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Cotunneling at Resonance for the Single-Electron Transistor
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We study electron transport through a small metallic island in the perturbative regime. Using a
diagrammatic real-time technique, we calculate the occupation of the island as well as the conductance
through the transistor to fourth order in the tunneling matrix elements, a process referred to as
cotunneling. Our formulation does not require the introduction of a cutoff. At resonance we find
significant deviations from previous theories and quantitative agreement with recent experiments.
[S0031-9007(97)03397-8]

PACS numbers: 73.40.Gk, 73.23.Hk, 73.40.Rw

Electron transport through small metallic islands isincluded (even virtually). Therefore, it was necessary to
strongly influenced by the charging energy associatethtroduce a bandwidth cutoff Ec. The predicted broad-
with low capacitance of the junctions [1-3]. A variety ening of the conductance peak as well as the reduction
of single-electron effects, including Coulomb blockadeof its height was confirmed qualitatively in recent experi-
phenomena and gate-voltage dependent oscillations of threents on a single-electron transistor in the strong tunnel-
conductance, have been observed. If the conductance imfg regime by Joyeet al. [15]. However, a quantitative

the barriers is low fit between theory and experiment requires using a renor-
malized value for the charging energy. This value has
ag = h/(4m*e®Ry) < 1, (1) been determined independently in the experiments.

In this Letter, we use the real-time diagrammatic
they can be described within the “orthodox theory” [1] technique to obtain the current in second orderain
which treats tunneling in lowest order perturbation theoryincluding all relevant states. In this case no cutoff is
(golden rule). This corresponds to the classical picture ofequired; all terms are regularized in a natural way.
incoherent, sequential tunneling processes. On the othdhis analysis allows an unambiguous comparison with
hand, there is experimental and theoretical evidence tha&xperiments where only bare system parameters enter.
in several regimes higher-order tunneling processes havit resonance we obtain new contributions compared to
to be taken into account. the earlier theory of electron cotunneling. They emerge

First, in the Coulomb blockade regime, sequential tunfrom a change of the occupation probabilities and a
neling is exponentially suppressed. The leading contriburenormalization of the charge excitation energy. For
tion to the current is a second-order processjgnwhere realistic parameterg/Ec ~ 0.05 and ay = af ~0.02
electrons tunnel via a virtual state of the island. Averinthe corrections are of ordef%. We compare with recent
and Nazarov [4] evaluated the transition rate of thisexperiments [15] and find excellent agreement without
“inelastic cotunneling” process at zero temperature. Aany fitting parameter.
divergence which arises at finite temperature requires a The system is modeled by the Hamiltonian
regularization, which they treated by an approximation
which is valid far away from the resonances. In this H = Hy + Hr + Hy + Hey + Hr = Hy + Hr. (2)
regime, their results were confirmed by experiments [5].

Second, even at resonance where sequential tunnelindereH, = >, e,f,,a:rk,,a,kn andH; = an eqnc,}‘ncqn de-
occurs, higher-order processes can have a significant eferibe the noninteracting electrons in the two leads
fect on the gate-voltage dependent linear and nonlinedr,R and on the island. The wave vectérandg numerate
conductance [6,7]. Similar effects were discussed for théhe states of the electrons, while= 1,..., N is the trans-
equilibrium properties of the single-electron box [8—12]. verse channel index which includes the spin. In the follow-
A diagrammatic real-time technique developed for metaling, we consider “wide” metallic junctions witlv > 1.
lic islands [6,7] as well as for quantum dots [13,14] allowsThe Coulomb interaction of the electrons on the island is
a systematic description of the nonequilibrium tunnel-described by the capacitance modégl, = Ec (i — ny)?,
ing processes. The effects from quantum fluctuations bewhere Ec = ¢2/(2C) with C = C. + Cr + C,. The
come observable either for strong tunnelimg ~ 1 or at  excess particle number operator on the island is given by
low temperaturesyy In Ec /T ~ 1, whereEc denotes the 7. Furthermore, the “external chargegh, = CLVL +
charging energy (see below). The theory has been eval@&r Vr + C,V,, accounts for the applied gate and trans-
ated in the limit where only two adjacent charge states arport voltages. The charge transfer processes are described
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by the tunneling Hamiltonian bative regime we writep, = px + py) + pi + -
. ands,, = 251131, + Effz,, + 251331, + ... Wherep,(lk) and
Ht = Z Z:Tma1L cge 'Y + Hc (3) ® ’ Tk ) :
T AR kg Zrkn & qn e 2, » denote the term~aq of the expansion. The mas-

ter equation must hold in each order. In lowest order
The matrix element§y, are considered independent of (sequential tunneling) in the stationary state it reads
the statesc andg. They are related to the tunneling re- ,\” 4 +(A,) — p® a=(A,) = 0. At low temperature at

sistanceskr, of the left and right junctions by/Rt, =  most two charge states ( 0, 1) are important, all other
(2me* /NN, (0)N;(0)IT™|*, whereN;(0) are the den-  states are suppressed exponentially.

