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In the standard model there are charges with Abelian anomaly only (e.g., right-handed ele
number) which are effectively conserved in the early Universe until some time shortly before
electroweak scale. A state at finite chemical potential of such a charge, possibly arising du
asymmetries produced at the grand unified theory scale, is unstable to the generation of hyperc
magnetic field. Quite large magnetic fields (,1022 G at T , 100 GeV with typical inhomogeneity
scale, 106

T ) can be generated. These fields may be of cosmological interest, potentially acting as s
for amplification to larger scale magnetic fields through nonlinear mechanisms. Previously der
bounds on exoticB 2 L violating operators may also be evaded. [S0031-9007(97)03866-0]

PACS numbers: 98.80.Cq, 11.10.Wx, 11.30.Fs, 98.62.En
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It is usually assumed that the early Universe at tem
peratures above the electroweak scale and below, s
1012 1016 GeV (depending on the model of inflation) con
sists of an (almost) equilibrium primordial plasma of ele
mentary particles, in which any long-range fields ar
absent. One exception is in the context of the problem
generating galactic magnetic fields, which may require t
presence of primordial seed magnetic fields which are su
sequently amplified by a galactic dynamo mechanism (s
e.g., [1]). The creation of long range magnetic fields re
quires that conformal invariance be broken in the couplin
of the electromagnetic field to gravity [2], and a number o
mechanisms based on different ideas about this break
have been proposed to date [2,3]. In this Letter we a
gue that there may be a relation between the appearanc
magnetic fields in the early Universe and two other, appa
ently completely unrelated, phenomena: (i) The smallne
of the electron Yukawa coupling constant, and (ii) possib
lepton asymmetry of the early Universe.

In short, the logic goes as follows. There are thre
exact conservation laws in the standard electroweak th
ory. The associated conserved charges can be written
Ni ­ Li 2

1
3 B, whereLi is the lepton number ofith gen-

eration andB is the baryon number. The fourth possibl
combination,B 1

P
i Li is not conserved because of elec

troweak anomalous processes, which are in thermal eq
librium in the range100 , T , 1012 GeV [4]. Now,
if he ­ 0, where he is the right electron Yukawa cou-
pling constant, then the electroweak theory on the cla
sical level shows a higher symmetry, associated with t
chiral rotation of the right electron field. For the sma
actual value of the Yukawa coupling (he ­ 2.94 3 1026

in the MSM), this symmetry has an approximate chara
ter. At temperatures higher thanTR . 80 TeV perturba-
tive processes with right electron chirality flip are slowe
than the expansion rate of the Universe [5], and ther
fore this symmetry may be considered as an exact o
on the classical level atT . TR [6]. [The importance of
this symmetry for the consideration of the washout of th
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grand unified theory (GUT) baryon asymmetry by anom
lous electroweakB and L nonconserving reactions wa
realized in Refs. [5,7,8].] Suppose now that an excess
right electrons over positrons was created by some me
at T . TR (e.g., by a GUT mechanism for baryogenesi
Now the right electron number currentj

m
R is violated in

the minimal standard model (MSM) as described by t
anomaly equation

≠mj
m
R ­ 2

g02y2
R

64p2
fmn f̃mn , (1)

wherefs f̃d are theUY s1d hypercharge field strengths (an
their duals), respectively,g0 is the associated gauge cou
pling, andyR ­ 22 is the hypercharge of the right elec
tron. The number of the right electronsNR therefore
changes with the Chern-Simons (CS) number of the h
percharge field configuration asDNR ­

1
2 y2

RDNCS with

NCS ­ 2
g02

32p2

Z
d3 $xeijkfijbk , (2)

wherebk is the hypercharge field potential.
One can now see qualitatively that there is an instab

ity in hot matter with an excess of right electrons towa
formation of hypercharge fields with CS number as fo
lows. (The line of reasoning presented here is similar
the consideration of cold fermionic matter with anomalo
charges in [9].) The energy density “sitting” in right elec
trons with a chemical potentialmR is of the orderm2

RT 2,
and their number density of ordermRT 2. On the other
hand, this fermionic number can be absorbed by a hyp
charge field of orderg0kb2, with energy of orderk2b2,
where k is the momentum of the classical hyperchar
field andb is its amplitude. Therefore, atb . Tyg02 and
k , mRT2yg02b2, the gauge field configuration has th
same fermion number as the initial one, but smaller e
ergy. An instability to generation of hypercharge ma
netic field, which tends to “eat up” real fermions, result
It is important here that at temperaturesT . TR the elec-
troweak symmetry is “restored,” and that the U(1) h
percharge magnetic field is massless at that time. (
© 1997 The American Physical Society 1193
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term like m2
Y b2 is generated in any order of perturbatio

theory in abelian gauge theory at high temperature [1
the lattice study in [11] confirmed this expectation fo
SUs2d 3 Us1d EW theory beyond perturbation theory.) I
the hypercharge magnetic fields survive until the time
the EW phase transition (T , 100 GeV), they will give
rise to ordinary magnetic fields because of electrowe
mixing. In the rest of this Letter we present quantitativ
estimates of the (hypercharge) magnetic fields which m
be produced by this effect.

