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Inseparable Two Spin-% Density Matrices Can Be Distilled to a Singlet Form
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A quantum system is called inseparable if its density matrix cannot be written as a mixture of product
states. In this Letter we apply the separability criterion, local filtering, and Beenhett distillation
protocol [Phys. Rev. Let{r6, 722 (1996)] to show thaany inseparable2 X 2 system represents the
entanglement which, however small, can be distilled to a singlet form. [S0031-9007(96)02199-0]

PACS numbers: 03.65.Bz, 03.65.Ca, 89.70+c

After over sixty years, quantum inseparability [1,2] still a density matrixp is defined as [11]
remains a fascinating object from both a theoretical and ex- _
perimental point of view. It involves the existence of the ) ! .max<¢plg ). ) @
entangled pure states, which cannot be written as producy§here the maximum is taken over all maximally entan-
of states and which produce a number of nonclassical ph&led ¢'s. The crux of the method is the employment of
nomena. Recently, different applications of the entangle@m}’ local operations and classical communication betvyeen
states were proposed, including quantum communicatiorflice” and “Bob” who share the particles to be dis-
[3], Cryptography [4]' and quantum Computanon [5] In t|”ed [18] The BBPSSW d|St|”at|0n pr(?'[ocol consists Of
the laboratory, however, one deals with mixed states rathéierforming bilateral unitary transformations and measure-
than pure ones. This is due to the uncontrolled interactiof€nts over some number of pairs of particles. A similar
with the environment. It involves a fundamental problemProtocol was used by Peres [15] in collective tests for non-
of inseparability of quantum system being in a mixed statdocality and by Deutsctet al. [16] in the context of the
[6-16]. The system is called separable (inseparable) [17A€curity problem in quantum cryptography.

if its density matrix can be (cannot be) written as a mixture A Way of obtaining more entangled mixed states by
of product states using local operations and classical communication has

k been proposed by Gisin [13]. A similar method was
0= pici ®0i, (1) used for concentrating of entanglement for pure states by
i=1 Bennettet al. [10]. In Gisin's approach, Alice and Bob
where o; and 9, are states of the subsystems andsubject the particles to the action of local filters, and are
f;l p; = 1. The inseparable states have attracted muchble to obtain a mixture which violates Bell's inequality,
attention recently [6—16] as they constitute a naturabespite the fact that the original state satisfied them.
generalization of pure entangled states. In particular, Note that the BBPSSW protocol cannot be applied
it has been pointed out [7] that if the system is in anto all inseparable states. Indeed, there are states with
inseparable state then there is no way to ascribe to thg = 1/2 which have nonzero entanglement of formation
subsystems, even in principle, their state vectors. [11] (hence, cannot be written as a mixture of product
The fact that in the laboratory we deal with mixed statesstates). On the other hand, the filtering method cannot
is a source of a fundamental problem of error correctiorbe, in general, applied for the direct production of
[11] in quantum computation and qguantum communicatiorsinglets. However, intuitively one feels that it should
theory. Within a recently discovered method of transmis-be possible to distill an arbitrary inseparable state. It
sion of quantum information via inseparable states (teleinvolves a subtle problem of nonlocality of inseparable
portation) [3], the problem can be overcome indirectly bymixed states. Werner first constructed [6] a family
the distillation of an ensemble of pairs of particles usedf inseparable mixed states which, nevertheless, admit
subsequently for asymptotically faithful teleportation [10]. the local hidden variable (LHV) model for a single
Namely, Bennetet al. (BBPSSW) [10] considered a pro- von Neumann measurement. Popescu pointed out [8]
tocol which allows one to obtain asymptotically a nonzerothat some of Werne2 X 2 (two spin%) states admitting
number of pairs of spiri—particles in the singlet state from the LHV model are useful for quantum teleportation,
a large ensemble described by a density matrix, providednd he showed [9] that most of Werner mixtures reveal
that the latter has fidelity greater thaf2. The fidelity of  nonlocality, if one takes into account the sequences of
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measurements. Then he conjectured that all inseparabig ® ¢, which was used by Werner [6] in the necessary
states are nonlocal. This question could be solved justondition TroV = 0 for separability. Thus Eq. (8) is
by showing that each inseparable state can be distilleccquivalent to
Indeed, the distillation process can be considered as a ~
sequence of measurements performed on the collections Trve <0. ©)

of pairs of particles, and, as the obtained pairs in singleow, based on the results of [7], it is easy to show that
state violate local realism, then the original ensemble alsghe above inequality implies [19]

does [9,12]. The problem is that we do not have complete ]

