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Phase Inversion during Viscoelastic Phase Separation:
Roles of Bulk and Shear Relaxation Moduli
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(Received 2 December 1996)

We simulate viscoelastic phase separation of polymer solutions by solving numerically Lang
equations of a “viscoelastic model” that newly includes the bulk relaxation modulus in additio
the shear relaxation modulus. The results reproduce almost all the essential features of visco
phase separation observed experimentally: (i) The existence of a frozen period, the nucleation
solvent-rich phase, (ii) the volume shrinking of the polymer-rich phase, (iii) the transient forma
of a networklike structure, and (iv) the phase inversion in the final stage. Our simulations cl
indicate that the bulk stress is responsible for (i), (ii), and (iv), while the shear stress for
[S0031-9007(97)03404-2]
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Phase-separation phenomena are widely observe
various kinds of condensed matter including metals, se
conductors, simple liquids, and complex fluids such
polymers, surfactants, colloids, and biological materi
[1]. It has been an open question for a long time whet
there are significant effects of internal dynamics of comp
nent molecules on critical phenomena and phase separa
or not. From the concept of dynamic universality [2], the
should not be such effects. However, de Gennes [3]
ticed that there can be viscoelastic effects on the early s
of phase separation in polymer mixtures, and this probl
has recently been studied by Kumaran and Frederick
[4]. Since the effects are not so drastic and also limi
only to the very early stage, they have not been conside
seriously.

Recently we have shown that phase separation of a fl
mixture (such as a polymer solution) whose compone
have very different internal dynamics is essentially diffe
ent from that of classical fluid mixtures [5,6]. We ca
this new type of phase separation “viscoelastic phase s
ration” since viscoelastic effects play important roles
phase separation in addition to diffusion and hydrod
namic effects. The “dynamic asymmetry” between t
components of a mixture is a prerequisite to viscoelas
phase separation. To consider this problem theoretica
we need a basic model that can treat the motion of e
component separately, since the description of the dif
ence in elementary dynamics between the two compon
of a mixture is required: such a model, which is know
as a “two-fluid model” [7–9], has recently been studi
intensively [8,10–17] to understand the stress-diffus
coupling and also the unusual shear effects in polym
solutions.

Since the basic equations describing viscoelas
phase separation are very complicated, the analyt
approach is quite difficult and the numerical simulatio
are required to gain physical insight into the proble
Very recently the first numerical simulation was r
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ported by Taniguchi and Onuki [18] on the basis of
different set of the basic equations describing visc
elastic phase separation [13]. Although some features
viscoelastic phase separation have been clarified by th
study, the quantitative studies have just been initiated a
the situation is still far from complete understanding.

In this Letter, we study viscoelastic phase separati
of polymer solutions numerically on the basis of th
fundamental equations derived from Doi and Onuki [1
and Milner [16] with an essential modification, namely, th
inclusion of bulk modulus as a controllable parameter [19
The bulk relaxation modulus, which has been neglect
(or, more strictly, not treated as an important physic
factor) in previous theories [13,15,16], likely plays crucia
roles in viscoelastic phase separation as in gel ph
separation [19]. We focus our special attention on t
comparison of the numerical results with our experimen
results and also on the roles of bulk and shear relaxat
moduli.

First we describe the basic equations describing vis
elastic phase separation of polymer solutions used
our simulation. They are based on a two-fluid mod
of a mixture of polymer p and solvent s [15,16].
Let $yps$r , td and $yss$r , td be the average velocities o
polymer and solvent, respectively, andfs$r , td be the
volume fraction of polymer at a point$r and time t.
Here we assume that the two components have
same densityr for simplicity. The volume average
velocity $y is given by $y ­ f $yp 1 s1 2 fd $ys. The
free energy of the systemFmix is given by Fmix ­R

d $rh fsssfs$rdddd 1 sCy2d f=fs$r dg2j, where fsfd is the
free energy per unit volume of a mixture with th
composition f of polymer. Here we use the Flory-
Huggins-type free energy [20] asfsfd: fsfdykBT ­
s1yNdf ln f 1 s1 2 fd lns1 2 fd 1 xfs1 2 fd. In
this study, however, we setN ­ 1 and do not introduce
any dependence ofC on f to pick up only the pure effect
of dynamic asymmetry. Then, the basic equations a
© 1997 The American Physical Society
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given by [15,16]
≠f

