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Numerically minimizing a continuous free-energy functional which yields several modulated phases,
we obtain the order-parameter profiles and interfacial free energies of symmetric and nonsymmetric
tilt boundaries within the lamellar phase, and of interfaces between coexisting lamellar, hexagonal,
and disordered phases. Our findings agree well with chevron, omega, and T-junction tilt-boundary
morphologies observed in diblock copolymers and magnetic garnet films. [S0031-9007(97)03772-1]

PACS numbers: 61.25.Hq, 61.41.+e, 83.70.Hq

Modulated phases are found in a surprisingly diverse seéhe negative gradient square term (favoring domains at
of physical and chemical systems, including supercondudarge length scales) and the positive Laplacian square
tors, thin-film magnetic garnets and ferrofluids, Langmuir(preferring a homogeneous state at small length scales).
monolayers, and diblock copolymers [1]. Such phases arBuch a free-energy functional has been used to describe
characterized by periodic spatial variations of the pertinenthe bulk phases of magnetic layers [5], Langmuir films
order parameter in the form of lamellae, cylinders, or cubid6], amphiphilic systems [7], diblock copolymers [8], and
arrangements of spheres or interwoven sheets. This sellhe effects of surfaces on isotropic [9] and hexagonal
organization results from competing interactions: a shortphases [10] of the latter.
ranged molecular one favoring a homogeneous state, and aln our numerical studies, we determine the minimum
long-ranged contribution, which can have a magnetic, elecaf (1) by directly using a conjugate-gradient method,
tric, or elastic origin, favoring domains. Because of thewhich is more convenient than solving the corresponding
modulation, interfaces between different phases or graiuler-Lagrange equation. We discretigeon a square
boundaries within a single phase are most interesting, ydattice, approximate the derivatives by nearest-neighbor
they have received much less attention than those occurrirdifferences, and employ a mesh size sufficiently small that
in solids. Recently, experimental studies of grain boundasdiscretization effects are negligible within the numerical
ries within lamellar phases of diblock copolymer haveprecision. A typical grid contains 40 000 points. Figure 1
been carried out [2,3] which illustrate the rich interfacial shows the resulting two-dimensional bulk phase diagram
behavior exhibited by such systems. In particular, thre@s a function ofy and (a) the average order parameter
morphologies of tilt boundaries [2(b)], denoted chevron,® = (¢)y and (b) the chemical potential. Itis in good
omega, and T-junction, were observed. Such interfaceagreement with previous calculations based on single-
are more difficult to describe theoretically than those bemode approximations [5,6]. In addition to the disordered
tween uniform phases, which have been the subject of clagp) phase, there is a lamelldZ) and two hexagonal
sic work [4]. In this article we study not only tilt grain
boundaries within lamellar phases but also interfaces be-

tween coexisting modulated phases of different symmetry.
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includes an enthalpic term (proportional to the interaction
parametery) that favors an ordered state in whi¢#| FIG. 1. Two-dimensional bulk phase diagram, showing disor-

is nonzero, an entropy of mixing preferring a disordereddered(D), lamellar (L), and hexagonalH) phases, as a func-
state, ¢ = 0, and confining|$| to be less than unity, tion of the interaction strengtly, and (a) the average order

e arameter® and (b) the chemical potentigl. Dashed lines
and derivatives of the order parameter. The ordere& (a) denote triple lines and dashed lines in (b) denote the

