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Gauge-Invariant Decomposition of Nucleon Spin

Xiangdong Ji*
Center for Theoretical Physics, Laboratory for Nuclear Science and Department of Physics,
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

and Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195
(Received 20 March 1996

| introduce a gauge-invariant decomposition of the nucleon spin into quark helicity, quark orbital,
and gluon contributions. The total quark (and hence the quark orbital) contribution is shown to
be measurable through virtual Compton scattering in a special kinematic region where single quark
scattering dominates. This deeply virtual Compton scattering has much potential to unravel the quark
and gluon structure of the nucleon. [S0031-9007(96)02221-1]
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The spin structure of the nucleon reflects interest- The angular momentum operator in QCD is defined
ing nonperturbative physics in quantum chromodynamicg&ccording to the generators of Lorentz transformation,
(QCD). From the recent data on polarized deep-inelastic D 3o
scattering [1], one finds that abo@0 *+ 15)% of the nu- Jt = €Y fd x M7, 1)
cleon spin is carried by quark spin or helicity [2]. Natural " . .
questions are then where is the remainder of the nucleovﬁ/hereMou Is the angular momentum denVS|ty, expressible
spin? How can it be measured or calculated? This Lettel" terms of the energy-momentum tengat” through
attempts to provide answers to them. MR =T xk — Tx". )

Intuitively, the candidates for the “missing” spin are T#" has the Belinfante-improved form and is symmetric,
the quark and gluon orbital angular momenta and gluogauge invariant, and conserved [5]. It can be separated
helicity. In QCD, they can be identified with matrix into gauge-invariant quark and gluon contributions,
elements of certain quark-gluon operators in the nucleon TH = TH + T, (3)
fake free-field expressions and are not gatige nvariant fye"® (e Quark partis_ —

- 11— . - .
an interacting gauge theory. Hence it is doubtful that "= APy HiD "y + gy iy, (4)
their matrix elements have any experimental significanceand the gluon part is

although they can be calculated in theory, for instance, on Ty = %g’”F2 — FFYFY,, (5)

a lattice, with a fixed gauge. . ~_ where(ur) denotes symmetrization with respect o

In this Letter | show that there exists a gauge-invarianingices. | will ignore the issues of regularization, gauge
decomposition of the QCD angular momentum operatofixing, and trace anomaly [6], as they do not affect the
into quark and gluon contributions. The quark part canollowing discussion.
be separated further into the usual quark helicity plus the Fqr the above equations, one sees the&in be written
gauge-invariant orbitalcontribution. There exists, how- F ; 3 — 3 3
ever, no gauge-invariant separation of the gluon part intgs a gauge-invariant susbyep = J; + J, where
helicity and orbital contributions, although high-energy J(;’g — %eijkf d3x(T2§xj _ Tﬁ},"gxk% (6)
scattering favors such a separation in the lightlike gauge 4
and infinite momentum frame. The gauge-invariant quarkn pure gauge theoryl, by itself is a conserved angular
and gluon contributions to the nucleon spin are showmomentum charge, generating spin quantum numbers for
to asymptotically approach ratit6:3n;, whereny is the  glueballs. It is clear thal, andJ, are interaction depen-
number of active fermion flavors. This result is inciden-dent and thus differ from the corresponding expressions
tally the same as what Hoodbhoy, Tang, and | have deriveth free-field theory.
previously in a gauge noninvariant formulation [4]. The To understand the physical content of the gauge invari-
gauge-invariant expression for the angular momentum opantJ, andJ,, one can reexpress them using QCD equations
erator allows one to calculate meaningfully fractions of theof motion and superpotentials [3,5]. After some algebra,
nucleon spin carried by quarks and gluons. Furthermoreyne finds

it allows them to be measured in deeply virtual Compton . .

scattering (DVCS) in which the virtual photon momentum Jy = f dxyiyys + X X (=iD)y,
approaches the Bjorken limit. DVCS gives an access to a )
new class of nucleon observables—the off-forward parton 3 = f Bx[% X (E X B)]
distributions—which are a generalization of ordinary par- 8

ton distributions and elastic form factors. where color indices are implicit.
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It is instructive to compare the above gauge-invariant According to Eq. (6), thep? evolution of the quark
form of the angular momentum operator with the free-and gluon contributions to the nucleon spin is the same
field expression [3]. Because the interaction betweers that of matrix elements df/¢. The reason is quite
quarks and gluons contains no derivative, one can writsimple: forming spatial moments af,"” and7:~ does
Jocp = ffq + ffg Wherejq,g are interaction independent not change the short-distance singularity of the operators.
(except in the definition oﬁ), On the other hand; in Rel‘. [4], it was shown that the

. . matrix elements oqu and jg have the same leading-
jq = f Ex i yys + % X (—id)ly, log evolution as the quark and gluon contributions to the
®) nucl_eon mqmentum. If both resultssabT(lve are consistent,
jg _ f Br[(E X A) — E;(X X 9)A;]. the mteractlon-dependent termg fd PrX X A¢, shall
not affect the leading-log evolution in the lightlike gauge.
Here each term has a straightforward interpretation: Botlndeed, an explicit calculation confirms this. If one
the quark and gluon angular momenta are sums of spidefines
and orbital contributions. In the presence of gauge . .
interactions:fq and:fg, as well as the individual terms in J4.2(0%)2S = (PS13,,(Q)IPS), (10)
them except the quark helicity, are gauge independent.

