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Reentrance Phenomena in a Bistable Kinetic Model Driven by Correlated Noise
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In this Letter we discuss a bistable model driven by two white noise sources, when the correlation
time of the correlations between two sourceds nonzero. We find that there is a critical value
of the correlation timer.. For 7 > 7., the system undergoes a succession of two phase transitions
(namely, the reentrance phenomenon) as the strength of the correlations between two noise sources
A is varied. However, forr < 7., the system undergoes a (single) phase transition &s varied.
[S0031-9007(96)01943-6]
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The study of dynamical systems disturbed by noisehe field of stochastic processes. Some of these investiga-
is recurrent in many contexts of physics and othettions were concerned with the steady-state statistical prop-
sciences. Particularly for nonequilibrium systems, whereerties of systems [16—20]; others were concerned with the
noise plays a crucial role[1,2], the noise-induced transitioriransient problems [21]. Now a question to be raised is
has been intensively investigated. The effects of coloredf similar peculiarities studied by Castet al. [9] can be
noise (i.e., fluctuations of intensity with a correlation found in other models driven by correlated noise.
time 7) have attracted a great deal of interest in recent In this Letter we analyze a general bistable system
years. Different theories have been used to deal witliriven by two white noise sources, when the correla-
the colored-noise problem, for instance, the conventiondion time of the correlations between the two sources is
small-r theory [3,4], the functional-calculus theory of Fox nonzero, by using the conventional smalitheory [4].

[5], the decoupling theory (often called Hanggi ansatz)Our results show that a novel feature corresponding to the
[6], the unified colored-noise theory [7], and the recentreentrancelike phenomenon is indicated by the phase dia-
interpolation procedure [8]. gram of the system.

Recently, Castreet al.[9] presented an analysis of a A typical case with correlation noise terms is described
chemical reaction system, when it is forced by one coloredby the following general stochastic differential equation
noise source, by using the interpolation procedure which .
is an extension of the unified colored-noise theory and (1) = f) + £1(0)€@) + g200)n (1), 1)
allows us to study botr — 0 andr — « cases. They where &(r) and n(r) are Gaussian white noise sources
showed that the system undergoes a purely noise-inducedth zero mean, and
transition from a monostable regime to a bistable one,

/ — 4l
then to the monostable regime asncreases, namely, a (€)= 2Dé(r — 1), (2)
succession of two phase transitions when the correlation A ,
time is monotonically varied. This type of nonequilibrium (n(O)n(t')) =208(r — 1), (3)
transitions phenomenon has been called the reentranwéhereD andQ are the intensities of the noise. Here we
phenomenon [9]. assume
The largest amount of work about fluctuations has been AJOD

referred to the consideration of systems with just one noise(£(t)n(t')) = (n(t)é(t')) = exd—lt — ¢'|/7]
source. However, more realistic models of physical sys-
tems require considering various noise sources, for ex- — 2A/0OD 8(t — ), ast— 0, 4

ample, the laser models [10], the lattice model [11], th&p \yhich - is the correlation time and is the strength of
structure-formation process in liquid crystals [12], the iM-{ha correlations betweef(r) and 7 (7).

perfect pitchfork bifurcation in superfluid turbulence inlig- 5 general equation satisfied by the probability of the

uid helium [13], etc. Though various sources are presentrjz’j{groCeSS (1) with (2)—(4) is given by [4]
simultaneously in some stochastic processes, they are

. - - . _ a a a
sumed to have dl_fferent_orlglns and are treqted as mde_pen 2 px,t) = =2 F)P(e1) — — g1(x)
dent random variables in most of the previous investiga- at dx ax
tions [10—15]. However, in certain situations they may

T

have a common origin and thus may be correlated with X {£(0)dx(r) — x])
each other as well [16—21]. The study of dynamical sys- 9
tems with correlation noise terms has attracted attention in — o 8w (n@)d[x(r) — x], (5)
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where P(x,t) = (8[x(t) — x]); the average (5) can be bistable(a < a.) distribution occurs:

calculated for Gaussian nois@(r) and &(r) by the —— 2
Novikov theorem [22]. The Fokker-Planck equation of %[128T3A3(QD)3/2 _ AOD( T+ 2acr + 4D7)}

the smallr approximation for (1) is obtained following b3
. [4]: 1 ¢+t D
Refa [4] ) too [a - 48b72)l2QD} = 0. (15)
a—P(x,t) = —— f(X)P(x,1) The calculations presented in this Letter are rather stan-
t dx .
5 5 dard. However, the conclusions that can be drawn from
+ D—gi1(x)— g1(x)P(x, 1) the above results are interesting.
dx dx

