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Intense Laser Pulse Propagation and Stability in Partially Stripped Plasmas
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In a partially stripped plasma the presence of bound electrons can significantly alter the propag
and stability of intense laser pulses. In the presence of both free and bound electrons, an atomic
ulation instability develops that can have a growth rate substantially higher than either the conven
relativistic modulational instability or the forward Raman instability. In addition, the filamentati
instability can be significantly enhanced by bound electrons while the backward Raman instabili
unaffected. [S0031-9007(97)03730-7]
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The propagation of intense laser pulses in plasmas
relevant to a wide range of applications, such as x-r
lasers [1], laser fusion [2], laser-plasma accelerators [3,
harmonic generation in plasmas and gases [5,6], and la
plasma channeling [7–9]. In many experiments the io
are not fully stripped and hence the propagation mediu
consists of both free and bound electrons. We find th
bound electrons can lead to an atomic modulation ins
bility (AMI), which can dominate the conventional rel-
ativistic modulational instability (RMI) [10–12] and the
forward Raman scattering (FRS) [12–14] instability. Th
AMI requires both free and bound electrons, i.e., the fr
electrons provide anomalous group velocity dispersi
(GVD), whereas the bound electrons provide self-pha
modulation. In addition, bound electrons can result in a
atomic filamentation instability (AFI), which can dominate
the conventional relativistic filamentation instability (RFI
[10–12].

The refractive index associated with an intense las
pulse in a partially stripped plasma ish ­ 1 1 Dh, with
Dh ­ h0 2 1 1 Dhp 1 Dhpw 1 Dhr 1 Dha and
jDhj ø 1, whereh0 > 1 is the linear index associated
with the bound (atomic) electrons,Dhp ­ 2v2

py2v
2
0 is

the linear contribution from the free (plasma) electron
Dhpw ­ Dhpsdhpynpd is the nonlinear contribution
from the excited plasma wave,Dhr ­ 2Dhpa2

0y4
is the relativistic contribution from plasma electrons
and Dha ­ h2I is the nonlinear contribution from the
bound atomic electrons. In the above,v0 ­ 2pcyl0 is
the laser frequency,l0 is the laser wavelength,vp ­
s4pq2npymd1y2 is the plasma frequency,np is the ambient
plasma density,dnp is the perturbed plasma density,a0

is the normalized (unitless) peak amplitude of the las
vector potential,h2 is the nonlinear refractive index
associated with the bound electrons, andI is the time
averaged laser intensity. For a linearly polarized las
beama2

0 ­ 7.32 3 10219l
2
0fmmg IfWycm2g.

Self-focusing of the laser pulse requires that the r
dial gradient of the refractive index be negative, i.e
≠Dhy≠r , 0. It can be shown that the condition fo
self-focusing isspr0yl0d2 Dhr ,a $ 1, where r0 is the
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laser spot size andr2
0 Dhr ,a is proportional to the laser

power. This implies that the refractive indices assoc
ated with the relativistic plasmaDhr and bound electrons
Dha can individually cause focusing of the laser puls
if certain critical power levels are exceeded [3,8–10,15
17]. For linearly polarized light with a Gaussian trans
verse profile, the critical powers for relativistic focusing
in a plasma [3,16] and nonlinear focusing in a gas [9,1
are, respectively,Pp ­ 2csqyred2sv0yvpd2, and Pa ­
l

2
0ys2ph0h2d, where re ­ q2ymc2 ­ 2.82 3 10213 cm

is the classical electron radius. The ratio of the critica
powers can be much greater than unity and scales w
laser frequency to the fourth power,

R ­
Pp

Pa
­

1.22 3 1040h0h2fcm2yW g
l

4
0fmmg npfcm23g

, (1)

where h2 is proportional to the atomic gas density,na.
For example, takingh2 > 10219 cm2yW for typical gases
at STP,np ­ na ­ 2.7 3 1019 cm23 andl0 ­ 0.5 mm,
we find thatR > 720 (Pp ­ 2.8 TW andPa ­ 3.9 GW).
In a partially stripped plasma, ifR ¿ 1, the bound
electrons have a much greater effect on the focusing
the laser pulse than the free electrons.