The gluon angular momentuﬁg does not admit further
gauge-invariant decomposition as spin and orbital con- 1 3n, In Q3 /A2 \2(16+31,)/(33~2ny)
tributions, contrary to the quark case. If one disregardslq(Qz) = — ! < 0 )

: e : 2 16 + 3ny InQ2/A2
the issue of gauge invariancd, can be viewed as a
sum of three terms: two terms ik in Eg. (8) and 2y _ | 3ny
1 X | J4(Qg )

the leading-log2? dependence is simply,

an interaction-dependent termg [ d>yt% x Ay. The 216 + 3ny (11)
term S, = fd3x E X A has the simple interpretation as 5 1 16 In Q%/Az 2(16+3n,)/(33—2ny)
the spin of gluons in thet® = 0 gauge [3,7,8]. In the J(Q7) = 216 + 3n, + <In Qz/A2>

infinite momentum frame (IMF), the gauge condition be-

comesA* =0 and the rotational generators are con- % [J (0}) — 1 L}

structed from the density/*. The nucleon matrix 2 16 + 3ny

element ofS, in the lightlike gauge and IMF is measur- )

able in high-energy scattering. In fact, the first momentvhere n; is the number of quark flavors/, + J, =

of the polarized gluon distribution g(x) gives [7,8] 1/2). As Q* — =, the partition of the nucleon spin
1 . . between quarks and gluons approaches the i /,
[0 Ag(x) dx2S = (PS|O|PS), (9) the same as the asymptotic partition of the nucleon

Al , . , momentum derived by Gross and Wilczek [9].
Where_O is a gauge-invariant operator which _reduces The gauge-invariant form of the QCD angular momen-
to S, in the _A+ = 0 gauge and IMF. To maximally ,m operator allows one to meaningfully calculate and
utilize this piece of experimental information, one canmeasyre the fraction of the nucleon spin carried by quarks
define the gluon orbital angular momentuin, as the  and gluons. Recently, Balitsky and | have estimatggd
differenceJ, — S,. The nucleon matrix element df,  at the scale of 1 GeV using the QCD sum rule method
in the lightlike gauge and IMF can be deduced from[10]. To see how they can be measured in an experiment,
the matrix elements 0§, andJ, and might offer some | define the form factors of the quark and gluon energy-
insights on the spin structure of the nucleon. momentum tensors

|
(P'ITEL|P) = T(P') [Ag(A2)y WP + By o(ADYPWio" Ay /2M + Cyy(A%) (AAY — gH"A%)/M
q.8 q-8 4,8 q-8
+ Cog(A%)g"" MIU(P), (12)

where P* = (P* + P#)/2, A* = P# — P and | Thus, to find the quark and gluon contributions to the
U(P) is the nucleon spinor. (An analogous equationnucleon spin, one has to measure Biform factor, which

for the full tensor was considered by Jaffe and Manohais analogous to the Pauli form factor for the vector current.
[3].) Taking the forward limit forx. = 0 and integrating Since there is no fundamental probe that couples sepa-
over 3-space, one finds that ,(0) give the momentum rately to the quark and gluon energy-momentum tensors,
fractions of the nucleon carried by quarks and gluonst appears hopeless to measure the form factors. On the
[A,(0) + A,(0) = 1]. On the other hand, substituting other hand7.; does appear in the operator product expan-
the above into the nucleon matrix element of Eq. (6), onesion (OPE) for the product of vector currefits, (£)Jz(0),

