine the coefficientA as mentioned above. The amount of work performed then corresponds to the
This argument has some parallels to Laughlin’s ownvariation of the Helmholtzfree energy A = £ — TS
thought experiment relating to the quantization of Hall[17]. The free energy can be expressed in terms of
conductance in the quantum Hall effect [15]. the energy of the ground state plus the free energy of
Consider a neutral superfluid trapped inside a toroideXcitations:
like the one shown in Fig. 1. For simplicity assume the
toroid to have a roughly uniform section and that the

circumferencel, is much bigger tharL,. This makes One will be interested in the variation of the free energy
the superfluid velocity approximately uniform, which 4,6 5 a variation of the superfluid velocity: therefore,

is whgt is actually desired for a definition of theperfluid o heeds only to consider the dependent portions of
velocity part of the Magnus force. | must remark that 2 The relevant ground state energy is

the argument is more general, and these assumptions are
merely necessary to keep the argument clean and simple. Eys = (L L,L.)p v2/2, @)
Assume that in the initial state&v > 1 quanta of
circulation are trapped in the toroid so that the superfluicdnd the excitation free energy is given by the standard
velocity is given byv, = Nh/mL,. Under this condition €xpression
the normal fluid is pinned to the container anglis zero
(in fact, this is how the normal density, is normally Aexcit = (kgT) Z In(1 — e~ /&) (8)
defined[12,16]). At some initial time a vortex is created modes
at the outer edge anslowly dragged toward the center
of the ring by some means [5], where it is annihilated
at a later timer = 7 — . The final state corresponds
to a trapped circulatiodN + 1) #/m, while the normal
fluid will still be at rest. By performing this process very € = hw(k) + vk, . (9)
slowly, dissipative effects are negligible.
While transporting the vortex across the ring, one needs To second order in the superfluid velocity the free en-
to perform work on the system. In terms of Eg. (4), ergy is given by

A = Egs + Aexcit - (6)

where the excitation energies are those in the “rest
frame”, and are therefore Doppler shifted by the super-
flow:

2 92 . 2.,2 ho(k)/kgT 2
_ _ vs d ‘Aexcn _ h Us e _ Us
J,Zlexcit - leexcit(vs = 0) = 7 a—vz v3=0_ _ZkBT mOZ:(ics x (ehw(k)/kgT _ 1)2 - _(LXL)’LZ) Pn 7’ (10)

where the last equality follows from the usual Landau By equating the work performed on the system
derivation of the normal density [12,16]. [Eq. (5)] and the variation of free energy [Eq. (11)] the

The total change in Helmholtz free energy for varia-unknown coefficientd in the general expression for the
tions in the superfluid velocity can be written as [18] transverse force (4) can be determined:

- h
AA = (L,L,L.) 2= A2 A=p—. (12)
2 m
(11)
= (L,L,L;) Ps A@2) = (L,L.) ps vs ﬁ’ lll. Total transverse force and conclusiorsHaving
2 m calculated thesuperfluid velocity part of the transverse
where the last equality corresponds to the chahge =  force, there is the need to obtain one more component of

h/mL, due to the motion of the vortex across the ring. it to completely determine the transverse force (4).
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vortex moving object in a fluid, namely the Stokes problem [20].
' It may be possible to obtain independently the exact can-
cellation of the transverse lordanskii force by including all
the effects described in this paragraph. While this would
be certainly desirable, it goes beyond the scope of this
Letter.

At very low temperatures, however, the mean free path
increases dramatically [12]. Excitations move ballisti-

FIG. 1. Gedankenexperiment: a vortex is created at the cally, equilibrating primarily with the walls of the con-
outer edge of a toroid with circumferende,, adiabatically tainer and perturbations of the distribution functions by

transported across the channel and annihilated at the inner edd8€ moving vortex may be neglected. A direct calcula-

thus increasing the total circulation around the toroid by ondion of the lordanskii force based on the scattering of

quantum of circulatiorh/m. excitations by the vortex should be valid, yet there is

no consensus on the magnitude of the force calculated

By considering TAN’s result [5,11], as written in in this manner; some [10,14] obtain a considerable force
Eq. (3), itis clear that the coefficient of thertexvelocity ~ (—pnk X v4), while others [9,19] find a result much

Lz

(A + B)is given by smaller than this. | should emphasize that the argument
h presented in this Letter (Sect. Il) for the superfluid ve-
(A+ B)=ps—, (13) locity part of the transverse force is still valid in this
m

regime, since the formal definition of the normal density
and velocity in terms of the momentum density or free
energy are unmodified [16] (although the actual expres-
sion for the normal density, will be different, in general
anisotropic and dependent on the channel geometry). The
absence of the normal fluid circulation around the vortex
needed for TAN’s result will also be valid but trickier,
given the complicated geometry dependence. The impor-
with the transverse lordanskii force vanishing exactly.  tance of the distinction at temperatures corresponding to
This is in general agreement with some direct calculathe ballistic regime is relative; the normal denspy is
tions of the normal fluid velocity part of the transverseextremely small and the superfluid denspy is essen-
force based on the scattering of excitations by the vortially indistinguishable from the total densigy[12].
tex [9,19]. These calculations also show that the coef- In conclusion, we have obtained the superfluid velocity
ficient of the normal fluid velocity either vanishes or is part of the transverse force on a vortex using a robust
much smaller than previously thought, in apparent conand simple thermodynamic argument. A combination
flict with lordanskii's theory of the transverse force on aof this result, the vortex velocity part of the transverse
vortex [10,14]. force found by Thouless, Ao, and Niu [5], and Galilean
It is interesting to note that while this Letter, in com- invariance implies that there cannot be any transverse
bination with TAN'’s result, yields arexactly vanishing force dependent on the normal fluid velocity.
lordanskii force, the “direct” calculations mentioned | would like to thank David J. Thouless, Michael
above either give a nonzero result [10,14] or can only hinGeller, Jung Hoon Han, Greg Dash, John Rehr, and
that it is small [9,11]. Michael Stone for numerous helpful discussions. This
One must emphasize some differences in the assumprork was supported by the NSF Grant No. DMR-
tions about the asymptotic flow of excitations far away9528345.
from the vortex. The authors calculating directly the
lordanskii force from the excitation scattering assume
a homogeneous distribution of noninteracting phonons
[9,10,14,19], while the calculations used along this Letter [1] L. Onsager, Nuovo Cimento Suppl6, 249 (1949);
and references [5] and [11] include the effect of the vor- __ F. London,Superfluids li(John Wiley, New York, 1954).
tex in the excitation distribution. This can explain some [2] R.P. Feynman, Prog. Low Temp. Phys(North-Holland,
of the apparent discrepancies: a careful calculation of the, Amsterdam, 1995), Chap. 1. N
lordanskii force in thehydrodynamicregime (where the 3 Sir H. Lamb, Hydrodynamics(The University Press,
-7 . . Cambridge, 1932); G.K. BatcheloAn Introduction to
mean free path of excitations is much smaller than the size  r1,id Mechanics (Cambridge University Press, Cam-
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and this, along with the result foA calculated in the
previous section, yields unambiguoudly= 0, meaning
that there is no transverse force depending omitbrenal

fluid velocity. The totaltransverseforce per unit length
acting on a vortex can be written

h
F=pi—2X(w =V, (14)
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