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Ideal Quantum Communication over Noisy Channels: A Quantum Optical Implementation
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We consider transmission of a quantum state between two distant atoms via photons. Based on
a quantum-optical realistic model, we define a noisy quantum channel which includes systematic
errors as well as errors due to coupling to the environment. We present a protocol that allows
one to accomplish ideal transmission by repeating the transfer operation as many times as needed.
[S0031-9007(97)03317-6]
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Quantum communication [1–4] is the transmissi
and exchange of quantum information between dist
“nodes” of a quantum network. The nodes of a quant
network are typically two-level atoms which store th
quantum information represented by entangled states
quantum bits (qubits). Operations in such a quant
network are unitary transformations on qubits. The
can either be local operations, i.e., within a node,
nonlocal operations involving qubits in distant node
such as transmission of qubits or, in general, distribut
of entanglement over the network. In particular, ide
quantum transmission is defined by

sc0j0l1 1 c1j1l1d ≠ j0l2 ! j0l1 ≠ sc0j0l2 1 c1j1l2d ,

(1)

where an unknown superposition of internal statesj0l and
j1l in atom 1 in node 1 is transferred to atom 2 in node

Physical implementations of transmission protocols i
quantum network based on cavity QED (CQED) have
cently been proposed [5]. They involve properly design
laser pulses which excite an atom inside an optical cav
at the sending node, so that the state is mapped into a
ton wave packet. This wave packet propagates alon
transmission line connecting the cavities, enters the ca
at the receiving node, and is absorbed by an atom [
Fig. 1(a)]. In other words, “permanent qubits” stored
atoms generate and annihilate “transient qubits” rep
sented by photons which play the role of a data bus
quantum information. In a perfect implementation, th
scheme allows for ideal transmission. In practice, th
will be errors; in particular, the channel through whic
the photon travels will be noisy, e.g., there will be phot
absorption. In this Letter we will show that this phys
cal setting of quantum transmission of qubits via phot
exchange gives rise to novel error correction scheme
be developed, which permit one to retry sending the qu
until perfect transmission is achieved, thus correcting
transmission errors in the noisy quantum-optical chan
to all orders. Typical error correction schemes develop
in the context of quantum computing [6] and purificatio
schemes [3] add an increasing number of atoms (per
nent qubits), to correct errors to higher order [7]. In co
0031-9007y97y78(22)y4293(4)$10.00
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trast, the physical basis of our scheme, laser manipulat
of atoms in CQED [8], makes it comparatively simple t
create highly entangled states of atoms with many photo
(transient qubits). Furthermore, the present correcti
scheme requires only a moderate overhead, with (ent
glement of) only two atoms on each node. Given th
small model systems of “ion trap quantum computers” [
involving a few qubits will be built in the near future, such
a scheme opens a realistic perspective of implement
perfect transmission in quantum networks. This will hav
interesting applications, such as distributing and stori
EPR pairs in distant nodes for secure public key distrib
tion [1], purification schemes for quantum cryptograph
[3], and dense coding of quantum information [4].

We consider the atomic scheme outlined in Fig. 1(b
Three internal long-lived (ground) states levels participa
in the transmission. The qubit is stored injgl and
jel, whereasjrl acts as an auxiliary level. To achieve
transmission from atomi to j, one first transfersjeli !

jrli via a Raman process, where a photon is emitt
into a high-Q cavity. The generated photon leaks out o
the cavity, propagates along the transmission line, ent
the optical cavity at the second node, and induces
inverse transitionjRlj ! jElj (we will use capital letters
to denote the states of the atoms in the second nod
In the ideal case, for timet ! ` this corresponds to a
mapping of the atomic states,

Ti,j :
jglijRlj ! jglijRlj ,
jelijRlj ! jrlijElj , (2)