finds and thusB, ,(0) is accessible through deep-inelastic sum

Jog = %[Aq,g(o) + By¢(0)]. (13) rules, like whatA, ,(0) is measured. The complication,
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however, is that th&, ,(0) term does not contribute to the
forward matrix element and so the usual inclusive deep- q wﬁ"‘;ﬁ:q A
inelastic process is useless in this regard. A way to get
around this is to measure the off-forward matrix element
of TJ,(£)J3(0) and extrapolating the form factors to the kAN k+A
forward limit. The natural process to do this is the Comp-
ton scattering [11]. To ensure there is an OPE, one has to - D
have one of the photons far off-shell and single-quark scat- P P=P-A
tering dominating the process. To emphasize this speci<i'1_JIG 1
kinematic region, | call the process DVCS. .
Consider virtual Compton scattering with a virtual pho-
ton of momentumg* absorbed by a nucleon of mo-
mentumP#, and an outgoing.real photon of momentum |ntroduce two lightlike vectorsp* = A(1,0,0,1) and
g'* = g* — A*, and a recoil nucleon_ of mqmentum n* = (1,0,0,—1)/(2A), with p2 =n2> =0, p - n = 1,
P'# = P + Ak. The deeply virtual kinematics refer and A arbitrary. | expand other vectors accordingté,
to CI'U‘ in the BjOI’zken Ilmlt, namely,Q2 = _q2 — o0, n*, and transverse vectors,
P - g — ©, andQ*/P - q finite. Given the kinematics — —
above, it is easy to show that the only dominant scatter- P* = p¥ + (M /Dn*,
ing subprocess, modulo radiative corrections, involves a gt = —&pt + (Q*/26)n*, (14)
single quark absorbing the deeply virtual photon and sub- —3 M
sec?uer?tly radiating agreal photrc))r){ and falﬁng back to the A = —¢lp” = (/"] + AL,
nucleon. | henceforth concentrate on this dominant subwhere M> = M? — A2/4 and & = Q2/(2P - q). & is
process shown in Fig. 1. bounded by 0 and/—A2/\/M? — A?/4. The Comp-
To calculate the scattering amplitude, it is convenient tdon amplitudeT#” = i [ d*y e "Y(P'|TJ"(y)J*(0)|P),
define a special system of coordinates. | chogéeand wherev and p are the polarization indices of the initial
P* = (P + P')*/2 to be collinear and in the direction. | and final photons, is

™~
=)

Dominant scattering process in deeply virtual Comp-
ton scattering.

1 ! 1 1
T‘”P,,Az——””+”"—’”]d< + )
(P.g.8) 2(pn P g)_lxx—§/2+i6 x + &£/2 — ie

- _ap
X [H(x, A2, ET(PYAU(P) + E(x, A?, f)U(P’)%U(P)}

i e ! 1 1
_EGM Bpanﬁf_ldx<x—§/2+i6 _x+§/2—i6>
X | H A% O ysU(P) + B %65 TE 50 (P) | (15)

Thus only 4 of the 12 helicity amplitudes survive the Bjorken limit [12]. All photon helicity flipping and longitudinal
photon amplitudes vanishH, H, E, and E are new, off-forward, twist-two parton distributions defined through the
following light-cone correlation functions,
A ixe,piiT 2 NTT(p! 2 g pn ot A,
SN P (=An/ 2y g (An/2)IP) = H(x, A% ET(P)y*U(P) + E(x, A OUP) = =2 UP) + -
dA iy pi 7 2 A\Ti(p! 2 2 v pn YSAY (16)
f Eel Pp(=An/2)y ysp(An/2) |P) = H(x, A%, E)U(P")y*ysU(P) + E(x, A%, §)U(P )WU(P) + o

where | have neglected the gauge link and the dots denote In practice, one might have to parametrize the parton
higher-twist distributions. From the definitio, and 4 distributions and fit them to the cross section.
are nucleon helicity-conserving amplitudes aficand E The off-forward parton distributions have the characters
are helicity flipping. When QCD radiative corrections areof both ordinary parton distributions and nucleon form
taken into account, Eq. (15) will be modified by analo-factors. In fact, in the limit oA* — 0, we have
gous gluon distributions.

Extracting the parton distributions from an experimen- H(x,0,0) = g(x), H(x,0,0) = Ag(x), a7)
tal cross section is more intricate than in the usual case
of deep-inelastic scattering, as it is bilinear in the Compwhereg(x) andAg(x) are quark and quark helicity distri-
ton amplitude which involves an integration of Feynmanbutions. On the other hand, forming the first moment of
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the new distributions, one gets the following sum rules | thank lan Balitsky for helping to find independent
1 5 5 form factors of the tensor current, D. Beck for calling
f_ldxH(x,A &) = Fi(A9), my attention to virtual Compton process, and D. Beck,
| P. Hoodbhoy, R. Jaffe, R. McKeown, and A. Nathan for
] dxE(x, A2, §) = F2(A?), discussions and encouragement. This work is supported
-1 in part by funds provided by the U.S. Department of
L ) ) (18)  Energy (D.O.E.) under cooperative agreement No. DF-
[_1 dxH(x, A%, §) = Ga(A7), FC02-94ER40818.
| Note added—After this paper was submitted for pub-
f dxE(x, A2, £() = Gp(A?), lication, the author learned that the off-forward quark dis-
-1 tributions were considered before by Dittetsal. [16] and

whereF; andF, are the Dirac and Pauli form factors and Jain and Ralston [17]. The analogous gluon distributions
G, and Gp are the axial-vector and pseudoscalar formhave been considered by Refs. [13,18,19].

factors. The most interesting sum rule relevant to the
nucleon spin is

1
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-1 Maryland, College Park, MD 20742.
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