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Noise and Fluctuations of Rough Surfaces

T. S. Chow
Xerox Corporation, Wilson Center for Research and Technology, 800 Phillips Road, 0114-39D, Webster, New York

(Received 11 December 1996)

Correlated non-Gaussian noise of the quenched disorder on rough surfaces is analyzed on the basis
of stochastic differential and integral equations. The irregular fluctuations reflect the microstructure of
rough surfaces and the stochastic process is treated as Brownian motion. The microstructure refers
to the standard deviations, correlation lengthj, and roughness exponenta that defines the scaling
properties of the surface. We have derived the noise correlation functionkhs0dhsrdl , sryjd2a22

for 1y2 , a , 1 on a self-affine rough surface. This provides a physical justification of noise
with long-range correlation, and the anomalous behavior ofa . 1y2 observed experimentally.
[S0031-9007(97)03827-1]

PACS numbers: 68.35.Ct, 05.40.+ j, 05.70.Ln
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Rough surfaces are the main focus of a great deal
recent research on the stochastic growth and fractal
ometry of the surface. These are the topics of interest
and timely reviews [1–3] where extensive references c
be found. On a rough surface or interface, the quench
noise is generated by disorder and does not change w
time. It is much more important than the thermal nois
that is always present. In the cases when the statistics
the noise is uncorrelated Gaussian, as is almost always
sumed [1], the microscopic details are not important o
the large scales. This is known as universality and t
correspondinga has the well-known value of12 .

Experimental results, however, have revealed that ma
rough surfaces, though self-affinesa , 1d, behave anoma-
lously with a ø 0.6 0.8 [2,4–6] that exceedsa ­

1
2 .

Additional references can be found in section 4 of [2
Therefore, it is reasonable to expect that the microstruct
of rough surfaces can indeed influence the noise correlat
function, which violates the concept of universality. In or
der to explain this observed anomaly, alternative physic
ideas like correlated noise, non-Gaussian, and power-l
noise have been suggested [2,3,7–11]. Perhaps the e
est study of this anomaly involving the spatially correlate
Gaussian noise was reported by Medinaet al. [7]. They
made approximate predictions of scaling exponents, b
did not quite resolve the problem [2]. Zhang [8] propose
that the amplitude of noise follows a power-law distribu
tion, and showed that the roughness exponent may cha
even in the presence of uncorrelated noise. Despite the
terest in this power law as a possible mechanism to acco
for a .

1
2 , severe obstacles remain, because the power

is solely on mathematical expediency with essentially n
physical justification [2,8].

In this paper, the irregular fluctuations of a roug
surface will be analyzed as a stochastic process expres
in terms of Brownian motion. We would like (1) to see
a better understanding of the long-range noise correlati
and (2) to derive an explicit expression that links the noi
correlation function khs0dhs$rdl to the microstructure
086 0031-9007y97y79(6)y1086(4)$10.00
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ss, j, ad of rough surfaces in the discussion of long tails
In a disordered medium, the quenched noise generat
by the disorder is usually more important than tha
of temporal noise [2,3,12]. Through this Letter, we
shall focus on surface roughening affected by quenche
disorder which does not change with time.

The height of a continuous rough surface from its
smooth reference is represented by the functionhs$rd,
where$r is the position vector on the reference surface.
is usual to ensure thatkhl ­ 0 where the angular bracket
denotes the average across the surface. Three independ
parameters are needed to describe the microstructure
a rough surface. The standard deviations is the root
mean square fluctuation normal to the surface, and th
correlation lengthj parallel to the surface. In addition to
the length scales, the third independent parameter is t
roughness exponenta ­ d 2 df whered is the spatial
dimension anddf is the local fractal dimension. The
roughness exponent defines the scaling properties of t
surface and is equal toa ­

1
2 in the case of uncorrelated

Gaussian noise.
For a self-affine rough surface, the change of the heig

correlation function with distancer is given by

Cs$rd ; kfhs$r0 1 $rd 2 hs$r0dg2l , r2a for r ø j .

