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Magic-Size Equilibrium Shapes of Nanoscale Pb Inclusions in Al
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We show that the equilibrium shapes of small solid Pb inclusions embedded in an Al matrix are
dependent. Using high resolution electron microscopy we have observed that small inclusions
nanometers in size adopt equilibrium shapes with smooth {111} facets. Inclusion dimensions f
preferred sizes shown to result from the nature of the residual strain which oscillates and decreas
size. As a result, the inclusion shape is controlled by the residual strain energy at small sizes a
the interface energy at larger sizes. [S0031-9007(96)02104-7]

PACS numbers: 61.46.+w, 61.16.–d, 68.55.Jk, 81.10.Aj
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One of the most active areas of materials research is
behavior of solids in the nanometer size regime, as th
dimensions approach the atomic scale. Electronic, opti
magnetic, mechanical, or thermodynamic properties
may depend on the size and shape of the solid.
example, melting point depressions by several hund
K have been observed for nanosized particles of me
and semiconductors [1–3], whereas large increases in
melting point have been reported for small solid inclusio
i.e., solid particles embedded within another solid [4,
The reduction in grain size is also responsible for t
unusual properties of nanocrystalline materials [6].
the dimensions are reduced, shapes and behavior o
become discrete, and the existence of magic number s
clusters is now well established for a range of differe
materials [7]. The diffusion of clusters on a substrate h
recently been predicted to depend on magic cluster s
[8], and quantized or magic sizes also play a special r
in the folding of polymer chains [9]. In solid inclusions
preferred sizes were observed in the thickening of pla
shapedu0 precipitates in Al-Cu alloys [10]. In thin film
growth, it has been shown that the shape (though not
size) of small Ag islands on a substrate during growth fro
the vapor is size dependent and oscillates between a f
faceted and a partially rounded shape [11].

For a crystal in equilibrium with its vapor the Gibbs
Wulff shape minimizes its surface energy for a fixe
volume, independent of size [12]. By comparison,
crystal that is embedded in a solid is subject to additio
elastic constraints, and at equilibrium it adopts a sha
that minimizes the sum of the interface and elastic str
energies:

E  Eint 1 Eel . (1)
As a result, the optimum shape of a solid inclusi

becomes a function of size. Since the interface ene
Eint scales withr2 while the elastic energy scales wit
r3, the elastic energy will dominate the shape at lar
sizes, while the interface energy dominates at sm
sizes. For the isotropic case, inclusions below a criti
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size will be spherical to minimize the interface energ
while inclusions above the critical size will be plat
shaped to minimize the elastic strain energy. Althou
detailed theoretical treatments of this effect have be
given [13], to date, corresponding systematic experimen
observations have not been reported.

In the present study we investigate the shapes of na
sized Pb inclusions embedded in an Al matrix. We fin
that the equilibrium inclusion dimensions tend to take
preferred values dictated by minimum residual mismat
This often leads to a lowering of the joint symmetry an
the creation of asymmetrical shapes which can devi
substantially from the cuboctahedral equilibrium shape
larger inclusions. These observations can be explai
as a result of the oscillatory nature of the residual str
energy.

Nanosized Pb inclusions were produced by ion impla
tation of Pb into 100 nm thick Al films. The films were
grown by vapor deposition on single crystal Si substra
at 280±C and subsequently implanted from the Al surfa
with 60 keV Pb ions to an average concentration of ab
1 at. % at temperatures of 150±C and 250±C. The films
were back thinned from the Si side to electron transpare
and examined by high resolution electron microscopy.
determine the optimum visibility conditions as a fun
tion of defocus, foil thickness, inclusion size, and positio
within the foil, extensive image simulations were carrie
out [14]. Under optimum conditions, the inclusion dime
sions between pairs of edge-on {111} facets could be m
sured with an accuracy of61 lattice spacing.

