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Damping of the Transverse Head-Tail Instability by Periodic Modulation of the Chromaticity
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An analytical and numerical study of the suppression of the transverse head-tail instability by
modulating the chromaticity over a synchrotron period is presented. We find that a threshold can be
developed, and it can be increased to a value larger than the strong head-tail instability threshold. The
stability criterion derived agrees very well with the simulations. The underlying physical mechanisms
of the damping scheme are rotation of the head-tail phase such that the instability does not occur,
and Landau damping due to the incoherent betatron tune spread generated by the varying chromaticity.
[S0031-9007(97)03326-7]

PACS numbers: 29.27.Bd, 41.75.—i

A bunched beam traveling in a particle acceleratof7] shows that, under this circumstance, the growth rate
creates forces through interactions of the beam particlesf the HT instability is smaller (approximately by a
with the electromagnetic environment. These forces, théactor of 3 for a typical case) whef/n > 0 than when
so-called wakefields, react and perturb the beam, ofteti/n < 0, wheren = pdC/Cdp — 1/v? is the slippage
causing collective instabilities. These instabilities limit thefactor,C = 27 R = ¢Tj is the circumference of the ring,
peak current in the bunch. In this Letter, we analyze anew = (1 — 82)~/2, and we takeB = v/c = 1. The
method for controlling such instabilities, namely, throughgrowth rate of the instbility depends on the magnitude
a temporal variation of the ring parameters. We illustrateof ¢/7n and how the beam spectrum overlaps with the
this method with a practical example, the suppressioimpedance (Fourier transform of the wakefield) spectrum.
of the transverse head-tail (HT) instability by means ofDamping mechanisms, such as radiation damping and
variation of the chromaticity. Landau damping [7,8], are often used to stabilize the fast

In a storage ring, particles with a different momentumgrowing mode associated with the HT instability. Their
have a different focusing strength in the quadrupoles, andffectiveness depends on the damping time and the width
thus have a different betatron frequency. The ratio obf the incoherent tune spread.
the relative frequency difference to the relative momen- A moment expansion of the linearized Vlasov equation
tum difference is the chromaticity. The betatron angu-describing the coupled longitudinal and dipole transverse
lar frequency of an off-momentum particle is given by motion results in a lowest order mode with a large growth
wg(6) = wpgo(l + £8), where¢ is the chromaticitywg,  rate for ¢/ <0, and strong damping wheg/n >
is the betatron angular frequency of the on-momentunf. Higher order modes grow, with substantially smaller
particle, andé = Ap/p is the relative momentum dif- growth rates than the lowest order mode, wigem > 0.
ference. The bunch is maintained by rf fields, and theThey are damped faf/n < 0.
particle energy oscillates with the synchrotron period. This leads us to consider variation éfover the syn-
When ¢ = 0, and a threshold depends on bunch cur-chrotron period as a mechanism to suppress the HT insta-
rent and wake force is exceeded, the strong head-talility. Two effects can be anticipated, first an enhanced
(SHT) instability occurs. Wherg # 0, there are both Landau damping from the incoherent tune spread induced
the SHT instability with a threshold and the HT instabil- by the chromaticity variation, and, second, a strong focus-
ity. The HT instability, driven by the chromaticity, has inglike effect (on collective modes, instead of on single
no stability threshold. It was observed in experiments [1]particle orbits) if the sign of /n is changed.
has been well analyzed [2], and has been confirmed by We choose to vang rather thany, since varyingn
simulations [3]. means transition crossing, and thus involves many com-

The HT instability is a concern for many circular plicated phenomena, such as vanishing Landau damping,
accelerators; for example, we may note the observatiorlarge momentum spread, bunch-shape mismatch, and non-
and simulations of single-bunch transverse excitation ofinear effects [9].
the beam in the proton ring of the HERA collider at DESY  While drafting this Letter, we were advised of the exis-
[4], the observation of higher-order HT instability in the tence of the paper written by Nakamura of SPring-8 [10].
PS Booster of the LHC at CERN [5], and the investigationNakamura suggested, as we have also (independently), the
of the possible HT oscillation due to a transverse feedbackoncept of chromaticity modulation. In this Letter, going
kicker at KEK’s B-Factory (KEKB) [6]. considerably beyond what Nakamura has done, we pro-

For most acceleratorg, must be sufficiently small so vide analysis, simulation results, and a stability criterion
as to avoid single particle orbital resonances. Analysigor the head-tail instability.