(1)

At long range, the global behavior is described byCs$rd ­
s2 for r ¿ j. The correlation lengthj can be defined
by a correlation of fluctuations ofhs$rd at two points $r0

and $r0 1 $r [13]:

cs$rd ; khs $r0dhs$r0 1 $rdl 2 khs$r0dl2 ­ s2 2 Cs$rd ,

(2)

which goes to zero when the two heights become un
correlated at the distance of the order ofj. Therefore,
j ­

R
rc dry

R
c dr .

An exact solution of the height correlation function
in the entire range ofr can be determined by the
© 1997 The American Physical Society
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following stochastic differential equation which describe
the fluctuations of local slope on a rough surface:

dsDhd
dr

­ 2
Dh
2j

1 hsrd , (3)

whereDhs$rd ­ hs$rd 2 hs$0d. The first term on the right
hand side is the average local slope, andh is the
noise term that is the source of fluctuations ofDh.
It has zero average. Differing from the uncorrelate
noise [8], the nature of noise in this Letter is describe
by a correlation function. Our main purpose is t
derive a nontrivial average of quenched noise alon
a given interface. Equation (3) has the form of th
Langevin equation for Brownian motion, whose concep
and methods are applicable to a wide class of physic
phenomena. In this paper, the velocity of a Brownia
particle [14] is replaced byDh, the variable time byr, and
the frictional coefficient bys2jd21. Integrating Eq. (3),
squaring it, and taking the mean, we get

kfDhsrdg2l ­ exps2ryjd

3
Z r

0

Z r

0
expfsr1 1 r2dy2jg

3 khsr1dhsr2dl dr1 dr2 . (4)

Our main interest is the noise correlation function. I
cases when the statistics of noise is Gaussian, as is assu
in most applications [1], one has the uncorrelated whi
noise withkhl ­ 0 and

Gsr1 2 r2d ; khsr1dhsr2dl ­ Adsr1 2 r2d . (5)

The constant A is determined by the requirement
kDh2l ­ s2. This gives A­ s2yj2. Substituting
Eq. (5) into Eq. (4) yields

Csrd ­ s2f1 2 exps2ryjdg ­ s2yj 1 . . . ,

for r ø j . (6)

Comparing Eqs. (1) and (6), we obtain (1)a ­
1
2 , and (2) a

generalization of Eq. (6) to the cases ofa fi
1
2 as

Csrd ­ s2h1 2 expf2sryjd2agj . (7)

A straightforward mathematical deduction is used in th
derivation of Eq. (7). We have exponentiated an infinit
series similar to that of Eq. (6). The infinite series1 2

sryjd2a 1 . . . is uniformly convergent in0 # ryj # 1.
At the same time, the roughness exponenta happens to
be significant only within the domain of convergence (se
Fig. 7.4 in [13]). A physical justification has now been
obtained for Eq. (7) whose form was previously propose
but without explanation [13,15]. Equation (7) not only
gives the exact limits ofCsrd when r is either much
greater or smaller thanj as shown in Eq. (1), but is also
in good agreement with the numerical result based
computer simulations [3]. It covers the crossover regio
in the vicinity of ryj ­ 1 between the above mentioned
limits.
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Spectral distribution is often used to discuss the o
served surface topography [16]. An important measure
the surface statistics is the autocorrelation functioncsrd
that is real. For stationary surfaces the autocorrelat
function can be expressed in terms of the power spec
densitycsqd by a Fourier transform:

csqd ­
Z `

2`
csrdexps2iqrd dr

­ 2 Re
Z `

0
csrdexps2iqrd dr , (8)

whereq is the spatial frequency of the undulations on t
surface. The functioncsrd is given by the second term
in Eq. (7) in accordance with Eq. (2). Two special cas
can be calculated analytically:

csqd ­
2s2j

1 1 sqjd2 , for a ­
1
2

, (9)

and

csqd ­
p

ps2j expf2sqjd2y4g , for a ­ 1 . (10)

These two functions are illustrated in Fig. 1, whic
provides us with the essential information about the no
and fluctuations of rough surfaces. Chaotic behavior
marked by a broad band of continuous power spectr
[17]. In Fig. 1, we see such broad spectrum and
relatively uninformative regionqj , 1. Therefore, we
shall focus our attention to the regionqj . 1 in the
following study of correlated noise.