state occurs with a modulation of a dominant wavemetastable).-D transitions which exhibit tricritical points (de-
vector ¢* = 1/+/2 because of the competition between noted by solid circles).
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(H) phases, which all join at the critical point & =  Fig. 2(g), in accord with mean-field predictions [11]. To
3/4, w = ® = 0. (In three dimensions, one expectsdemonstrate that the interfacial energyg is indeed
additional cubic phases, which are not studied here.) Fayuite small, we show, with a dashed line, the difference
larger values ofy, the H and L phases each terminate at in bulk free energies between the disordered and lamellar
a triple point, whereas experimentally one sees that thegghases multiplied by one wavelength of the latter. This is
modulated phases exist even for very large valueg.of roughly the cost per unit area of disordering such a width
This unphysical part of the phase diagram is due to &f lamellar phase. Clearly, the actual grain boundary
breakdown of the gradient expansion in (1). bridges the two grains in a manner much less expensive
We first present results for grain boundaries in lamelthan the insertion of a region of disorder. In Fig. 2(h)
lar phases, and begin with the asymmetric tilt grainwe plot the interfacial energies of two distinct GB struc-
boundary (GB) between two perpendicular phases. tures, which are degenerate at= 0, being related by
This is theT-junction of Ref. [2(b)], for which the layer order-parameter reflection symmetryp — —¢. For
continuity between the two adjoining phases is disruptedu # 0 this symmetry is broken, and the two structures
Figures 2(a)—2(c) show order-parameter profitgsfor  correspond to distinct local free energy minima, one
different y and w = 0 (symmetric stripes), while metastable and the other globally stable. The free-energy
Figs. 2(d)-2(f) show profiles for varying chemical po- barriers between such interfacial structures are responsible
tentialsu and y = 1 (asymmetric stripes). Figure 2(b) for slow interface motion and, thus, long healing times in
clearly shows the enlarged end caps noted in experimembultigrain lamellar samples [12].
[1,2], and the series 2(a)—2(c) predicts that they become In Figs. 3(a)—3(c) we show symmetric tilt-boundary
less pronounced with increasing. The GB interfacial (TB) configurations for a fixed angke = 90° between the
energyygs scales asgs ~ (x — xc)* with u. = 3/2,  layer normals as a function of. Here the layer conti-

nuity is maintained across the boundary, anddhevron
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morphology is quite evident. In Figs. 3(d)—3(f), the tilt
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lamellar phases. (a)—(c) Contour plots of the order paramete X 0 80 0 160

profiles foru = 0 and y = 0.78, 1, 1.5; throughout the article

the order parameter rande-1,1] is represented by 20 gray FIG. 3. Tilt boundary (TB) between two lamellar phases.
scales. (d)—(f) Profiles foy = 1 andu = —0.02, 0.02, 0.06. (a)—(c) Profiles foru = 0, a fixed angled = 90° between
(g) GB interfacial energyygg for = 0 as a function ofy, the layer normals, ang = 0.78, 1, 1.5. (d)—(f) Profiles for
showing asymptotic scaling with an exponent= 3/2 (inset). u =0, y = 1, andfd = 28.08°, 53.14°, and126.86°. (g) TB
The dashed line gives the surface free energy density of oniaterfacial energyyrs for u = 0 as a function ofy, showing
lamellar layer for comparison. (h)gg for y = 1 as a function asymptotic scaling with an exponeat. = 3/2 (inset). (h)yrs

of u for two GB configurations which are degenerateuat= 0, for y = 1 as a function of), showing ayz ~ 63 behavior for
but distinct otherwise. small 6 (dashed line) and linear behavior fér— 180°.
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angle is progressively increased at fixgdand one clearly are stable). The metastabhleD boundary is shown as
sees the change from the chevron to tineegastructure. a dashed line in Fig. 1(b). In Figs. 4(a) and 4(d), for
The omega shape of the layers at the boundary results frod = 0°, there is a relaxation of the outermost layers as
frustration due to an imposed local lamellar wavelengththe interface is approached, leading to a small increase in
much larger than the equilibrium value. Figures 3(d)-the wavelength, as in solids.
3(f) resemble micrographs of undulating lamellar patterns Before presenting the interfacial free energies, we
in garnet films [13], and the similarity of Fig. 3(f) to the describe our method of obtaining them because the
micrographs [2(b)] of diblock copolymer TBs is striking. calculation of such free energies between coexisting
The scaling of the TB energyrg is again described by phases which can be modulated is nontrivial [14]. We
an exponentu. = 3/2 [Fig. 3(g)]. Close to criticality, calculate the total free energy;!, of phase | in a box
one finds pronounced reconstruction in terms of a squaremploying periodic boundary conditions parallel to the
like modulation, Fig. 3(a). For small, ytg(8) ~ 63, left and right faces, and reflecting (Dirichlet) boundary
Fig. 3(h), in accord with the bending behavior of elas-conditions on those faces themselves. We adjust the
tic sheets; the? — 180° limit is expected to be linear, length of the box so that the free-energy density is
vre(#) ~ 180° — @, in accord with a description in terms minimized. This occurs when the length of the box
of decoupled dislocations of finite creation energy. is some integer number of wavelengths of the periodic
We now turn to interfaces between thermodynamicallystructure of phase I. The volume of the boXis By this
distinct phases. Interfacial structures between coexistingheans, there isi0 surface contribution to the total free
lamellar and disordered phases for three different valuesnergy, so that the bulk free energy is obtained directly;
of the angled between the lamellae and the interfacef, = F!(V/)/V’. In a similar way we obtainf.' =
are shown in Figs. 4(@)—4(c) foy = 1 (where the F''(V")/V". For the system in I, Il coexistence, we
phases and, therefore, also the interfacial structure amalculate the total free energy in a box large enough that
metastablg and in 4(d)-4(f) fory = 1.5 (where they the order parameters attain their bulk values on the left
and right faces at which reflecting boundary conditions are
employed, and we vary the length of the box to minimize