0031-900797/78(24)/4565(4)$10.00  © 1997 The American Physical Society 4565



VOLUME 78, NUMBER 24 PHYSICAL REVIEW LETTERS 16UNE 1997

The chromaticity is assumed to vary as generates an incoherent tune spread, wiigre= &y +
_ . £016. This tune spread is smaller by a factorwf than
£(s) = &0 + &isind, (1) the tune spread from the varying chromaticity, and is not
which is a function of “time” s, where s measures Significant in most instances. y
the distance around the ringh = w,s/c, w; is the To develop an analytic criterion for the stability thresh-

synchrotron angular frequency, agiglis the constant (dc) oId,_ we have derived a dispersion relat|9n based on a lin-
chromaticity. The constant part of chromaticity causestarized Viasov analysis for a many-particle system. As a
the HT instability. The dc incoherent tune spread is noftarting point of the analysis, we calculate the HT growth
effective in stabilizing the HT instability. As will be rate for arbitraryé, and&;, neglecting any damping from
shown, the varying component of the chromaticity doedune spread. We write the perturbed longitudinal phase
not cause instability, but rather provides an incoherengPace distribution function in action-angle variables and
tune spread that suppresses the coherent instability. Thigen Fourier expand in modes that varyead?, where¢

incoherent chromatic tune spread can be estimated as IS the angle variable andis the mode index. The result
[12] is a complex mode frequency)’), approximately

gy, = VB()§H/<62 sir? (l’)> = \/3»/81//30510-5 , (2) given by

0 =
for a Gaussian beam, whergy = wg/wo, wo = ¢/R, Q wpo + Loy T wodv. ()
os = (ws/cm)o,, o, is the rms bunch length, We assume the beam distribution is Gaussian, and take
_ _ . a model-impedance function Z§w) = 1/w — i7d(w),

z = r; Cos¢, 6 = (@;/em)rzsing,  (3) corresponding to a uniform wake function. The coherent
(r..¢) are the action-angle variables in the longitudinaltune shift is
phase space, and the brackgt means a longitudinal 20R(Av) = —@Y /12w x3e X0 I3 (x1/4),
phase-space average. The ac incoherent chromatic tune
spread contributes to Landau damping and decoherence. (8)

Decoherence is an effect that causes decay of centrojd .

A . where v, = w,/wg and Jy(x) is the Bessel func-
oscillation of an off-centered beam with frequency spread ion. The arowth rates per svnchrotron period
and is an excitation response to a nonzero initial conditio ( 9 b y P ’

0 _ S
[7,8]. The decoherence rate per turn can be estimated déms’ = 2m3(Aw)/ vy, of the two lowest order modes

Td_e}; = 270,. are
The Iongitudinql motion i.s prescribed by Eqg. (3). The 1/T§0) ~ —AYErfi (Xo)e_/\/o‘]g()(l/gl), (9)
transverse equation of motion is
-1/2 2
N I /e = V7 YxoLin P e X (/4. (10)
ds2 Vet 2z V%d wher?)Erfi(x) = —iErf (ix), Erf (x) is the error function,
o0 l . .
_ o P NN andL;’(x) is the Laguerre polynomial. One can see that,
- 7cfz dz p()W(z = )y’ s). when yo = 0, the growth rate of the HT instability is

