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The superstructure in decagonal Al-Ni-Co has a unit cell in 5D space 5 times larger than th
of the normal structure. A 3D model of this structure proposed recently [K. Hiraga, W. Sun
and A. Yamamoto, Mater. Trans. JIM35, 657 (1994)] has a 20 Å cluster on each vertex of the
Penrose pattern with an edge length of 20 Å. This Letter shows a corresponding 5D model. The
are 20 occupation domains in a unit cell, two of which are independent under the symmetry o
P105ymcms1071mmd. This 5D model shows diffraction patterns similar to those of the superstructure
The phase transition from the normal phase to the superstructure occurs by a phason jum
[S0031-9007(97)03300-0]

PACS numbers: 61.44.Br, 61.50.Ah
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Quasicrystals show diffraction spots with noncrystallo
graphic symmetry. The diffraction patterns are indexab
with n vectorssn $ 5d andn “Miller indices.” They are
described as crystals inn-dimensional space as are th
modulated structures and their diffraction intensities can
calculated accurately by using suchn-dimensional crystals
[1]. In particular, quasicrystals with decagonal and icos
hedral diffraction symmetries (decagonal and icosahed
quasicrystals) are described as five-dimensional (5D) a
six-dimensional (6D) crystals. There exist several qu
sicrystals with different lattice constants, some of whic
can be considered as the superstructure of the others.

Since a superstructure in quasicrystals has been d
covered in icosahedral Al-Pd-Mn [2], several other supe
structures have been found in icosahedral and decago
quasicrystals [3–6]. For the icosahedral case, their 6
models have been proposed [7,8]. On the other ha
there is no 5D model for the decagonal case. The first
perstructure in a decagonal phase was found in decago
Al-Ni-Co (d-Al-Ni-Co) quasicrystals [5]. This has a unit
cell volume 5 times larger than that of the normal pha
[9]. We proposed a model for this superstructure [1
based on high resolution transmission electron microsco
(HRTEM) images, where the clusters are arranged at
vertices of a Penrose pattern with edges of about 20
(3D model). This model is based on the facts that 20
clusters in the normal phase ofd-Al-Ni-Co are located
at the vertices of the pentagonal Penrose pattern, wh
those of the superstructure phase are on the vertices of
rhombic Penrose pattern with the same edge length a
the latter pattern is a superstructure of the former [9–1
In order to confirm the validity of the model, however, i
is necessary to calculate the diffraction intensities inclu
ing the satellite reflections. This requires a 5D mode
which has not been proposed yet. So far, only the a
erage structure has been analyzed based on single cry
x-ray data [13]. In this Letter, we show a correspondin
5D model of such a superstructure and discuss the ph
transition between the normal and superstructure phase
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As is well known the unit cell of the superstructur
is different from that of the normal phase and the e
ternal component of the unit vectors of the lattice
rotated by py10 from the corresponding one for th
normal phase [5] and the lattice constanta is larger
by the factor 2 cospy10  1.902 11. Since a0 
2.745 Å, c0  4.081 Å for the normal phase (or averag
structure) [13],a and c are 5.221 and 4.081 Å. (We
use the coordinate system used in a previous pa
[12].) The unit vectors of the decagonal lattice a
given by dj  s2ay