Let us discuss first the possible origin and the magnitu
of the required right electron number asymmetrydR ­
eRys, wheres ­

2
45 p2T3Neff is the entropy density with

Neff ­ Nb 1
7
8 Nf ­ 106.75 the total effective number

of degrees of freedom of the MSM. In principledR

produced by out of equilibrium decay at the GUT sca
can be as large as,1022 1024 (for a review see, e.g.,
[12]). This is quite consistent with the magnitude of th
final baryon asymmetrydB being that observed since ther
is no simple general relation between the two numbe
In theories like those discussed in [5,8] withL violating
processes at intermediate scales one hasdB , dR, at
least in the case that theL violating processes go out
of equilibrium before theeR violating ones come into
equilibrium. In [8] the case is considered where theL
violation continues for just long enough to reduce th
final dB to the observed one from an initially large
value fixed bydR. And, in a simple GUT-like SU(5) in
which the chargesNi ­ Li 2

1
3 B are conserved, we can

havedB ­ 0 at the electroweak scale irrespective of th
value of dR during the time it is effectively conserved
In the rest of this Letter we will simply assume th
existence of a primordial density ofeR , with its chemical
potential as a free input parameter, assumed only sm
enough to be treated perturbatively. We also assume t
no hypercharge magnetic fields existed before the rig
electron excess is generated.

The effect of the anomaly on the gauge field dynami
is given through the term in the effective Lagrangian

dL ­
g02

4p2
mReijkfijbk , (3)

which is obtained by integrating out the fermions at finit
chemical potential [13]. It simply describes how windin
the gauge fields to give CS number changes the energy
the system because it changes the number of fermions
described by the anomaly equation. Adding this term
the ordinary Lagrangian for the gauge fields leads to t
equations of motion

≠ $H
≠t

1 $= 3 $E ­ 0 , (4)

$E ­
1
s

µ
$= 3 $H 1

4a0

p
mR

$H

∂
, (5)

wherea0 ­ g02y4p. These are simply Maxwell’s equa-
tions with the additional term due to the anomaly (~mR

$H)
and the assumption that the total (hypercharge) curr
1194
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is given by $j ­ s $E, wheres is the conductivity of the
plasma and$E is the (hyper-)electric field. We have also
dropped the term≠ $Ey≠t since (as we will see below) the
fields always evolve on a time scale which is much long
than s21. In the expanding Friedman-Rodman-Walke
Universe with scale factora, the equations have exactly the
same form in conformal time coordinatest ­

R
a21stddt,

but with the replacementsmR ! mRa andss~ Td ! sa.
The fields $E and $H are those given by their standard defi
nitions in the conformal frame which will be related to th
physical fields at the appropriate point below. We als
have the following kinetic equation formR:

1
a

≠smRad
≠t

­ 2
a0

p

783
88

1
a3T2

$E ? $H 2 GRsmRad , (6)

in which the first term describes the change in the chem
cal potential due to the anomaly (ff̃ ~ $E ? $H), and the
second the change due to the perturbative processes w
flip electron chirality with the rateGR ­

TR

M0
T (M0 ­

Mply1.66
p

Neff . 7.1 3 1017 GeV). The numerical co-
efficient 783

88 comes from the relationship between righ
electron chemical potential and right electron numb
asymmetry (in terms of which the anomaly is expressed

mR ­
2

45
p2Neff

∑
783
88

dR 2
201
88

d1 1
15
22

sd2 1 d3d
∏

T ,

which is obtained from a local thermal equilibrium calcu
lation in the EW theory with three fermionic generation
and one scalar doublet, with the conserved charges
sumed to beNis­ disd andeRs­ dRsd.