sity of states of the island and leads. The operatof Because of higher-order processes the occupation is
changes the charge on the islandby. modified and also the probability for the other charge

We proceed using the diagrammatic technique develstates can be nonzero (they are algebraically suppressed,
oped in Refs. [6,7]. The nonequilibrium time evolution pyt not exponentially). The expansion of the master equa-
of the charge degrees of freedom on the island is detion up toe? gives a relation between the rates in second

scribed 'by a density matrix, Which we expandiq. T_he _ orders?, (diagrams with two lines) and the occupation

reservoirs are assumed to remain in thermal equilibrium =~ ~"™" D . .

(with electrochemical potentiak,) and are traced out N first orderp» ~ which lead to a correction in the average
) . . i — — ()0 a

using Wick's theorem, such that the Fermion operator@ccupationin) = >, np, = <”>(.) W to

are contracted in pairs. For a large number of channels Th€ stationary current, = —ie . Pn2p through

. + .
N, the “simple loop” configurations dominate where the'€Servoir » uses the ratest,, where the rightmost

two operators inz,, c,, from one termH are contracted tnneling line corresponds to reservoir and is an

with the corresponding two operator§ a., from an- outgoing (incoming) one if the rightmost vertex lies
i )

other termHr, while the contribution of more compli- or)_the upper  (lower) propagator .(and vice versa_for

cated configurations are small. 2..)- There are two types of diagrams contributing

The time evolution of the reduced density matrix in at(; :Ee fsecon«(j(;)(gg)er C(()jrre&tlon IOIZ thg)gﬂgréf_?fl;a thqur—i
basis of charge states is visualized in Fig. 1. The forwar@' N€ formp and others likep : € 1rs

and backward propagators (on the Keldysh contour) ar nes correspond to the cotunneling processes derived by
coupled by “tunneling lines,” representing tunneling in verin and Nazarov [4]. The second ones are due to

: ; : : changes in the occupation probabilities in higher orders.
junctionr. - In Fourier space they are given by They have not been considered in previous theories, but

® — W 4 are equally as important as the first one.
4) In lowest order the average occupatiom)? =

CexdxBlw — )] - 1 _
] o ) a’(Ag)/a(Ap) is smeared only by temperature. Quan-
if the line is directed backward or forward with respectym fluctuations yield in next order

to the closed time path. Furthermore, we associate with
each tunneling vertex at time a factor exg*iA, 1) 1
depending on the energy difference of the adjacent chargé®)'” = 2Ec on
statesA, = E.n(n + 1) — E.n(n). If the vertex lies on € 6
the backward path it acquires a facterl. We define 6)
@ = 3, af anda(w) = ¥, a,(w). , .

The time evolution of the density matrix leads to awhered, =3, ag(A, — '“’)R_eq’[l%m” ~ w)]and
formally exact master equation [6,7] v denott_eg the dlgamma function. . . .

In equilibrium, i.e., atV = 0, the transistor is equiva-
lent to the single-electron box. A systematic perturbative
expansion of the partition function (up to order)
was performed by Grabert [12]. The result Eqg. (6) is
for the probability p, of charge state: and the tran- identical to his result in ordery,, which at 7 = 0
sition rates 3, ,, betweenn and n’. In the pertur- reads(n)!) = a,In[(1 + 2ny)/(1 — 2ny)]. Equation (6)

generalizes the analysis to nonequilibrium situation, i.e.,

a; (w) = *a

o0 = don) + 201 — 0]

j’n = Z[pn’zn’,n - pnzn,n’] (5)

n'#n

vV #0.
1 0 1 0 1 o0 The current = I, = —Iy is in lowest order given by
'\ I' ‘\\ '\\ 1’,’
\L RS L', \R o b 47%e ar(Ag)ar(Ag)
Vo NN ) 19(A0) = [fr(80) = fL(A0)].
. N L h a(A)

1 0 10 -1 0 (1)
FIG. 1. A diagram showing contributions to sequential tun-
neling 81 andS1;") and cotunnelingXoy andSgp ). The total second order, “cotunneling” contribution can be
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divided into three parts®(Ag) = 32_, 1Z(Ao), 0.10 ————
12(Ag) = f dw I'(w)a(w) -
x Re[py'R-(0)* + p{"R+(@)2], (8) %
% 000
o
1(Ag) = —1<1)(A0)] doRe > a’(0)R, (@)% (9) e
1) A o -0.05
-~ [ e S oo
0 o==%
(10) 0%z 05 04 05 06 07 08