“operational” characterization of the inseparable mixed TrPyo > =, (10)
states. Fortunately, quite recently, an effective criterion 2

of separability of mixed states fo2 X 2 and 2 X 3 \yherep, denotes the singlet state. The last relation shows
systems has been found [14]. Here, using the criterionys that the stated can be distilled by the BBPSSW
filtering, and BBPSSW protocol, we will show thaty  protocol.

inseparable mixed two spif-state can be distilled to  To summarize, given sufficiently many pairs of parti-
obtain asymptotically faithful teleportation. In particular, cles in an inseparable state, Alice and Bob can distill from
as we shall see, if one replaces filtering by generalizeg 5 nonzero number of singlets. To this end, they first
measurements (to avoid losing particles) higher efficiencyerform a measurement by means of a complete set of
of distillation can be obtained by means of a recursivéproduct observables on some number of particles to get
process. the matrix elements of the state describing the ensemble
_ Ithas been shown [14] that a stateof a2 X 2 system (it still involves only local operations and classical com-
is separable if, and only i, its partial transpositief¥ isa  munication). Then they perform suitable product unitary
non-negative operator, i.e., if all eigenvalugs are non-  ransformations. Subsequently, Alice directs her particles
negative. Here the partial transpositi@i> associated toward a filter, the parameters of which can be derived
with the arbitrary product orthonormgll; ® f; basis is  from the density matrix describing the ensemble. Then

defined by the matrix elements in this basis: Alice informs Bob as to which particles have not been
eZ},L wo =S ® ful@lfn ® fu) = Qmunp. (3) absorbed by the filter so that he can discard the particles

o ) . which lost their counterparts. The subensemble obtained
Clearly the matrixe™ depends on the basis, but its i, this way can now be subjected to the BBPSSW pro-
eigenvalues do not. Hence one can check separability,.q) 1o gjstill singlets. If the efficiency (the number of
using an arbitrary product orthonormal basis in Hilbertyjsiilled pairs divided by the number of noisy pairs) of the

2 2 . . ..
spaceC” ® C~. o latter protocol is given by, then the efficiency of the
Suppose now thap is inseparable, and let be an ,0le process is given by
eigenvector associated with some negative eigenvalue of

™. Since in the process of distillation Alice and Bob e=mnp, (11)

can perform local unitary transformations, we can assume _ . . i
without loss of generality thaf is of the form Wherep = Tr(l ® We!l ® W) is the probability of pass

ing the filter, i.e., the efficiency is the product of the effi-

= ae; ® e; + bey ® e, (4) ciencies of two stages: filtering and BBPSSW protocol.
where{e;} form the standard basis i62 and a, b = 0. Although the distillation protocol described above is
Now (lo 2|4} < 0 implies effective in the sense that given any msepar:_;\ble state,
r one can always distill a nonzero number of singlets, it
(I ® Wiple™|I ® Win) <0, (5)  does not have to be the best possible one. It seems
wherey, = %(61 ® ¢ + e, ® e) and that for the inseparable states with= 1/2 the best
2 possible protocol should certainly consist of filtering as
W = [g 2} (6) the first stage; nevertheless, better efficiency of this stage
can be obtained. Consider, for example, the family of

Let us denote by the state emerging after performing states introduced in the context of inseparability and Bell
the operation given by ® W, inequalities [20]
~ I ® Wol @ W
- > (7) o = pliynl + (= plidial.  (12)

C TrieWole W'
This state describes the subensemble of the pairs 8YNerdy:) = cer ® ei + de; ® €3, [ihs) = cer ® er +
gex ® e where c,d > 0,p # 1/2, and {¢;} form the

particles, which passed the local filter described by th S ,
operator. Now the inequality (5) implies standard basis ia=. All the above states are inseparable.
Here, one should not follow the protocol described above,

T ~
TrPy’0 <0, (8)  but rather to apply the operatidii ® I with
where P, = |¢n){i»|. Note thathT2 (up to a positive d 0
factor) is equal to the operatdf given by V¢ ® ¢ = W= 0 c | (13)
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The efficiency of the first stage can also be raised byetween the group unitary transformations of two level
replacing the filter with the generalized measurement, onsystems and rotation group [22], one can find the suit-
of the outcomes of which would produce the same resuléble product unitary transformation which will convert the
as filtering. The generalized measurement is given bgtandard Bell basis into the best one for the considered
a partition of unity{V,}, where) V,»V;r = [. After the state.