p
5 d fscj 2 1da1 1 sja2 1 sc2j 2

1da3 1 s2ja4g s j  1, 2, 3, 4d, d5  ca5 and their recip-
rocal vectors aredp

j  sapy
p

5 d fcja1 1 sja2 1 c2ja3 1

s2ja4g s j  1, 2, 3, 4d, dp
5  cpa5, whereap  1ya and

cp  1yc are the lattice constants of the reciprocal lattic
The vectorsa1, a2, and a5 are the unit vectors in the
external space whilea3 and a4 represent those of the
internal space. There exist planes including thecp axis
on which reflections are extinct in both phases. Th
are at the same positions in both the superstructure
normal phases. The former gives a reflection conditi
h5  2n for h1h2h2h1h5 while for the latterh5  2n for
h1h2h2h1h5, because of the rotation of the unit vecto
mentioned above. The reflection conditions lead to t
space groupP105ymcms1071mmd for the superstructure
and P105ymmcs1071mmd for the normal phase. (Thes
two are inequivalent [14].) Here we use a new symb
which is the combination of symbols in the external a
internal space similar to a superspace group symbol
modulated structures [15] in order to show the action
the symmetry operators in the external and internal spa
For example, the tenfold rotation105s107d indicates that
the tenfold screw axis in the external space is combin
with a 7py5 rotation in the internal space, whilems1d
shows the mirror plane normal to thec axis, with the
identity operation in the internal space.

In cluster models, we consider occupation doma
which generate cluster centers [16,17]. Since the clus
centers form the Penrose pattern [9], they are generate
© 1997 The American Physical Society
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four pentagons. In order to define the pentagons, we
troduce five vectorsej  s2ay

p
5 d sc2ja3 1 s2ja4d s j 

1, 2, . . . , 5d. Then the Penrose pattern with an edge leng
of 20 Å is given by four pentagons with corner vector
6t23ej (small pentagons) and7t22ej (large pentagons)
at 6s1, 1, 1, 1, 1.25dy5 and 6s2, 2, 2, 2, 1.25dy5, because
t32ay

p
5 . 20 Å.

The atom positions around a cluster center can be o
tained from the occupation domain for the center by shi
ing it by the interatomic distance along the external spa
[16]. Such positions have a lower site symmetry tha
the center. All atom positions around the center pr
posed by us [10] can be obtained from the occupati
domains around 20 points in the 5D unit cell of the su
perstructure, which are equivalent to6si, i, i, i, 5zd0y5
si  1, 2d in the normal phase. Since their site symm
try is mms1md with order 4 and the point group of the
structure is10ymmms1071mmd (order 40), there are ten
equivalent positions [related by105s107d]. Thus the num-
ber of independent sites is two. The two independe
occupation domains located at2s1, 22, 0, 2, 1.25dy5 and
2s22, 2, 1, 0, 1.25dy5 are shown in Fig. 1. The coordi-
nates of the normal phasex0i si  1, 2, . . . , 5d are related
with those of the superstructure byx0i 

P5
j1 Sijxj with

the transformation matrix

S 

266664
1 0 21 0 0
0 1 0 21 0
1 1 2 1 0

21 0 0 1 0
0 0 0 0 1

377775 . (1)

Therefore, their corresponding coordinates in the norm
phase are2s1, 24, 1, 1, 5zd0y5 and 2s23, 2, 2, 2, 5zd0y5,
which are translationally equivalent to2s1, 1, 1, 1, 5zd0y
5 and 2s2, 2, 2, 2, 5zd0y5 in the normal phase but in-
equivalent to them in the superstructure phase since in

FIG. 1. Two independent large occupation domainsD0 and
C0 of the superstructure ofd-Al-Ni-Co. The coordinates of
dots near the domain centers are (a)2s1, 22, 0, 2, 1.25dy5 and
(b) 2s22, 2, 1, 0, 1.25dy5. The shaded parts are occupied b
transition metal and the other parts by Al. For the numbe
see text.
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latter, the occupation domains at2s1, 1 6 5, 1, 1, 5zd0y
5, sss2s2 6 5, 2, 2, 2, 5zd0y5ddd and 2s1, 1, 1, 1, 5zd0y5,
sss2s2, 2, 2, 2, 5zd0y5ddd are the same in shape but different
orientation by a multiple of2py5. It should be noted that
the shape of the occupation domain is quite different fro
that of the Penrose pattern and has only a mirror pla
msmd represented bym in Fig. 1. [The mirror plane
normal to thec axis ms1d does not give any restraint fo
the occupation domain.]