(4)  Zero,even whery; # 0. As mentioned, the ac part of the

incoherent tune spread contributes to a Landau damping
wherey(z) is the transverse (longitudinal) oscillation co- without driving the HT instability.
ordinate with respect to the bunch cenfér= [ dz’ p(z/) We can estimate the stability criterion by requiring that
is the number of particles in a bunch(z) is the beam the incoherent tune spread exceeds the absolute value of
density distribution,ry = e*/myc?, and W is the trans- the coherent tune shift. Thatis, > [Av], whereo, is
verse wake function. We have neglected longitudinagiven by Eq. (2), or
wake force, nonlinear slippage factor, and synchrobeta- ()
tron coupling. There are three parameters essential to the X1 > (S/W)leleeff(X())ls (11)

dynamics given by Egs. (3) and (4): whereN, = [dw,l|g/1, g is the frequency spectrum of

Xo = wpooo./cm, X1 = wgoéro,/cn, (5) the Ith mode of the perturbed beam density, the trans-

verse impedance iZ(w,) = —WZ(a)q), the effective
Y = 7Nro(W)c?/8yCwpgowy, (6) impedance is
where xo (x1) is the dc (ac) phase shift between the head Z(ﬁ _ 24 Z(wg) lgi(x1, xq — xo)l? (12)

and tail of a bunch, andWw) = [~ _dz' p(z\W(z — Z)).
The parameteY is about the ratio of betatron tune shift to
the synchrotron tune. Whep, = 0, the SHT instability
occurs whenY = 1 [7,11]. ) 5
The nonlinear part of the chromaticity (as contrasted elo|Z; (§O)|eff<£> ( 7712 ) (13)

>
with the varying chromaticity), characterized By;, also &= a E o
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Xq = wg0;/c, and w, = qwy + wgy + lw;. EX-
pressed in terms of the accelerator parameters, we have
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where ¢, = 2/3T(1 + 1/2)/7 112!, E = ymyc?, 0.175F % _ o3 o
and I, = Nec/C which is the averaged current. When 0.15} o : ’
0 < yo <1, thel =1 mode is usually the dominant 0.125}
unstable mode, and; = 0.058; when —1 < y, <0, A 0.1

the / = 0 mode is the dominant unstable mode, and 2 , -5}

co = 0.23. 0.05
Equation (11) is usually sufficient for estimating the

threshold for bunch centroid motions. An improved sta- 0'025'\

bility criterion, useful for estimating the threshold for a

growth of the emittance, can be derived by incorporating

the incoherent tune spread in the Vlasov analysis. Fol-

lowing the well-known techniques [13], one can find theFIG. 1. Multiparticle simulation results showing the stabiliza-
dispersion relation tion of the HT motions of the centroid of a Gaussian beam
’SY by x1, Wwherey, = 0.2, Y = 0.22, v, = 0.0094, (y)(0) = 0.1
2 oprs 0 N A () (cm), ande,s(0) = 0.01 (cm). The estimated stability thresh-
V+iu 2 N [Zegr] + iRl Zere ]}, (14) old for the! = 1 mode, according to Eq. (11), jg, = 0.0127.
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where V + iU is the beam transfer function [7]. For
a Gaussian beam with the model impedance and

hase-space ensemble average. Note that the emittance
Av/v,, we have, for thd = 0 mode, P P g

growth is much slower than the initial centroid damping
V + iU [cf. Figs. 1 and 2]. This is a result of the growth rates
L, of the unstable higher order modds= 1) being much
— —ixi/2 (15) smaller than the damping rate of the=t 0) mode, e.g.,
N zwye—zyz/x?[Erﬁ(ﬁ”) —i 7, '(1 = 0) = —47;'(1 = 1). Figure 3 shows that the
/\/] . . . .
results of simulation of the bunch centroid motion agree

and for the/ = 1 mode, very well with the approximate stability limits, and the
V + iU results of emittance growth agree with the exact stability
. criterion. In Figs. 1, 2, and 3y = 0.22; for other values
—ix of Y, simulations also agree with the theoretical stabil-