With a Fourier mode decomposition$Hs $xd ­
R

d3 $k 3
$Hs $kde2i $k?$x with $Hs $kd ­ hi $ei , where i ­ 1, 2, $ei

2 ­ 1,
$ei ? $k ­ 0, $e1 ? $e2 ­ 0, the linear equations (4) and (5
become

≠th1 1
k2

sa
h1 2

4imjkj

s
h2 ­ 0 ,

≠th2 1
k2

sa
h2 1

4imjkj

s
h1 ­ 0 ,

(7)

wherem ; g02

4p2 mR. The mode

h2st, kd ­ 2ih1st, kd

­ 2
i
2

fh1s0, kd 1 ih2s0, kdg expfl1stdg , (8)

where

l6std ­ 2
k

sa

√
kt 7 4

Z t

0
dt0ma

!
(9)

is an unstable mode which is growing at conformal tim
t if k , 4mstdastd. It has the property$Es$kd ­

1
sa 3

s2jkj 1 4mad $Hs $kd. (The other orthogonal mode decay
at anyjkj.)
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Consider now the approximation in which the chemica
potentialm is a constant. The growing instability starts to
develop atT , Tg where we defineTg to be

8

µ
m

T

∂2 1
syT

Mo

Tg
­ 1 (10)

(when the maximally growing mode withk ­ 2ma has
begun growing significantly). A necessary requireme
for the instability to develop is thatTg . TR, since if this
is not satisfied the second term in (6) will rapidly reduc
m toward zero. Translated into a minimum value fo
d ; m

T , this requiresd . dcrit ­ 1026 (using s ø 68T
[14]). For d , dcrit no nontrivial dynamics result from
the presence of such a chemical potential since the unsta
modes are frozen on the relevant time scale. Ifd . dcrit
the evolution of the instability forT , Tg will be given
by the simple growth factor above, until the time at whic
the growth becomes significant enough that the first ter
in (6) is important. To estimate when this is and wha
the amplitude of the field is at that time it is sufficient to
calculate the CS number as a function of time. It is give
(per comoving volume) by

nCSstd ­ 2
g02

32p2 keijkfjkstdbistdl

ø 2
g02

64p4

Z 4ma

0
dke2 ks4ma2kdt

sa k2fskd , (11)

neglecting all but the growing mode. We have also take
kbis $k, tdbp

j s$l, td . jt­0 ­ d3s$k 2 $lddij , b2skdl0, as-
suming translational and rotational invariance of th
initial perturbations, and assumed that the perturbatio
are thermal in origin, with the appropriate normaliza

tions, kb2skdl0 ­
1

2ks2pd3 fskd, wherefskd ­ se
k

T0 2 1d21

is the bosonic distribution function andT0 the tem-
perature at which we definea0 ­ 1. Defining e by
1
2 y2

RnCS ; eDeRa3, where DeR ­
88
783

mR

T T 3, i.e., the
difference between the right electron density in the initia
state and themR ­ 0 state, the linear approximation
breaks down whene , 1. Evaluating the integral in
(11) we find e ø 2 3 1026d

1
p

a ea where a ­ TgyT
with Tg as in (10). Thus for a few expansion time
after the mode starts growing at temperatureTg, we
have e , 1 and the linear approximation is valid. The
corresponding physical magnetic fieldHphy can be es-

timated by putting jnCSj ø g02

16p2 kb2 ­
1
2 eDeRa3 and

using kb ­ a2Hphy, wherek , 2ma (i.e., assuming the
maximal growing mode to dominate). Putting in th
numbers this gives a physical magnetic field of streng

Hphy ø 2 3 102
q

ed
kphy

T T2 at a physical length scale

k21
phy ; s k

a d21 , 1
2dT . For d , 5 3 1026 we are in the

linear regime untilTR , 80 TeV and at that point there-
fore have a magnetic field of strengthHphy , 6 3 1026 G
(1 GeV2 ­ 1.95 3 1020 G) at a length scale of,105yT
(compared to a horizon scale of,1013yT ).

How do the fields evolve forT , TR? In the case that
the linear (i.e., constant chemical potential) approximatio
l
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is good, one expects that the growth will rapidly turn int
decay asm is damped. Within a few expansion time
the growth will be undone as the maximally growin
modek , 2ma now decays with exponent2sk2ysdat.
What about the case when this linear approximati
breaks down? To treat this case we must analyze
full nonlinear set of Eqs. (4)–(6). We have done th
numerically with the simplifying assumption that th
distribution of right electron number is homogeneous
space. Then the two linear equations (4) and (5) can
solved exactly for any time dependentm, the solution
inserted in (6), and the averaging over thermal initi
conditions performed. The resulting equation is