FIG. 1. (a) Schematic representation of the protocol for ide
transmission of one qubit from atom 1 in cavity 1 to atom
2 in cavity 2. Atom b is a backup atom anda an auxiliary
atom. The steps (i)–(v) in the protocol can be found in th
text. (b) Level structure of atoms and couplings induced b
laser and cavity fields.
© 1997 The American Physical Society 4293
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where the field modes are restored to the vacuum.
In reality, there will be errors due to coupling to

the environment, as well as systematic errors due
imperfections in adjusting the experimental paramete
We consider the errors that occur during the transmissi
and assume that local operations are error free. T
most important errors during transmission will be du
to (1) photon absorption, either in the mirrors or in th
transmission line; (2) imperfectly designed laser puls
(including timing, detuning, etc.); the photon wave pack
may be reflected from the second cavity or induc
incorrect transfer in the second atom; (3) uncontrolle
phase shifts and polarization changes in the transmiss
line; and (4) spontaneous emission during the Ram
process. This last error can be strongly suppressed
detuning the laser and the cavity mode from the excit
atomic states. Nevertheless, we allow for spontaneo
emission to the statesjrli or jRlj [10].

Decoherence and decay may be viewed as a resul
a coupling between the system (the two nodes) and
environment. Under the assumption of vanishing corr
lation time for the reservoir (Markov approximation), th
time evolution of the system can be described by a pu
state vector evolving according to a non-Hermitian e
fective Hamiltonian (Heff) interrupted by quantum jumps
at random times. This quantum jump picture of diss
pative dynamics underlies the recently developed qua
tum trajectories methods developed from Monte Car
integration of quantum-optical master equations [11
More specifically, our present setting [Fig. 1(a)] corre
sponds to a cascaded quantum system where there
unidirectionalcoupling from the first to the second node
The general theory of cascaded quantum systems, in p
ticular, the quantum trajectory formulation, was develope
by Carmichael and Gardiner [12]. Systematic errors a
included in this description as part of the effective Hami
tonian evolution. Within the present model there are tw
possible evolutions during nonideal transmission, whi
can be summarized as follows:

(i) With a probability P, no jump will occur. The
corresponding (unnormalized) evolution will be given by

jglijRlj

jelijRlj

Heff
!

ajgli jRlj ,
bjrlijElj 1 g1jrlijRlj 1 g2jelijRlj ,

(3)
for t ! `, where we do not write the state of the
cavity modes explicitly since it starts and ends up
the vacuum statej00lc. The appearance of population
in levels jrlijRlj and jelijRlj may be due to wrongly
designed laser pulses. There can also be phase s
and amplitude damping of the coefficientsa and b,
for example, due to photon absorption or spontaneo
emission. In general, the complex coefficientsa, b, and
g1,2 will be functions of (random) external parameter
We will, however, assume for a given complete proce
(i)–(v) [see Fig. 1(a) and below],a and b are the same
in the first (ii) and second (iv) transmission [13].
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(ii) With a probability 1 2 P a quantum jump will oc-
cur corresponding to either photon absorption or spo
taneous emission from one of the atoms. The compl
process will consist of an evolution according to the e
fective Hamiltonian, a quantum jump at a random timet,
and followed by the evolution given byHeff. For t ! `,
this can be summarized as

jglijRlj

jelijRlj

qj
!

0 ,
jrlijRlj , (4)

where the cavity modes are again restored to the vacu
state. Physically, Eq. (4) can be understood as follow
If a photon is absorbed while propagating from the fir
to the second cavity, or in the cavity mirrors, this mean
that it was emitted by atom 1, which ends up in sta
jrli; atom 2 remains injRlj, since there is no photon to
excite it. In a similar way, if the first atom undergoe
spontaneous emission to leveljrli during the Raman
process, no photon will be transmitted via the chann
and again atom 2 will remain in statejRlj . The same
reasoning applies to spontaneous emission in atom 2
level jRlj. Note that (4) is a special case of the sta
mapping (3) witha  b  g2  0.

We can summarize and formalize the above discu
sion in the following definition of a noisy channel [14]
Consider the state mapping defined in (3): With pro
ability P fi 0, a, b, andg1,2 are random, buta, b are
the same in two consecutive transmissions [(ii) and (i
in Fig. 1(a) and see below]. With probability1 2 P,
a  b  g2  0.

Now we show how to perform ideal transmissio
over this noisy channel, for arbitrarily smallP. In the
following, normalization factors are left out. We star
out with the superpositionsc0jgl1 1 c1jel1djglb jRl2jRla.
The scheme consists of five steps [Fig. 1(a)]:

(i) Local redundant encoding.—Entangle atom 1 with
the backup atomb in node 1,∑

jgl1

jel1

∏
≠ jglbjRl2jRla !