3 ) _ 3,202/ [Erfi( Y22y _ ity criterion (for Y < 0.2 such that the SHT effect is not
V2m (i + 4vix) = 8mvlen 2 ME(E) ﬂs prominent). Figures 4(a) and 4(b) show the stabilization
(16) of the SHT instability by a large enough,. This im-

Examination of the dispersion relation shows that the SHTlies that the limitation of peak current in a storage ring,
threshold can be enlarged by increasjng within the tolerance of dynamic aperture reduction, can be

A simulation code has been developed, which followsincreased by varying the chromaticity.
the motion of macroparticles that are initially loaded In summary, the chromaticity of a storage ring, which
with a bi-Gaussian distribution in both longitudinal and causes the head-tail instability, usually needs to be con-
transverse phase spaces. The motion of each particle tiwlled by sextupoles. We have shown that, by varying
determined by Egs. (3) and (4). Results are numericallghe chromaticity, the head-tail instability is suppressed,
converged when the number of macroparticles is largeand, futhermore, a stability threshold is developed. With
than 400. Sincey, is usually chosen as a positive
parameter, we show figures only for numerical work for 0.06

xo > 0. Simulations, nevertheless, confirm the growth B

rates and stability criterion for both signs gf,. In po.o5t % =02 k= 0012
Fig. 1, we plot the rms displacement of the bunch centroid £

averaged over a synchrotron period. For a beam with & 0.04

an initial centroid offset, the bunch centroid motion £ 0.03

is initially dominated by thel = 0 mode, which is a o 0.015
damping mode whery, > 0; the higher order unstable 20.02

modes then cause the growth of averaged bunch center & 0.020
after the initial damping. The varying chromaticity, 0.01 0.0%0

nonetheless, Landau damps all the higher order unstable 2000 4000 6000 8000

modes whery; is larger than that estimated in Eq. (11).
Multiparticle simulations show that the rms emit- o ] , ) .

tance of a Gaussian beam is stabilized when the valug'G- 2. Multiparticle simulation result showing the stabiliza-

. tion of the HT motions of the rms emittance of a Gauss-
of x1 approaches the stability threshold of Eg. (14)ian beam whery; = 0.026—the theoretical stability threshold

(cf. Fig. 2), whereems = ((y*)(P2) — (yPy)»)/2 (cm),  of the / = 1 mode [cf. Eq. (14)]. Herer = 0.2, Y = 0.22,
P, = (c/wpgo)dy/ds (cm), and the bracket) means a v, = 0.0094, (y)(0) = 0.1 (cm), andems(0) = 0.01 (cm).
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! ' ' ' ' cal operation issues, such as rapidly modulated sextupole
0.05 Stability Thmic (0.00,1.)% (0.00,1.)% 0.00,1.)% — . A .
_(Starility imit magnets, and theoretical issues, such as the reduction of
0.04 | |- Approx. 000l OO0k (0.00.2)%—] dynamic aperture due to resonances, as well as exact cal-
oosf | S | ooy _00x 0013 - culations including the azimuthal mode coupling, are re-
2 X (<y> A€, ) quired. Also, practical aspects of the varying chromaticity
0.02 00260% _0.0613)%. must be compared with the other schemes that also intro-
0.01 0%k (234T601)% duce'an incohe.rent tune spread, e.g., space charge, ion
R trapping, rf nonlinearity, and octupole magnets. Tempo-
o.00r | ! (2‘”3‘75‘“”’:‘ (68 "’:‘ . ral variation of accelerator parameters might be used in

the control of other instabilities.
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Here, vy, = 0.0094, (y)(0) = 0.1 (cm), &ms(0) = 0.01 (cm),

and Ae.,s is rounded to the closest integer.
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may increase the threshold of the strong head-tail insta-
bility. The underlying mechanisms are Landau damping
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