≠t
­ 2 $= ? sf $yd

1 $= ?
fs1 2 fd2

z
f $= ? P 2 $= ? s g , (1)

$yp 2 $ys ­ 2
1 2 f

z
f $= ? P 2 $= ? s g , (2)

r
≠y

≠t
> 2 $= ? P 1 =p 1 $= ? s 1 hs=2 $y , (3)

wherez is the friction constant,p is a part of the pressure
andhs is the solvent viscosity. Here$= ? P ­ f=s ≠f

≠f 2

C=2fd andP is the osmotic tensor.s is the total stress
tensor, which is, in general, given by the constituti
equation of material. In a linear-response regime,
most general expression ofsij is formally written by
introducing the time dependence of bulk and shear mod
in the theory of elasticity [21] as

sij ­
Z t

2`

dt0fGst 2 t0dkij
p st0d

1 Kst 2 t0d $= ? $ypst0ddijg , (4)

wherek
ij
p ­

≠y
j
p

≠xi
1

≠yi
p

≠xj
2

2
d s= ? $ypddij andd is the spa-

tial dimensionality (d ­ 2 in our simulations). Here we
use the fact that$yp is only the velocity relevant to the
rheological deformation in polymer solutions [14–16
Gstd andKstd are material functions containing informa
tion on all the spatiotemporal history, which we call th
shear relaxation modulus and bulk relaxation modulus,
spectively. The second term in the above equation
sij has been newly introduced to incorporate the eff
of volume change into the stress tensor [19]. It should
stressed that its diagonal nature leads to the direct coup
with diffusion: note that the effective osmotic pressu
is given by peff ­ sf ≠f

≠f 2 fd 2
Rt

2` dt0 Kst 2 t0d $= ?

$ypst0d.
In our simulation, we assume the Maxwell-type relax

tion for both bulk and shear relaxation moduli for simpli
ity: Gstd ­ MS exps2tytSd andKstd ­ MB exps2tytBd.
Further, we assume thatMS, MB, tS , andtB are the func-
tions of onlyfs$rd. Under these assumptions onGstd and
Kstd, we need to solve the following upper-convectiv
equations instead of Eq. (4):

Dsw

Dt
­ $= $yp ? sw 1 sw ? s $= $ypdT 2

1
tw

sw

1 Mws $= $yp 1 s $= $ypdT d , (5)

where D
Dt ­

≠

≠t 1 $yp ? $=, and w ­ B and S indicate
bulk and shear, respectively. We calculate the final sh
stresss

f
S as s

f
S ­ sS 2

1
d TrssSdI (I is a unit tensor),

while the final bulk stress ass
f
B ­ 1

d TrssBdI.
The above Langevin equations were solved nume

cally by the Euler method in two dimensions using p
riodic boundary conditions, under the incompressibil
condition $= ? $y ­ 0 and the quasistationary approxima
tion ≠ $yy≠t > 0. The system size was128 3 128.
We choose the grid sizeDx ­ Dy ­ 1 and time step
Dt ­ 0.02 to ensure the stability. The stress tens
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sws$r , t 1 Dtd at a point$r and timet 1 Dt is calculated
from sws$r, td, using the following relation:

sws$r , t 1 Dtd ­ sws$r , td exp

µ
2

Dt
tw

∂
1 Mwf $= $yp 1 s $= $ypdT gDt 1 · · · , (6)

where · · · represents the terms containing spatial deriv
tives. The numerical calculation of the memory effec
based on the above relation has some technical adv
tage over that based on the differential equation (see, e
Ref. [18]) in that the former is stable even forDt $ tw,
but the latter is not. We assumeMS ­ 0.5f2 andMB ­
5.0usf 2 fpd, whereu is a step function. In the follow-
ing simulations, we setfp to be equal to the initial com-
position, for simplicity. This choice is one of the easie
ways to induce the strong asymmetry in bulk stress b
tween a polymer-rich and a solvent-rich phase. We a
assume thattS ­ 50f2 andtB ­ 10f2. Although there
is no firm basis on the above relations assumed, the de
of the dependencies of these quantities onf do not affect
the qualitative features of the simulated results. The
parameters are chosen to illustrate the roles of bulk a
shear moduli clearly.