where we used the definitioR(w) = [1/(w — A + "
i0")] — [1/(w — A+; + i0")]. The poles atw = A FIG. 2. The (zs)econq-ord%r) contribution of the differential
are regularized in a natural way (it comes out of Ourcor(;?/utiagceG = 2= G;” for T/Ec = 0.05, ay = 0.04,
theory and isnot added by hand) as Cauchy’s prin- 2¢" =%
cipal values R@/x + i0") = P% and their derivative
. d 1 . . . .
Re1/(x +i0")*] = — 7 P+. (where the cutoff is adjusted afc) is displayed for
In the Coulomb blockade regime, we hapéo) =1, the linear and nonlinear regimes. The deviation from
p§0) = 0, and/(M(Ay) = 0. Consequently, only the first sequential tunneling is significant and of the ordéfb.
term of 12 contributes. AT = 0, the integrand is zero The agreement with the resonant tunneling approximation
at the polles and we cén omit thé terd0™. This gives provides a clear criterion for the choice of the bandwidth
the We||—kn(;WI‘l result of inelastic cotunneling [4]. At cuf[off. Furthermore, and most importantly, it ShOWS t.he
finite temperature, however, the regularization scheme ig})((l}sstence of ?jgargmﬁ_te:] reglrge WEere rer:otrmahzatlt())ns
needed which is not provided by previous theories [16]0' £¢: @o. andao Dy higher-order charge states can be
our result is also well defined faf % 0. neglected although the current deviates significantly from
Furthermore, we are able to describe the system a{ﬂe classical result. We have checked the significance of
resonance In, this regimé(z) and 12 become impor- third-order terms~ag by using the resonant tunneling.
tant. The .origin of the seéond ter?n may intuitively be fﬁrn(;ulad[&?] and exact results for the aver?‘ge charge in
S . . -7 “~third order at zero temperature [12]. For the parameter
interpreted as the reduction of the first-order contrlbutlon,se,[S used in the figurgs the d[evi¢]51tions to thpe sum of
(1) . . . 3
If t(hAO) Zl.nce qtuarr:tum fIl:c:;atloEsi Ieagzto "fll_r;] OC(?Upat'O'}irst— and second-order terms were smaller than about
?he eroiézﬁﬁn 0? tﬁ;gs :tgmf) be i?nstazt'e= Oec:f IOEE’ 2%. Therefore, at not too low temperatures, second-order
decrpeased. 'the third t)e/rm may indicate the appearance rturpatlon _theory 's a good approximation even If the
a renormalization of the excitation enerdy [6.7,9,11] nneling resistance approaches thelquantl;]m resistance.
: T S In Fig. 5 we compare our results with recent ex-
Because of this renormalization the system is ef‘l‘ectlvel;aerimengtS [15] Thep temperature dependence of the
sﬂSZErstto ?heeriiﬁpgricsvsﬁlgheth(g:\gIri]r?l g:éirr?detggg\rloﬁe oulomb oscillations were measured for two samples with

roughly given by the derivative of the first order term
times the renormalization.

The behavior of the system at resonance (and its 0o A
crossover to the Coulomb blockade regime) was also 04 L g“he‘?’ ',’ \‘ |
described in Refs. [6,7] within the resonant tunneling i R G
approximation for the two charge state model. Therefore, 0s | i |
the expansion of the resonant tunneling formula up to g™ ;5’ "\‘
al yields Egs. (8)—(10) if we omit all terms witth, 302 i / \ |
and A_;. The integrals, then, become divergent and a = / \ |
cutoff (of the order of the charging energy) has to be o1 | ,;'7 \\ |
introduced. In this Letter, however, we took into account ' /i N
all processes, and, therefore, no cutoff is needed. 7 RN

i N ) 0.0 ==g= — I 1
In Fig. 2 we show the second-order contribution to 02 03 04 05 06 07 08

the linear differential conductancé = 97/9V (in the

. L _ R .

fO"OW'”Q we Choosgao = ag). In Figs. 3 and_ 4 @ [ 3. The differential conductance f@/Ec = 0.05, ag =
comparison of the first order, the Sum.Of the f"S_t an_d0.04, and V = 0: sequential tunneling, sequential plus cotun-
second orders, and the resonant tunneling approximatiameling, and resonant tunneling approximation.
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FIG. 5. Maximal and minimal linear conductance B¢ =
0.1 § 147 Kand ay = 0.015, andEc: = 1 K and ag = 0.063. The
00 data points are experimental data from Ref. 15.
~o. . 0.7
nX
FIG. 4. The differential conductance fét/Ec = 0.01, ay = We like to thank D. Esteve, H. Grabert, and P. Joyez
0.02, and V/Ec = 0.2: sequential tunneling, sequential plus for stimulating and useful discussions. Our work was
cotunneling, and resonant tunneling approximation. supported by the “Deutsche Forschungsgemeinschaft” as

part of “SFB 195.”
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