The wave equation for a laser pulse propagating
a partially stripped plasma iss=2 2 c22≠2y≠t2dE ­
4pc22≠JT y≠t, where JT ­ ≠Py≠t 1 Jp is the total
current density,E is the laser electric field,P is the
polarization field associated with the bound electron
and Jp is the plasma current density. The polarizatio
field can be expressed byP ­ fx s1d 1 x s3dsE ? EdgE,
where x s1d sx s3dd is the linear (third order) suscepti-
bility associated with the bound electrons. The tim
averaged refractive index of the bound electrons
h ­ h0 1 h2I, whereh0 ­ s1 1 4px s1dd1y2 is the lin-
ear index,h2 ­ 8p2x s3dyh

2
0c is the nonlinear refractive

index, and I ­ scy4pdh0kE ? El. For the expansion
of the polarization field in powers of the field to be
valid we requireI ø sh0 2 1dyh2, i.e., a2

0 ø 7.32 3

10219l
2
0fmmg sh0 2 1dyh2fcm2yWg.

Values of x s3d for partially stripped atoms are not
commonly known but can be readily calculated. For th
© 1997 The American Physical Society
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purpose of estimating these values, we will assume
charge state is small compared to the atomic number a
therefore,xs3d for a partially stripped atom is expected
to be within an order of magnitude of the neutral ato
value. Near resonances, however, large changes inx s3d

andx s1d can occur. The nonlinear susceptibilityx s3d for
an ionized atom can be estimated if the charge state is sm
compared to the atomic number and the optical frequen
is far below any atomic resonance. The ratio of th
nonlinear susceptibilities of the ionized atom to the neutr
atom isx

s3d
1 yx s3d ø sUIyU1

I d3, whereUI is the ionization
potential for the neutral atom andU1

I is the ionization
potential for the ionized atom. As an example, for X
gas, UI ­ 12.1 eV, U1

I ­ 21.2 eV (for singly ionized
state), andx

s3d
1 yx s3d > 0.18. It is important to note that

the validity of the present analysis is not contingent o
x s3d being accurately known. Our results are expressed
terms of the effective value ofR, which is proportional to
x s3d for a partially stripped atom, and examples are give
for a wide range ofR. The assumption that the averag
charge state is small compared to the atomic numb
implies that the intensity is lower than the threshold fo
ionization of the next charge state and the laser pu
length is sufficiently short so as to avoid further electro
collisional ionization.
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It is convenient to write the wave equation in term
of the normalized vector potentiala, and to use the
Coulomb gauge,, ? a ­ 0. The radiation field is
assumed to consist of plane waves polarized in thex
direction of the forma ­ sap 1 a1 1 a2dêx whereap

denotes the pump,a6 are the anti-Stokes and Stoke
sidebands, andja6j ø japj. The pump wave is repre-
sented byap ­ sa0y2d expfisk0z 2 v0tdg 1 c.c., while
the sidebands are given bya1 ­ sâ1y2d exphifsk0 1

kdz 1 k'y 2 sv0 1 vdtgj 1 c.c., anda2 ­ sâ2y2d 3

exphifsk0 2 kdz 2 k'y 2 sv0 2 vpdtgj 1 c.c., where
k0 and v0 are the wave number and frequency of th
pump, k, k', and v are the real axial wave number
real transverse wave number, and complex freque
of the sidebands, andp denotes the complex conjugate
The amplitude of the pump and sidebands are r
and given by a0 and â6, respectively. The plasma
current density, correct to third order ina, is [3,14]
Jp ­ qnpcs1 1 dnpynp 2 a ? ay2da, where the term
proportional to a ? a is due to relativistic changes in
the electron mass. The perturbed plasma density [3,
is given by s≠2y≠t2 1 v2

pddnpynp ­ sc2y2d=2sa ? ad,
where=2 ­ ≠2y≠y2 1 ≠2y≠z2. SubstitutingJp, together
with the polarization field in terms ofa, into the wave
equation yields
ar

y
is a

ctrons.
t with a
etically

, the two

inate
µ
=2 2 h2

0c22 ≠2

≠t2
2 k2

p

∂
a ­ k2

p

dnp

np
a 2

k2
p

2

Ω
sa ? ada 2 Rv24

0
≠

≠t

∑µ
≠a
≠t

?
≠a
≠t

∂
≠a
≠t

∏æ
, (2)

wherekp ­ vpyc andR is effective value in a partially stripped plasma.
The nonlinear dispersion relation for a linearly polarized pump wave ish

2
0v

2
0yc2 2 k2

0 2 k2
p 1 k2

pfa0a2
0 1

s3y8dRa2
0g ­ 0, where R is given by Eq. (1) anda0 ­ 3y8 2 s1y8d sck0d2ysv2

0 2 v2
py4d is due to relativistic and

nonlinear plasma wave effects. The term proportional tos3y8dRa2
0 in the dispersion relation represents the nonline

effects of the bound electrons and can be substantially greater then the plasma terma0a2
0 > a2

0y4. The resonant term in
the expression fora0, i.e., the term proportional tosv2

0 2 v2
py4d21, is due to the nonlinear plasma wave at frequenc

and wave numbers2v0, 2k0d. In the present model propagation slightly below the plasma frequency is possible and
result of the partial cancellation of the linear plasma current by the nonlinear polarization current of the bound ele
Propagation far below the plasma frequency, however, can be achieved by canceling the linear plasma curren
nonlinear plasma current induced by the beating of two electromagnetic fields. This is referred to as electromagn
induced transparency in plasmas [18].