The velocity field $y in k space,$yk, is calculated from
the relation$yk ­ Tk ? s2 $= ? P 1 $= ? s dk, whereTk is

the Osceen tensor ink space given byTk ­
1

hsk2 sI 2
$k $k
k2 d,

wheres dk denotes the Fourier component ofk.
In the simulation, we setkBT ­ 1.3, z ­ 0.1, x ­

2.7, andhs ­ 0.1. This set of parameters guarantees th
the coarsening behavior without$= ? s is quite similar to
that simulated by using the fully scaled time-depende
Ginzburg-Landau equations of modelH with f4 potential
[1,2]. We introduce the Gaussian random noise off

with the intensity of1023 into the initial composition
distribution. We set the initial polymer composition t
be 0.35. Forx ­ 2.7, the equilibrium compositions are
0.107 and 0.893. Thus, the final volume fraction of t
polymer-rich phase is 0.309.

Figure 1 shows the simulated pattern evolution dyna
ics of viscoelastic phase separation with bulk modulus a
without shear modulus [1(a)], without bulk modulus an
with shear modulus [1(b)], and with both bulk and she
moduli [1(c)]. All these simulations were done using th
same parameters. Only when there is the bulk relaxat
modulus [1(a) and 1(c)], we have phase inversion.

We stress that the simulation results with both bulk a
shear moduli [see Fig. 1(c)] recover almost all the ess
tial features of viscoelastic phase separation observed
perimentally [5,6]: (i) The existence of an incubation tim
of nucleation of the solvent holes and their nucleatio
growth-like appearance, (ii) the volume shrinking of th
polymer-rich phase (see also Fig. 2), (iii) the resulting fo
mation of a networklike structure, and (iv) the final relax
tion of the pattern dominated by the elastic energy to t
by interfacial tension, which leads to phase inversion.
4967
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FIG. 1. Simulated pattern evolution during viscoelastic pha
separation. (a) With bulk modulus and without shear modul
(b) without bulk modulus and with shear modulus, a
(c) with both bulk and shear moduli. Note that the darkne
is proportional tof.

Figure 2 shows the temporal change in the volum
fraction Fp of a polymer-rich phase for all three case
The temporal change in the darkness of a polym
rich phase even after the formation of a sharp interfa
in Figs. 1(a) and 1(c) is another indication of volum
shrinking. The volume shrinking behavior is observ
only for the cases of the existence of the bulk stress.
is evident that bulk stress is a prerequisite to the volu
shrinking behavior and the resulting phase inversion.

Figure 3 shows the temporal change in the average m
nitudes per lattice of the three types of forces, name
the thermodynamic force$Ff ­ 2 $= ? P, the bulk me-
chanical force,$FB ­ 2 $= ? sB, and the shear mechanica
force, $FS ­ 2 $= ? sS. Both j $= ? Pj and j $= ? sBj have
the peaks at the same time oft ­ 270. This is natural since

FIG. 2. Temporal change in the volume (area) fractionFp
of a polymer-rich phase. Open circles, filled circles, and op
squares correspond to the cases of Figs. 1(a)–1(c), respecti
Dashed line gives the equilibrium value ofFp ­ 0.309.
4968
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both quantities are directly related to$= ? $yp . In the initial
stage, these two effects are canceled out and the diffusion
significantly suppressed. On the other hand,j $= ? sSj has
a peak att ­ 370, retarded from the peaks ofj $= ? Pj and
j $= ? sBj by Dt , 100. Note that $= ? sS is not directly
coupled with diffusion coming from the diagonal part of
P and simply produces the mechanical force fields.

First we discuss the roles of the bulk relaxation modu
lus in viscoelastic phase separation. The bulk relaxatio
modulus likely suppresses the initial rapid growth of con
centration fluctuations characteristic of spinodal decomp
sition [compare Figs. 1(a) and 1(c) with Fig. 1(b)], since
$= ? $yp is directly related to≠fy≠t through the continuity
equation [19]. The bulk relaxation modulus likely plays
dominant roles in the initial stage of phase separatio
The existence of the dark-contrast part surrounding th
solvent holes [see, e.g., Fig. 1(c),t ­ 200] indicates the
excess polymer concentration on the edge of the solve
holes (overshooting effects). This is likely caused by th
effects of bulk relaxation modulus, which retard the dif
fusion in the polymer-rich phase selectively. The simila
phenomena are also observed by the simulation of mod
B with a large composition dependence of the mobilit
[22]. This effect of the bulk stress that suppresses th
growth of the composition fluctuations and the diffusion
probably leads to the volume shrinking of a polymer-rich
phase and the resulting phase inversion.