Each independent occupation domain consists of p
tagons, most of which are overlapped with neighbori
pentagons and has an irregular shape with the sym
try of msmd. The large and small pentagons mention
above are seen in Fig. 1(a). Triangles, trapezoids, p
tagons, and hexagons with a concave part are obtai
from small or large pentagons by removing the ove
lapped parts. Several outside pentagons are partially
off in order to avoid unreasonably short interatomic d
tances. The resulting 5D model is quite different fro
5D structures of known decagonal quasicrystals, wh
each large occupation domain has pentagonal symm
5ms52md [13,17,18]. It is however remarkable that th
number of independent occupation domains is two a
that the other domains are related to them by symme
operations.

The atom arrangement in 3D space is obtained fr
a 5D model by taking a 3D section [19,20]. Figure
shows the view of the superstructure projected along
c axis (tenfold axis) given by the occupation domains
Fig. 1. It is clear from Fig. 2 that the structure consis
of the clusters observed by HRTEM images [9] and t
cluster centers of the decagonal clusters with the rad
of 20 Å construct the (rhombic) Penrose pattern. In t

FIG. 2. Projection of the model given by Fig. 1 along th
tenfold axis. Solid and open circles represent transition me
and Al atoms. The decagonal clusters are on the vertices of
(rhombic) Penrose pattern.
4431
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present model, the distribution of transition metal (TM
and Al atoms is slightly different from that of the previou
model [10]. A perfect chemical ordering is considered
the former, while in the latter, many sites are statistica
occupied by TM and Al atoms. Such chemical ordering
obtained if the shaded parts in Fig. 1 are occupied by T
and the other ones by Al.

In order to confirm the validity of the present mode
we have to analyze the structure in detail with diffractio
intensities including satellite reflections but this is out
the scope of this Letter. Instead, we show the diffracti
pattern from the model, in order to demonstrate that it giv
an essentially correct superstructure. (For the struc
factor calculations, see [1].) Figure 3 represents an x-
diffraction pattern of the model structure. It is note
that the structure shows an intensity distribution simi
to that of the corresponding electron diffraction patte
of the superstructure. In particular, the appearance of
satellite reflections and their intensity distribution can
explained by the model. (Compare Fig. 3 with the electr
diffraction pattern by Edagawaet al. [5].) Since the
present 5D model is based on the previous 3D mode
explains HRTEM images [10]. When the two occupati
domains in Fig. 1 are placed on the mirror planems1d
normal to thec axis sz  21y4d, the 5D model gives the
space group mentioned above and explains the obse
extinction rules.

As shown by Yamamoto [18], the model of the norm
phase with the same cluster on the vertices of the penta
nal Penrose pattern is given by the occupation domain
Fig. 4. These are located at2si, i, i, i, 1.25d0y5 si  1, 2d
in the unit cell of the normal phase. According to a
x-ray analysis [13], the domainD at 2s1, 1, 1, 1, 1.25d0y5
is mainly occupied by TM andC at 2s2, 2, 2, 2, 1.25d0y5
by Al. If the central atoms of the five pentagons arou

FIG. 3. Diffraction pattern of the superstructure ofd-Al-Ni-
Co. The radius of each reflection is proportional to the abso
value of the structure factor. Open and solid circles repres
the main and satellite reflections.
4432
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each cluster and ten atoms in a decagon are TM atom
as in our previous model [10], the shaded part inC and
ten decagons inD are occupied by TM. [See Fig. 6(a)
in [10].] In this phase, there are five sites in the uni
cell of the superstructure, which are translationally
equivalent to it, since the unit cell of the superstructur
is 5 times larger than that of the normal phase. Thi
means that the occupation domains on these sites a
the same in size and in orientation. On the other han
these sites are related by fivefold rotation in the supe
structure. Thus if the occupation domains have fivefol
symmetry as in the normal phase, these are translationa
equivalent. As is clear from this fact, the superstruc
ture is caused from the breakdown of the translationa
symmetry, which comes from the loss of the pentago
nal symmetry of the occupation domains. The differenc
in their size and shape generates different arrangeme
of the clusters. The point densities of both phases a
however only a little different since the sum of the area
of two occupation domains is nearly equal. The poin
density is0.0737 Å23 for the present model,0.0731 and
0.0724 Å23, respectively, for the previous model of the
normal phase [1] and for the model by Burkov [17].
These point densities are reasonable from the value
crystal approximants (.0.073) [21].