∑
jglb

jelb

∏
≠ jCil 1

∑
jelb

jglb

∏
≠ jFil ,

wherejCil  jel1jRl2jRla and jFil  jgl1jRl2jRla. In
the rest of the scheme atomb will not participate in any
process. Thus, we just have to give the evolution of t
statesjCil andjFil.

(ii) Transmission from atom 1 to 2.—We find

jCiil  sbjrl1jEl2 1 g1jrl1jRl2 1 g2jel1jRl2d jRla,

(5a)

jFiil  ajgl1jRl2jRla. (5b)

Then we measure if atom 1 is left in statejel. If yes, an
error has occurred, and the state is collapsed to∑

jglb

jelb

∏
≠ jel1jRl2jRla.
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iv).
The backup atom is in the pure statec0jglb 1 c1jelb ,
so that we can start again, after resetting the remain
atoms. If atom 1 is not found in statejel1, the corre-
sponding component in (5a) is projected out.

(iii) Symmetrization.—Perform a local operation on
atom 1 that takesjrl1 to jgl1, andjgl1 to jel1, so that

jCiiil  sbjgl1jEl2 1 g1jgl1jRl2djRla, (6a)

jFiiil  ajel1jRl2jRla. (6b)

By effectively interchangingjgl1 and jel1, the unknown
coefficientsa and b of the first transmission are now
“symmetrized”: in the next step,jFl will acquire exactly
those errors whichjCl acquired in step (ii) [15].

(iv) Transmission from atom 1 toa.—We obtain

jCiyl  ãbjgl1jEl2jRla 1 ãg1jgl1jRl2jRla ,

jFiyl  ab̃jrl1jRl2jEla 1 asg̃1jrl1 1 g̃2jel1djRl2jRla ,

where theã, etc., refer to the second transmission. The
we measure if atom 1 is injel1. If yes, an error has
occurred and the state of atomb can be recovered similar
to step (ii). If not, measure if atoms 2 anda are in
jRl2jRla [16]. If yes, an error has occurred and w
measure the state of atom 1. Depending on the outcom
an appropriate one-bit operation allows us to recover t
state from the backup atom. If atoms 2 anda are not
found in jRl2jRla, then it implies that no quantum jump
has occurred, and therefore, according to our assumpti
a  ã and b̃  b, the unknown coefficientsa and b

factorize, and thus drop out. The states will be now∑
jglb

jelb

∏
≠ jgl1jEl2jRla 1

∑
jelb

jglb

∏
≠ jrl1jRl2jEla. (7)

(v) Teleportation.—We measure whether atomb is
in jglb or in jelb . Then we measure if atom 1 is in
jgl1 6 jrl1. Finally, measure if atoma is in jEla 6 jRla.
Depending on the outcome of these measurements,
can apply an appropriate single atom operation to atom
to obtain the original superpositionc0jGl2 1 c1jEl2 with
probability one. These measurements effectively telep
[17] the state from the first to the second node.

We now present numerical simulations of the fu
problem, to illustrate this error scheme in the conte
of quantum Monte Carlo wave function simulations fo
a cascaded quantum system. We take as the effec
Hamiltonian for our system (in the rotating frame) [5]

Heffstd 
4X

i1

Histd 2 dsay
1 a1 1 a

y
2 a2d

2 iksay
1 a1 1 a

y
2 a2 1 2a

y
2 a1d 2 ik0

1a
y
1 a1

2 ik0
2a

y
2 a2 , (8)

whereai is the annihilation operator for a photon in cavit
i  1, 2, d is the Raman detuning,k is the decay rate
of each cavity, andk

0
1,2 are the photon loss rates (in

mirrors and transmission channel). This corresponds
the usual one-photon damping due to a zero temperat
reservoir. A quantum jump amounts to the application
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the operatorsa1,2. The HamiltonianHi for i  1, 2, a, b
describes the interaction of the atoms with the respec
cavity modes and the laser, where the upper level of
L has been eliminated adiabatically already,