≠ma
≠t

­

µ
a0

p

∂2 783
88

1
32p2sa2T

Z `

0
dkk2

3 hsk 2 4mad expf2l1stdg

2 sk 1 4mad expf2l2stdgj , (12)

with l6std given by (9). Our results show that the chem
cal potential, typical physical momentum of the magne
field configuration, and the magnetic field energy scale

mR

T
~

kphy

T
~

H2
phy

T 4
~

µ
T
Tg

∂ 1

2

(13)

in the rangeTg . T . TR. This behavior can be easily
understood qualitatively as follows. As the instabilit
develops, the linear approximation breaks down andm

starts significantly decreasing. This shifts the growth
modes to longer wavelengths. This procedure continu
growth of any mode eventually turning itself off an
increasing the growth coefficient of modes at larger scal
The minimum value ofm which can be reached a
any given timet (and, correspondingly, the maximum
physical scale for the sourced fields) is simply th
given by (10), solved form with Tg replaced by the
temperatureTstd; i.e., it is just the minimal chemical
potential required to drive a growing mode at that tim
in the linear approximation. The parametric dependen
on the temperature observed follows from the fact th
the chemical potential and maximally growing mode tra
these values. The dependence of the magnetic fi
energy follows from the expression we derived in th
previous paragraph by setting the CS number of t
configuration to cancel the total fermion number, but no
taking the appropriate scaling forkphy itself.

Evolving the system forward fromTR to the elec-
troweak scaleTew , we see the damping of the fields ford

in the linear regime anticipated above, as the perturbat
processes erase the chemical potential driving the grow
As d increases, however, this damping becomes less
ficient, and ford . 2 3 1024 we find that the damping
has not set in at all by the electroweak scale. The re
son for this behavior is also simple. For a mode whic
evolves in the linear regime, the growth and decay exp
nents are effectively the same for the modes which gr
significantly. Once we enter the nonlinear regime this
1195
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no longer true, since the maximally growing mode ca
ries the integrated effect of growth until any given time
i.e., it has grown with exponentk

R mstd
s dt which is much

greater thank2

sa t. Put another way, the mode has bee
able to grow on a scale significantly larger than the diffu
sion length for magnetic field at the relevant time, and
takes some time after the end of the growth for the latt
scale to catch up and undo the effect of the instability. F
d in this region we also see that the typical scale of ma
netic fieldsk and value of the chemical potential atTew do
not depend on initial asymmetry,

2kphy

T . 4m

T . 106

T . The
amplitude of magnetic field scales asH ~

p
d and, e.g.,

for d ­ 1022 we find H . 4 3 1022 G. This is as we
would expect from the discussion of the scaling above.

What is the ultimate fate of these magnetic fields? U
less some other effect comes into play in the dynamics, t
fields will decay. One such effect is turbulence. With th
full set of magnetohydrodynamic (MHD) equations (whic
include the velocity of the fluid which we have neglected
there is a transition to a turbulent regime when the ma
netic Reynold’s numberR ­ sLy is large [16]. The rea-
son we have evolved the equations to the electroweak sc
is that, if the electroweak phase transition is of first orde
it serves as a source of turbulence [15]. Since we ha
heres , 102T and magnetic fields which begin to grow
on length scalesL up to,2 3 106yT , we expect to enter
the turbulent regime if there are bulk velocities of greate
than ,5 3 1029, which are certainly larger that the ex-
pected velocity of the bubble walls. A recent study of th
phenomenon [16] suggests that the effect of this turbulen
is to transfer the magnetic energy to larger length scal
thus evading the Silk argument [17]. If true, the field
generated by the mechanism under discussion may p
the role of the seed galactic magnetic fields. Note th
the seed fields we obtain at the electroweak scale with t
mechanism we have discussed (,1022 G) are much larger
than those generated at bubbles walls (,1022 G) which
were suggested as seeds for amplification through turb
lence in [15]. It is also worth mentioning the particula
structure of the magnetic fields appearing because of
abelian anomaly. The CS wave (8) has a nonzero va
of $H ? $≠ 3 $H and thus breaks parity. Could it be that th
rotation of galaxies are related to this? Study of the e
tire set of MHD equations with the additional anomalou
terms discussed in this Letter will be required to addre
this question.

Finally let us mention that the processes we have cons
ered also affect the bounds on the strength of exotic inter
tions with B 2 L violation derived from the requirement
that GUT baryon asymmetry is not erased by sphalero
[5,8] (which is important if no baryon asymmetry is cre
ated at the electroweak scale). If the right electron asy
metry produced at the GUT scale is small enough (d ,

1026), then the bounds are obviously not affected sinc
the Abelian anomaly does not play any role. If, on th
other hand,d is large enough that significant CS numbe
1196
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survives remains in the condensate until the electrowe
scale, any bound on the strength of exotic interactions c
be evaded. Irrespective of the effect of anyB 2 L viola-
tion until that point, the remaining CS number will be con
verted into quarks and leptons carrying net baryon numb
at the electroweak phase transition. The final baryo
asymmetry will depend on the initial value ofd and the
exact strength of the phase transition (which will deter
mine how theB violating processes turn off). Conversely,
given detailed knowledge of the phase transition, it will b
possible to place an upper bound on the initial value ofd

in the very early Universe, and on the strength of the ma
netic fields resulting at the electroweak phase transition.

We are grateful to K. Enkvist, M. Giovannini,
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