Recently, it was clarified that a slight change in the
shape and size of occupation domains changes the clus
arrangement ofd-Al-Cu-Co drastically. This leads from
the Burkov model with an intercluster distance of 12 Å to
the model of the normal phase with the cluster distance
20 Å mentioned above, changing the cluster size [17,18
This structural change occurs by small jumps of atom
positions similar to the phason jump. We also call it a
phason jump, although such an atom flip is due neithe
to the linear phason nor to the random phason. It is als
possible to explain the phase transition from the norma

FIG. 4. The two independent large occupation domain
D and C of the normal structure ofd-Al-Ni-Co at (a)
2s1, 1, 1, 1, 1.25d0y5 and (b) 2s2, 2, 2, 2, 1.25d0y5. In this
model, the 20 Å clusters are the same as those in Fig. 2 b
they are on the vertices of the pentagonal Penrose pattern
contrast to Fig. 2. The shaded part generates central ato
in five pentagons around each cluster center. See Fig. 6(
in [10].



VOLUME 78, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 9 JUNE 1997

-
i-

ity

g.

i,

s.

.
B

-

M

r.

r.

k,

.

de
phase to the superstructure phase with such a phason ju
When the 5D structure is projected onto the internal spac
each occupation domain is surrounded by five occupati
domains sharing their outer edges (contact condition).
the normal phase the occupation domainD [Fig. 4(a)]
at x1  2s1, 1, 1, 1, 1.25d0y5 is surrounded by domainC
[Fig. 4(b)] atx2  2s23, 2, 2, 23, 1.25d0y5 and the other
four positions equivalent to it by a fivefold rotation axis
at x1 and the external component ofx2 2 x1 gives the
interatomic distance2t22a0y

p
5 . 0.97 Å . When these

occupation domains are projected onto the internal spa
the domainsD and C share the outer edges denoted b
1 in Fig. 4. Thus the change of the occupation doma
boundaries of central and surrounding domains keeping t
contact condition unchanged leads to the phason jump
atoms. According to the x-ray analysis, the occupatio
domainD is mainly occupied by TM and domainC, by
only Al [13]. This suggests that there exists some chemic
disordering.

Similarly, in the superstructure there are five occupatio
domainsC0 in the contact condition surrounding the do
main D0 [Fig. 1(a)] when the 5D model is projected onto
the internal space. They are obtained from Fig. 1(b) b
rotating about an angle which is a multiple of2py5 and
translating to contact edges with the same numbers. N
ing that the difference of the point densities of both phas
is small, the domainD0 in Fig. 1(a) is obtained from those
in Fig. 4 by cutting several small parts fromD and adding
to domainsC in the contact condition or vice versa. The
domain in Fig. 1(b) is also obtained by a similar change o
occupation domains. Therefore, the atom positions of t
superstructure are deduced from those of the normal ph
by a small phason jump. In a real structure, replaceme
of atoms may also be necessary in addition to the phas
jump, in order to obtain the chemically ordered 20 Å clus
ters in a structure with different cluster arrangement. Th
implies that the migration (diffusion) of atoms may be nec
essary for such a phase transition [22]. It is, however, r
markable that the atom positions of the superstructure w
a quite different cluster arrangement can be obtained by
small phason jump and the migration of atoms is only ne
essary to form chemically ordered clusters.
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