Next we discuss the roles of the shear relaxatio
modulus in viscoelastic phase separation. By comparin
Fig. 1(a) with Fig. 1(c), we can learn that the shear relax
tion modulus plays a significant role in the formation of a
networklike structure. Although the stress fields aroun
an isolated solvent hole have the spherical symmetry, t
coupling of the diffusion fields around neighboring solven
holes induces the deformation of shear type. Thus, w
expect thatj $= ? sSj increases, reflecting the increase in
the coupling between the diffusion fields around solven
drops. This is quite consistent with the fact thatj $= ? sSj

has a peak, retarded from the peaks ofj $= ? Pj and
j $= ? sBj (see Fig. 3). This retardation of the peaking o

FIG. 3. Temporal changes in the average magnitudes of t
three types of forces,j $Fj. Open circles:j $Ffj, filled circles:
j $FBj, and open squares:j $FS j.
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the shear force plays a significant role in the enhancem
of the network character of the pattern.

Further, the shear relaxation stress extremely slo
down the shape relaxation process [compare Fig. 1(a)
1(c)], since it inevitably accompanies the shear defo
mation. In the absence of the shear relaxation modu
fGstd ­ 0g, the characteristic shape relaxation time for
domain of sizeR, tR , is given bytR , hsRyg (g: in-
terface tension). In the presence ofGstd, on the other
hand, tR , hRyg, where h ­

R`

0 Gstd dt. Using the
fact thatf ­ 0.89 in the polymer-rich phase andGstd ­
0.5f2 exps2ty50f2d, we obtainh , 16. Since hs ­
0.1, the shape relaxation time should be about 160 tim
longer for Fig. 1(c) than for Fig. 1(a), which is consisten
with what is seen in Fig. 1.

Here we compare our results with those of Taniguc
and Onuki [18]. Very recently Taniguchi and Onuki hav
successfully demonstrated the network domain structure
viscoelastic phase separation by simulations. Their sim
lation is based on the model [12] in which the viscoelas
contribution is described by the so-called conformatio
tensor Wij. The model used by us [15] is more phe
nomenological than theirs, but our model can be appli
not only to polymers, but also to any material [19].
should be noted that viscoelastic phase separation may
generally observed in a mixture of any material havin
dynamic asymmetry between its components [6,19]. T
phenomenological constitutive equation corresponding
their model is given by

sij ­
Z t

2`
dt0 Gst 2 t0d

µ
≠ypi

≠xj
1

≠ypj

≠xi

∂
. (7)

This constitutive equation includes only one material fun
tion Gstd in contrast to ours [see Eq. (4)]. The most cru
cial difference comes from the fact that we include bo
shear and bulk moduli as controllable variables. In the
model, the bulk modulus is fixed to be2y3 of the shear
modulus in three dimensions and the relaxation time is
same. It is probably this difference in the treatment of bu
modulus that is responsible for the fact that phase-invers
phenomena or volume-shrinking behavior characteristic
viscoelastic phase separation [5,6] is observed in our sim
lation, but not in theirs. Our results clearly indicate th
the bulk modulus plays crucial roles in the suppression a
retardation of growth of concentration fluctuations in th
early stage of viscoelastic phase separation.

Finally we briefly discuss the physical reasons wh
the bulk relaxation modulus is important in the pha
separation of polymer solutions [19]. The key point
that phase separation always occurs under a poor-solv
condition. The term associated with$= ? $yp was dropped
in the previous theories [13,15] or not treated as
important physical factor [12,16,18] since the standa
theory of polymer solutions [23] tells us that the stre
associated with$= ? $yp decays very rapidly and it canno
be stored by polymer chains. However, the above stand
theory that mainly focuses on the topological interactio
nt
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between polymer chains cannot be applied to polym
dynamics in a poor solvent. Although there is no reliab
theory on the polymer dynamics in a poor solvent, it
natural to consider that there exist attractive interactio
between polymer chains, which lead to the formatio
of transient crosslinking points. Thus, we expect th
polymer solutions behave as a physical gel in a sh
time scale. The existence of transient crosslinking poin
guarantees that polymer chains can store the bulk stress
gel for a certain deformation rate. We need further stud
for a deeper understanding of viscoelastic phase separa
including the study of polymer dynamics in a poor solven
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