The inclusions always adopted a parallel-cube orien
tion relationship with the matrix and were found to be fre
of defects [15]. Despite a large difference in lattice p
rameter, no elastic distortions could be detected around
inclusions using two-beam dynamical imaging conditio
which probe the lattice distortion field with high sensitivit
[16]. The equilibrium shape, established by electron m
croscopy observations on large inclusions, equilibrated
melting and resolidification was that of a cuboctahedro
© 1997 The American Physical Society 471
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i.e., a regular octahedron bounded by eight {111} faces
truncated on the six {100} faces. Measurements on a
nificant number of particles showed a ratio of interface
ergiess100ys111  1.15 [17]. For the smaller particles
in the present study, less symmetrical shapes with as
ratios of up to1.28 6 0.12 were found [18,19]. The char
acteristic features are illustrated in Fig. 1(a) which sho
a high resolution electron micrograph of a typical regi
containing several Pb inclusions in the size range of 2
10 nm. The crystal lattice is viewed close to ak110l di-
rection where the separation between close-packed ato
planes is 0.23 nm for the Al matrix and 0.29 nm for t

FIG. 1. High resolution electron micrographs ink110l projec-
tion showing inclusion shapes and preferred sizes in an Al
alloy after equilibrating the ion-implanted material at,600 K
for 3 h. Inclusion contrast in (a) is due mainly to the mo
effect from overlapping Pb and Al lattices. In (b), a sm
inclusion is shown at a higher magnification to illustrate
asymmetrical size of22 3 26 Al lattice planes.
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Pb inclusions. Because the inclusions are fully embed
within the Al matrix, the overlap of the two lattices give
rise to a moiré contrast effect. The inclusions are seen
vary in size and shape, occasionally showing asymme
cal truncations on {100} planes (see inclusions markedA)
and often with a different extent of the {111} facets (se
inclusions markedB). The same asymmetrical shape w
often observed to be reestablished afterin situ melting and
resolidification. Unlike the cuboctahedral shape of larg
particles, the equilibrium shapes of these small inclusio
thus include irregular polyhedra, mainly bounded by eig
{111} and to a lesser extent by some (though often not
six) {100} facets. In ak110l projection such as the micro
graphs shown in Fig. 1 the inclusions display four of t
eight {111} facets in edge-on orientation. To character
the inclusion size accurately, dimensions were measu
separately as the distance between opposite pairs of {1
facets, as illustrated for the inclusion shown at higher m
nification in Fig. 1(b).

Size measurements from a number of high resolut
images are plotted as a histogram in Fig. 2. Although
envelope is similar to the Lifshitz-Slyosov-Wagner dist
bution typical for inclusions in the process of coarseni
[20,21], this histogram exhibits oscillatory behavior wi
periodic minima or gaps at certain sizes. This surpris
observation leads to the conclusion that certain inclus
dimensions are unfavorable whereas other are prefer
As shown below, this “quantization” can be understood
a result of the strain energy minimization.

The inhomogeneous elastic strain energyEel of a spher-
ical inclusion under a uniform straiń is proportional to
´2 [22,23]:

Eel  VA´2. (2)

FIG. 2. Histogram of preferred inclusion dimensions (in un
of {111} Al plane spacings) measured from high resolutio
electron micrographs.
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HereA  s18mKdys4m 1 3Kd andm is the shear mod-
ulus of the matrix,K the bulk modulus, andV the volume
of the inclusion. The straiń is determined by the dif-
ferenceDV in atomic volume of the matrix and inclusio
phase, and for small strains,´  DVy3V . Faceted inclu-
sions such as an octahedron or a tetrahedron have a s
what lower strain energy, still mainly proportional tó2,
but modified by logarithmic terms due to elastic relaxati
at the sharp edges [24,25].