To analyze the instabilities, we solve Eq. (2) together with the equation fordnp to ordera2
0â6 giving

hD1 2 V2
0fc2sk2 1 k2

'dyD 2 1 2 s3y2dRsss2sv0 1 vd2 2 v2
0 dddyv2

0gj

3hD2 2 V2
0 fc2sk2 1 k2

'dyD 2 1 2 s3y2dRsss2sv0 2 vd2 2 v2
0dddyv2

0 gj

­ V4
0 fc2sk2 1 k2

'dyD 2 1 2 s3y2dRsv2
0 2 v2dyv2

0 g2, (3)

whereD6 ­ h
2
0v2 2 c2sk2 1 k2

'd 6 2sh2
0v0v 2 c2k0kd, V

2
0 ­ v2

pa2
0y4, andD ­ v2 2 v2

p . In the limit R ! 0,
Eq. (3) reduces to previous results [12]. Because of the assumed polarizations of the pump and sideband waves
plasmon decays2vpd instability is not described by the dispersion relation, Eq. (3).

The presence of bound electrons in a partially stripped plasma can result in an AMI which can completely dom
both the conventional RMI and FRS whenR ¿ 1. For k' ­ 0, the AMI growth rate is

G ­ sckv2
py2v2

0d fs1 1 3Ry2da2
0y2 2 sckyv0d2g1y2, (4)
1047
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and extends from k ­ 0 to k ­ kmax ­ sv0a0yp
2 cd s1 1 3Ry2d1y2 and peaks at k ­ kmaxy

p
2.

Since the range of wave numbers over which the AM
exist is broad, it will be less sensitive to laser inco
herence or plasma in homogeneities than the RMI
FRS. The maximum AMI growth rate is given by
G ­ sv2

pa2
0y8v0d s1 1 3Ry2d. Note that the maximum

growth rate for the conventional RMIsR ­ 0d [10,12]
is G ­ v2

pa2
0y8v0 and occurs atk ­ v0a0y2c ø kmax.

The ratio of the maximum growth rate for the AMI to
the conventional RMI is1 1 3Ry2, which can be much
greater than unity. In the limitnp ! 0, Eq. (4) implies
that kmax ! ` and, for finite k, the AMI growth rate
scales asG , n

1y2
p ! 0. Hence, the AMI is stable in

the absence of a plasma. The physical mechanism
the AMI is due to anomalous GVD that is provided
by the plasma electrons, and self-phase modulati
that results from the nonlinearities associated with th
bound electrons [19]. The GVD due to bound electron
can be neglected compared to that of the free ele
trons. GVD is measured by the parameter [19]b2 ­
c21≠2sv0hdy≠2v0. The plasma contribution tob2 is
b2p ­ 2v2

pycv
3
0 > 210228 sec2 ycm (for v0yvp >

10 andl0 > 1 mm) and is typically opposite in sign and
103 times greater in magnitude than the contribution from
usual gases at STP. Plasma waves do not play a role
the AMI.

The growth rate for the FRS instability (fork' ­ 0)
peaks atk ­ vpyc and is distinct from the AMI insta-
bility for Ra2

0 , s4y3dv2
pyv

2
0 . For Ra2

0 ø s4y3dv2
pyv

2
0

the FRS growth rate atk ­ vpyc is given by the conven-
tional expression [12–14],G ­ v2

pa0y23y2v0. As Ra2
0

increases and approachess4y3dv2
pyv

2
0 the two instability

growth rates merge. ForRa2
0 ¿ s4y3dv2

pyv
2
0 the FRS

instability is dominated by the AMI. The ratio of the
maximum growth rate for the AMI to the conventiona
FRS instability iss3

p
2y8dRa0. The Raman backscatter

instability, on the other hand, is unaffected by the pre
ence of bound electrons.