When the correlation time is fixed, we have plotted
the curve of the critical value. of the steering parameter
a as a function of the strength of correlations between
9 9 two sourcesh in Fig. 1(a). Remember that the critical
to- gz(X)a g2(x)P(x,1) valuea, is negative for the bistable system Eq. (9). The
presence of the correlation between two sources causes
+ /0D 9 g2(x)i h(x)P(x,t), (6) the critical curve separating the bistable region (above the
dx dx curve) and monostable region (below the curve) in the

+ AWOD L= g1 (0L hy(x)P(x. 1)
0x 0x

with phase diagram of the system. The phase diagram makes

hi(x) = g1 {1 + 761x) [f(x)/g10)]}, (7) it apparent that, for some regions of valuesapfand for
— + n. small values of the strength, the system is found in
hax) = g() {1 + 782(0) [/ (x)/g2(0)]'} (8) a bistable phaséP,). After increasingA beyond some

Consider now the single bistable kinetic model [14,17, oqp g value, the system undergoes a transition to a

19] ) 3 monostable phasgP,;). However, if we further increase
x(t) = —ax — bx” — x£&(t) + (1) A, the system goes back to a bistable ph@g; that is,
(a <0,b>0). (9) the system undergoes a succession of two phase transitions

(P, — P, — Py)when the strength of correlation between

two sources\ is monotonically varied. The horizontal thin

line in Fig. 1(a) corresponds to a path of a succession of

two phase transitions.

9P(x, 1) _ 9 [F(x) + aﬁ G(x)i|P(x, 0, (10) A natural question is whether this reentrancelike phe-
X

Equation (9) is a special case of Eq. (1) wiflix) =
—ax — bx?, g1(x) = —x, andg,(x) = 1. The Fokker-
Planck equation can be obtained from (6)

at dx nomenon can also occur in the whole regions of values of
where - correlation time. In Fig. 1(b) we have plotted the curves
F(x) = bx® — 3bT/\\/QD x? of a. as a function ofA for several values of correlation

time. We find that there is a critical value of correlation

+ (@ — D)x + AWOD(1 + a7), (11) time 7. [which is determined by Eq. (15)], the reentrance
phenomenon exists only far > 7. as the strength is

G(x) = 5b7A/QD x> + Dx? varied [e.g., the case aof = 0.2 or 0.3 in Fig. 1(b)]. Oth-
erwise there is only a (single) phase transition &svaried
+ A/OD (ar — 2)x + Q. (12) [e.g..thecaseaf = 0.00r0.1inFig. 1(b)]. Moreover, if

the system is situated under the= 0.0 curve (e.g., point

The steady-state distribution of Eq. (10) is 7 . : ;I n
y a- (10) M), fixing the strength\, an increasing correlation time

Pu(x) = N[G)]™! exp{— fx dxF(x) } (13) Wil only lead to a (single) transition from the monostable
G(x) phase to a bistable one.
Although we cannot give the explicit expressionRaf(x) Although the reentrance phenomenon is studied by
here, yet we can give two important results. Castroet al. [9] and by us, respectively, yet there is an
(i) The extrema of the steady-state distribution (13) areessential difference. The phenomenon studied by Castro
determined by the following equation of third order: et al. originates from the color effects of the colored noise,
3 _ but the phenomenon studied by us originates from the
[x + 47AJODT + [(a + D)/b — 48b7°A*QD] correlative effects and the color effects of the correlations

between two white noise sources. In addition, Castro
X [x + 47A/OD] + 12873A3(0D)**  al. [9] show that the reentrance phenomenon occurs as the
correlation time of colored noise varies, while we find
— MWOD(1 + 2ar + 4D7)/b = 0. that this phenomenon can also occur as the strength of
the correlations between two white noise sources varies.
(14)  Therefore the reentrance phenomenon studied by us is not
(i) The equation of the critical parameter at which  exactly the same as the one studied by Castral. [9],
the transition between the monostalide> a.) and the but is nevertheless interesting.
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