Each Langevin equation has a corresponding Fokk
Planck equation. From this we can derive an integ
equation that establishes the relation between the auto
relation functioncsrd and the noise correlation functio
Gsrd [14]:

dcsrd
dr

­ 2
1

s2

Z r

0
Gsr 2 sdcssd ds . (11)

This integral equation follows directly from a statistic
average of the Fokker-Planck equation for Browni
motion, and it has automatically taken into account t
non-Gaussian memory effect. Replacingiq ­ pyj in

FIG. 1. The surface spectral powercsqd versus the nondi-
mensional spatial frequencyqj of rough surfaces.
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Eq. (8), we consider the Laplace transform of Eq. (11):

Gspd ­
Z `

0
Gsud exps2pud du

­ 2A
pcspd 2 s2

cspd
with A ­ s2yj2. (12)

According to a mathematical theorem [18]

lim
p!`

pcspd ­ lim
u!0

csud (13)

we write the series expansion of the autocorrelatio
function:

csudys2 ­ exps2u2ad

­ 1 2 u2a 1
u4a

2!
2

u6a

3!
1 . . . ,

with u ­ ryj . (14)

Equations (11) and (14) clearly reveal the non-Gaussi
characteristics of a non-Markovian process [19]. Takin
the Laplace transform of Eq. (14) and then substituting
into Eq. (12), we obtain

Gs pd ­ 2A

p
P̀

n­1
s21dn Gs2an11d

n!p2an

1 1
P̀

n­1
s21dn Gs2an11d

n!p2an

, (15)

where G is the gamma function. Whena ­
1
2 , we

get Gs pdyA ­ 1 whose Laplace inversion is the delta
function mentioned in Eq. (5). The Laplace inversion o
the leading term in Eq. (15) gives

khs0dhsrdl ­
s2

j2

Gs2a 1 1d
Gs2a 2 1d

µ
r
j

∂2a22

for
1
2

, a , 1
(16)

in the limit of ryj ø 1. Of course, Eq. (15) is needed for
0 # ryj , 1. Equation (16) is the sought after equatio
for the long-range noise correlation in space whic
is ubiquitous in nature. Interestingly, the long tail is
directly related to the roughness exponent and correlati
length. The strength of the noise correlation depen
also on the standard deviations. Our theory is good
for the anomalous behavior of rough interfaces observ
experimentally with the roughness exponenta ø 0.6 0.8
[2,4–6] that exceedsa ­

1
2 . An uncorrelated power-

law noise has already been reported [8] as a possi
mechanism for the above mentioned experiments
anomalous interfacessa .

1
2 d, and has received a grea

deal of interest. However, one of its severe obstacl
is that this power law is based solely on mathemati
without physical justification [2].

The present theory will be useful for a better unde
standing of the important effect of quenched disorder o
interesting technical problems like wetting [12], adhesio
and diffuse scattering [20]. Consider the wetting of roug
surfaces. The contact angleu of a liquid drop on a rough
1088
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solid can be related to a forceF per unit length on the
contact line by

gscosu 2 cosu0d ­ F 2 Fc , (17)

whereg is the interfacial tension of liquid-vapor interface,
u0 is Young’s contact angle, andFc is the critical
depinning force per unit length. Quenched disorde
plays an important role in the depinning transition [2,3]
Our newly derived correlation functions suggest tha
roughness enhances wetting. Further advances in this a
are needed and can be benefited by good experime
that relate macroscopic behaviorsud to microstructure
ss, j, ad. This could be another example showing the
essence of anomalous interface that exhibits the lon
range noise correlation.

In summary, analytical expressions for the noise corre
lation function, Eqs. (15) and (16), and the height correla
tion function, Eq. (7), have been derived as a function o
the quenched microstructuress, j, ad of a rough surface.
From the calculated behavior of surface spectral powe
we see that the correlated noise should occur in the regi
qj . 1. On the basis of the stochastic differential and
integral equations, a better understanding of the physi
behind the noise with long-range correlation is obtained
The long tail is a result of the non-Markovian fluctuations
on a rough surface which carries a memory effect. I
addition, we have derived thata .

1
2 for the correlated

non-Gaussian noise on a self-affine rough surface. Th
provides a physical justification of the observed anoma
lous roughness exponent. Furthermore, our theory has t
potential to improve the understanding of the wetting o
rough surfaces.
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