The filamentation instability can also be strongly af
fected by bound electrons. Takingk ­ 0, the AFI growth
rate is

G ­ sck'vpy2v0d fs1 1 3Ry2da2
0y2 2 sck'yvpd2g1y2,

(5)
and extends fromk' ­ 0 to k' ­ k' max ­ svpa0yp

2 cd s1 1 3Ry2d1y2 and peaks atk' ­ kmaxy
p

2. The
maximum growth rate for the AFI isG ­ sv2

pa2
0y

8v0d s1 1 3Ry2d, which is identical to the maximum
AMI growth rate. For R ­ 0, the growth rate of the
conventional RFI for a plasma is recovered [10,12
whereas forR ¿ 1, the growth rate of the conventiona
filamentation instability for a neutral gas is recovere
[17]. The ratio of the peak AFI growth rate to the pea
RFI growth rate is1 1 3Ry2, which can be much greater
than unity. The effect of the AFI is to transversely brea
up the laser pulse into filaments, each having a transve
1048
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FIG. 1. Normalized modulation growth rate,Gyvp, versus
normalized longitudinal wave number,ckyvp, for v0yvp ­
10, a0 ­ 0.01, and R ­ 0 (solid curve), R ­ 200 (dotted
curve), and R ­ 400 (dashed curve), wherek' ­ 0. The
amplitude of the FRS peak forR ­ 0 is indicated by an arrow.

dimensionr' > 2yk' and a power per filament roughly
equal to the critical power. The power per filamen
is P ­ Ipr2

' > Is4pyk2
'd > Ppys1 1 3Ry2d > Pa,

where k' ­ svpa0y2cd s1 1 3Ry2d1y2 corresponds to
the maximum growth rate. This model assumes th
the transverse dimension of the laser pulse is grea
than r'. For the filamentation instabilitysk ­ 0d, the
sideband frequency is purely imaginary, i.e.,v2 , 0.
The instability, therefore, is purely growing in time and
does not propagate transversely out of the laser puls
Plasma waves are not excited in the AFI fork ­ 0.

Growth rates from solutions of Eq. (3) are shown
in Figs. 1–3 for a0 ­ 0.01 sI ­ 1.4 3 1014 Wycm2

for l0 ­ 1 mm) v0yvp ­ 10 (np > 1019 cm23 for
l0 ­ 1 mm) and various values of the effectiveR ranging
from 0 to 400. In these figures the growth rates and wav
numbers are normalized tovp and vpyc, respectively.
Figure 1 shows the modulational growth ratesk' ­ 0d
for R ­ 0, 200, and 400. Figure 2 shows the filamen
tation growth ratesk ­ 0d for R ­ 0, 200, and 400.
Figures 3(a) and 3(b) show the growth rates as a functio
ckyvp and ck'yvp for (a) R ­ 0 and (b) R ­ 400,
respectively, wherea0 ­ 0.01 and v0yvp ­ 10. The

FIG. 2. Normalized filamentation growth rate,Gyvp , versus
normalized transverse wave number,ck'yvp , for v0yvp ­
10, a0 ­ 0.01, and R ­ 0 (solid curve), R ­ 200 (dotted
curve), andR ­ 400 (dashed curve), wherek ­ 0. TheR ­ 0
growth rate is not discernible on this scale.
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FIG. 3. Surface plots of normalized growth rate as a functio
ckyvp , and ck'yvp , for (a) R ­ 0 and (b)R ­ 400, where
a0 ­ 0.01, v0yvp ­ 10. Note the change in scale in (a)
and (b).

R ­ 0 curves correspond to the conventional results for
fully stripped plasma. Figure 1 shows the convention
sR ­ 0d FRS growth rate, which has a maximum o
Gyvp > 7.2 3 1024 and is narrowly peaked about
ckyvp > 1, however, the conventional RMI growth
rate, which has a maximum ofGyvp > 1.3 3 1026

at ckyvp > 5 3 1022, is not discernible on this plot.
Similarly, the conventionalsR ­ 0d RFI growth rate,
which has a maximum ofGyvp > 1.3 3 1026 at
ck'yvp > 5 3 1023, is not discernible in Fig. 2. Fig-
ure 3(a) shows the conventional Raman forward an
side-scatter growth rates peaked nearckyvp > 1 (the
RFI and RMI growth rates are not discernible on thi
scale). ForR ¿ 1, the growth rates of the AMI, AFI, and
FRS instability are significantly enhanced. ForR ¿ 1,
Fig. 1 (Fig. 2) shows the AMI (AFI) growth rate rising
from zero atk ­ 0 sk' ­ 0d, reaching a maximum at
k > kmaxy

p
2 sk > k' maxy

p
2d, and decreasing to zero a

k > kmax sk' > k' maxd. Figure 3(b) shows the growth
rates as functions ofk andk' for R ­ 400 and indicates
that the maximum growth rates for the AMI and AF
are approximately equal. The growth rate of the Ram
instability nearckyvp > 1 is also enhanced. Note tha
the Raman peak in Fig. 3(b) is not fully resolved due t
the coarse grid used in the surface plot.
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