ith outcome is obtained (provided nondegeneracy of the Further, we will assume thdt is diagonal so that it can
measurement), the stagecollapses into be treated as a vector R°. It has been proven [7] that if

viov o is a state the must belong to the tetrahedrdh with
= Q—T (14) vertices (—1,—1,—1), (—=1,1,1), (1,=1,1), (1,1,~1)
Tr(VieVi) (see, in this context, [11]). Again, @ is separable thef
Thus instead of a filter, one can use a generalizeBnUSt belong to the octahedrah which is a cross section

measurement, and choose the particles which producetf T and—T (see Fig. 1).

suitable outcomé. The advantage here is that, if some or the states witr = s = 0 (we call them?" states),
other outcome was obtained, the particle is not losthe above conditions are also sufficient [7], hence the set

as in the case of filtering. It may be the case thaof 7 states is equal to the tetrahedr@n and the set of
the ensemble of the particles which did not produceseparabléf states can be identified with the octahedron

the required outcome would still be described by somel (note thatl is described by inequality (¢) = 1[7]).
inseparable density matrix. Then one can repeat the COnsider now the following case, when tiflematrix
procedure, changing suitably the partition of unity, toOf @ given state Ile.s outS|d.e the octahedron (we will
distill the subensemble. In this way we obtain a recursive® that the state lies outside the octahedron). Then,

process, the efficiency of which is higher than in the cas@ccording to [7], there exists some maximally entangled
of single filtering. stateys such that|/(¢|e|¥)| > 1/2. Thus, the state can

Now we will discuss our distillation protocol by means P€ distilled by the BBPSSW protocol. Suppose now
of a geometrical representation of the state [7]. Fo hat the state lies inside the octahedron. Then the first

this purpose note that an arbitrary two séirstate can Step of the BBPSSW protocol (random bilateral unitary

be represented in the Hilbert-Schmidt (H-S) space of al}ransformations) will destroy any inseparabilitly of the
operators acting 062 ® C2 as follows: state. Indeed, there are two consequences of this step. The

first one is that local parameters become= s = 0 (as a
consequence of random rotations of vecters inside a
Bloch sphere). The second, very important, one is that,
3 after the randomizing procedure, thematrix still remains
+ Z tam O n ® Um). (15) inside the octahedron (taking into account remarks from
ma=1 the previous paragraph, it is easy to see that otherwise one

1
Q=Z<I®I~I—r‘¢r®1+1®s'0’

could produce inseparablestates from separabfestates

Here [ §tands for identity operatorr, s belong 10y yse of local operations, which is obviously impossible).
R3, {o,},—, are the standard Pauli matrices, and

o =Y._ rioc;. The coefficients,,, = Tr(po, ® o) c

form a real matrix denoted by¥. The vectorsr and

s describe local properties of the state while tifie b~

matrix describes a kind of projection @ onto the set /

of states generated by maximally entangled projectors. ” .

(See Ref. [7] and references therein for more details 8

concerning the formalism of the H-S space of the 2 %

system.) Thus th& matrix determines whether the state / Np

can be directly subjected to BBPSSW protocol to produce

nonzero asymptotic singlets. Indeed, based on the results A%

of Ref. [7], one obtains thay > 1/2 if, and only if, FIG. 1. For the states with diagon@l matrix the latter can
N(o) > 1, whereN(p) = Tr VTTT, and then be treated as a vector iR®. In particular, the projectors

| {P;} corresponding to the Bell operator basis are uniquely
_ 1 represented by the pointé = (—-1,-1,-1), B = (1,1, —1),
f= 4[1 + N(e)]. (16) C=(,-1,1), and D = (—1,1,1). Then (i) for any state,
its 7 matrix must belong to the tetrahedraABCD via
For example, many of the states (12) havéo) = 1, the condition T P; = 0; (ii) for a separable state] must
hence theycannotbe distilled by the BBPSSW protocol belong to the bold-line-contoured octahedron, by virtue of the

; : ; : ; additional condition TQP,-T2 = 0. Random bilateral unitary
ftself. To find the Bell operator basis [21] in which a transformations “project” thel” matrix onto the dashed line.

given state hgs thg highest. fraction_of a ma?(ima[ly entan; 5 state withTro Py > 1/2, the outputs of the subsequent
gled vector, it suffices to find rotations which diagonal-iterations of the BBPSSW protocol will lie on the line, closer

ize theT matrix. Subsequently, using the homomorphismand closer to the singlet state represented by the goint
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