Histd 
g2

D 1 iGy2
a

y
i aijrliikr j 1 dvistd jeliikej

2 ifgistdjeliikrj 2 H.c.g, (9)

whereg is the coupling constant between atom and cav
mode, D is the laser detuning from the upper stat
dvstd 

1
4 Vstd2ysD 1 iGy2d describes both the ac-Star

shift and an effective decay ofjrl, gistd 
1
2 gVistdysD 1

iGy2d is the effective two-photon Rabi frequency (whic
is complex), in terms of the one-photon Rabi frequen
Vistd. In [5] it is described how one constructs th
proper laser pulse. The quantum jump corresponding
spontaneous emission amounts to projecting onto the s
jrl [see Fig. 1(b)].

Figures 2(a) and 2(b) illustrate the time evolution
the full system in the case that no jump occurs, a
where in the final measurements no error was found (
checked that if an error is found, atomb is in the correct
backup state). Figure 2(a) shows the first half of t

FIG. 2. Results of Monte Carlo wave function simulations f
the cases of no quantum jump (a), (b) and a quantum jump
to photon absorption (c), (d). The parameters arec0y

p
2 

20.29 1 0.25i, c1y
p

2  0.36 1 0.473i, g  5k, and D 
10k: (a) Overlap of the state of the system with the ideal sta
after step (ii) as a function of time forG  0 and k0yk 
0, 1, 10 (solid, dashed, and dot-dashed line, respectively), a
G  k0  k and a 10% error in the Rabi frequenciesV1,2std
(dotted). (b) As in (a) but the overlap with the ideal state af
step (iv). (c), (d) Overlap with the statec0jglb 1 c1jelb of the
backup atom in the case that a jump occurs during step (
Plotted are the cases whereG  0, and k0yk  1, 10 (solid
and dashed lines, respectively).
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evolution, where we plot the overlap with the ideal sta
after step (ii): thus, if there would be no errors, aft
step (ii) the overlap would be 100%. Figure 2(b) sho
similarly the overlap with the ideal final state. In th
absence of absorption and other errors, both the first
the second gates are indeed found to transfer 100%
the population to the desired (intermediate or final) sta
With increasing absorption, there is less and less ove
with the correct state after the first gate, but neverthele
the second gate completely recovers from this error (
large dissipation this happens only in the final step,
the joint measurement of atoms 2 anda), thanks to the
“symmetrization” of step (iii). We also plot a case whe
there is spontaneous emission and a 10% error in the l
pulses, and also there the correct final state is reached

Figures 2(c) and 2(d), show a case where a ju
occurred in step (iv), where now the overlap of state
the backup atom withc0jelb 1 c1jglb is displayed. The
graph shows that, once the jump occurs, atom 2 will be
that state, and will remain there, also during the remain
operations, so that the initial qubit is fully restored.

Finally, instead of using the language of quantu
trajectories, the problem can be formulated by includi
the environment explicitly. Let us denote byT er

i,j the
unitary transformation for the transmission from atomi
to j. This corresponds to the state mapping [18]

jglijRljjjlE ! jglijRljjalE , (10a)

jelijRljjjlE ! jrlijElj jblE 1 jrlijRlj jg1lE

1 jelijRlj jg2lE , (10b)

where jjlE is the initial state, with the subscriptE
denoting the environment including the cavity modes.

jalE  ikgjjkRjT er
i,j jglijRlj jjlE ; T jjlE , (11a)

jblE  ikrjjkEjT er
i,j jelijRljjjlE ; SjjlE , (11b)

and analogously for the other states of the environme
Ideal transmission can be accomplished again follow
steps (i)–(v). The condition thata and b remain the
same in the steps (ii) and (iv) is replaced byST jjlE 
TSjjlE . This is fulfilled, for example, when the Marko
approximation applies: this means that we effective
couple to independent reservoirs in the first (ii) and seco
(iv) transmissions.

In conclusion, we have presented a scheme wh
achievesperfect transmission in a “noisy” quantum net
work via photon exchange. The protocol corrects t
dominant errors that occur in a physically realistic situ
tion. The distinguishing feature of our scheme is that o
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can repeat the transmission operation as many times
needed to accomplish ideal transfer. We believe that t
is a fundamental theoretical result towards implementi
experimentally quantum communication networks.
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