Pb inclusions in Al are not coherent because the
tice mismatch of 22% is far too large to be acco
modated elastically. They are not typically incohere
either because a parallel orientation relationship is stri
maintained [26]. Instead, the large volume changeDV
is almost entirely accommodated by Al lattice vacanc
which are in copious supply near the 600 K melting po
of Pb where inclusions are equilibrated (almost2

3 of the
933 K melting temperature of Al). However, for a para
lel orientation of the lattices and faceted interfaces,
cancies can accommodate the misfit only to the nea
integer number of lattice distances. Therefore, despite
ready supply of vacancies, there remains aresidualmisfit
strain

´res 
1
r

Vsrd , (3)

where Vsrd  minp jqdPb 2 pdAlj is an oscillatory
function of the particle sizer 

1
2 pdAl and describes

the smallest difference between two corresponding lat
distancesqdPb andpdAl; p andq are integers.V varies
from 0 to half a lattice spacing of Pb,dPdy2. Substituting
in Eq. (2), we obtain the residual strain energy

Eres  VA´2
res  VA

V2srd
r2 . (4)

Approximating the octahedral shape by a spheri
inclusion and with isotropic interfacial energys, Eq. (1)
can be written explicitly as

E  4pr2s 1
4p

3
rV2srd . (5)

The dependence of the inclusion energy on size
given by Eq. (5) is plotted in Fig. 3 for a size rang
up to 50 lattice planes. Notice the oscillatory behav
showing a nearly periodic variation with size. The so
dots connected by dashed lines indicate that the st
energy is discrete, since an inclusion must contain
integer number of lattice planes. The parabola (das
line) shows the interface energy. The oscillations of
strain energy term are seen to increase linearly with s
It is apparent that the dominant size regimes for the st
and interface energy terms are the reverse of the u
behavior encountered in the analysis of nucleation
growth: Here the residual strain energy is most import
at small sizes whereas the interface energy dominate
larger sizes. For typical values of interfacial and stra
energy, the maximum strain energy drops to about 1
me-
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FIG. 3. Plot of inclusion energy [Eq. (5)] as a function o
size, showing oscillations due to residual strain energy. T
size is given in units of Al plane spacings. (We use
interface energys  90 mJym2, similar to that measured for
Ag-Pb [27] and in agreement with Miedema’s estimate bas
the heat of solution [28]. The elastic constants are the sh
modulus of Al, m  28.7 GPa, and the bulk modulus of Pb
K  47.8 GPa.)

of the interface energy at a size of about 35 nm. Beyo
this size, the effect of the residual strain energy on t
shape is expected to become small.

A direct comparison of the residual strain energy (do
ted line) with the observed histogram of the size dist
bution is illustrated in Fig. 4. It is clearly apparent th
inclusion dimensions tend to cluster around the minim
of the oscillating energy function. Inclusions with dimen
sions of low residual strain are energetically preferred.
the absence of strain energy, an inclusion containing
given number of Pb atoms would tend to form a regul
compact shape (spherical or cuboctahedral). Howeve
its volume is such that the strain energy of a regular sh
is at a maximum, the inclusion can lower its energy
adopting unequal dimensions at neighboring minima.
stead of a regular polyhedron with equal but unfavora
dimensions, an irregular polyhedron with unequal dime
sions corresponding to nearby strain energy minima w
be preferred. This explains the observation of asymme
shapes as shown in Fig. 1 and probably accounts for
higher aspect ratios measured for smaller inclusions.

We conclude that small Pb inclusions in Al ado
equilibrium shapes that are faceted, display magic siz
and can be irregular in shape.

The phenomenon of magic sizes and asymmetries in
equilibrium shape of small inclusions, reported here f
the first time, is not expected to be limited to Pb inclusio
in Al. Crystalline inclusions in topotaxial alignment with
a crystalline matrix are typical for most alloy system
in which precipitates form from a supersaturated so
solution. In many cases, the precipitates nucleate
grow under conditions of high vacancy concentratio
similar to those prevalent in the present study. Howev
even when strain accommodation requires the format
473
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FIG. 4. Comparison of oscillation in observed size distrib
tion (solid histogram) with residual elastic strain energy (dot
line) as a function of size. Gaps in the histogram coincide w
peaks in the elastic strain energy. The envelopes of the
plots are unrelated.

of dislocation loops, the discrete nature of the mat
and inclusion lattices leads to an oscillatory behavior
the residual strain energy and corresponding optim
sizes. The observations and analysis presented
thus have broad implications for the nucleation a
equilibrium shape of small inclusions and the growth
large inclusions in many alloy systems.
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