a) b) c) the interfacial excess free energy. The volume of the box
is V. Again, there are no surface contributions so that
2 we obtain FMN(V,A) = V(fi + f31)/2 + Ayri. As
é the bulk free energies are known, the desired interfacial
' e energy follows directly.
— The interfacial energyp is shown in Fig. 4(g). As
x is decreased, the coexistence betwderand D is
d) preempted by the hexagonal phase [see Fig. 1(b)]. This
is manifest in the behavior of p for ¢ = 90° [dashed
line in Fig. 4(g)] which becomes negative. This value of
vLp IS obtained by assuming an interfacial reconstruction
—— locally resembling the energetically preferred hexagonal
| omm— phase [see Fig. 4(c)]. The valuepfp for ¢ = 0° [solid

line in Fig. 4(g)] remains positive down tg = 0.82
and vanishes there with the classical tricritical exponent

0.08 7 0.06 m« = 2 [15]. Strong anisotropy o p as function ofd
(:}ZS— ’,: Yoo h) is observed [Fig. 4(h)], from which the shape of lamellar
Yoo | 15 / droplets in an isotropic phase can be qualitatively inferred:
004 85t ass s ) 0.03¢ For xy > 1.34 the drops are elongated parallel to the
o lamellae; fory < 1.34 theL andD phases are metastable
Of---- sgos----- at coexistence and the drops are elongated perpendicular
T to the lamellae.

Hexagonal-disordered interfacial structures are depicted
in Figs. 5(a)—5(c); the corresponding interfacial energy
FIG. 4. Lamellar-disordered interface. (a)—(c) Profiles forYup, shown in Fig. 5(g), scales again with. = 2.

x = 1 and different angles} = 0°, 45°, and 90° between Structures for the hexagonal-lamellar interface are plotted
the lamellae and the interface. (d)—(f) Profiles fer= 1.5.  in Figs. 5(d)—5(f), where we chose the mutual orientation
(9) Interfacial energyyp for & =90° (dashed line) and 4 5ccord with the epitaxial relationship found for amphi-

¥ = 0° (solid line), the latter scaling witlx.. = 2 on approach o .
to the metastable tricritical point (inset). () p as a function philic systems [16]. The corrugation of the lamellae near

of the angled for y = 1 (dashed line) and foy = 1.5 (solid  the interfac_e, partic_ularly eviden_t in Fig. 5(d), resembles
line). that seen in experiments on diblock copolymer blends

1 1 1
0° 40° ﬁ 80°
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grain boundaries emerge naturally, as do the expanded end
caps, characteristic of the T-junction. We also calculated
profiles and free energies of interfaces between disordered
and modulated phases, and between modulated phases of
different symmetry. In all but the simplest cases, there is
significant reconstruction which leads to low interfacial
energies. An extreme example of such reconstruction
is the lamellar-disordered interface, which we find to be
wetted by the hexagonal phase at/ai#/-D triple point.
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