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By the use of the method of reduced Rayleigh equations, we develop a theory of the scatterin
of a surface plasmon polariton from a cirularly symmetric defect on a metal surface. We derive
and solve one-dimensional integral equations for the scattering amplitudes corresponding to differen
rotational numbersm. We calculate the differential cross sections for scattering into the vacuum
and into other surface waves, and the field intensity near the surface. The results show agreeme
with recent experimental data. We also consider resonant scattering due to surface shape resonanc
[S0031-9007(97)03269-9]
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A surface plasmon polariton (SPP) is ap-polarized
electromagnetic wave that propagates along a vacuu
metal interface with amplitudes that decay exponentia
with increasing distance into each medium from th
interface. Many properties of SPP have now been stud
theoretically and experimentally. Descriptions of much
this work can be found in Refs. [1] and [2].

An aspect of SPP that has been little studied up to n
is their interaction with point defects on an otherwis
planar metal surface, which leads to their scatteri
into other SPP as well as their conversion into volum
electromagnetic waves in the vacuum. In a recent pa
Smolyaninovet al. [3] have investigated the scattering o
SPP by localized defects by the methods of near-fie
optical microscopy. In this work the authors note th
at the present time there exists no theory of the scatter
of a surface polariton from a single point defect on a
otherwise planar metal surface. In this paper we pres
a nonperturbative theory of this scattering process t
is based on the method of reduced Rayleigh equatio
[4], which is known to be exact for defects whose rat
of height to width is of the order of unity or smalle
[5], and which yields accurate results for larger values
this ratio. In addition, we examine resonance effects th
occur when the frequency of the SPP matches that of o
of the electromagnetic surface shape resonances suppo
by the surface defect [6].

The physical system we study consists of vacuum
the regionx3 . z sxkd, where xk ­ sx1, x2, 0d, and of a
metal in the regionx3 , z sxkd. The mean free path of
SPP excited by a He-Ne laser on a planar silver surfa
is approximately 60mm, which is at least two orders
of magnitude larger than the diameters of the defe
we study. Therefore taking into account ohmic loss
is not essential, and we will characterize the metal by
real frequency-dependent dielectric function´svd , 21.
We assume that the surface profile functionz sxkd is a
single-valued function ofxk, which essentially vanishes
for jxkj larger than some characteristic lengthR. Finally,
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we consider a circularly symmetricz sxkd that depends
on xk only through its magnitudexk. This assumption
simplifies the calculation significantly without sacrificin
a great deal of generality. In this work we will use th
Gaussian profilez sxkd ­ A exps2x2

kyR2d. The surface
defect described by this function is a protuberance
A . 0; it is an indentation forA , 0.

We consider a SPP of frequencyv propagating in
the x1 direction fromx1 ­ 2`, scattered by the surface
defect. The total electric field is given byEsx; td ­
Esxjvde2ivt , where the functionEsxjvd in the vacuum
regionx3 . z sxkd has the form

Esxjvd ­
c
v

fix̂1b0skkd 2 x̂3kkgeikkx12b0skkdx3

1
Z d2qk

s2pd2

Ω
c
v

fiq̂kb0sqkd 2 x̂3qkgApsqkd

1 sx̂3 3 q̂kdAssqkd
æ

. (1)

The first, nonintegral, term describes the field of th
incident SPP. The wave vector of the incident wav
kk ­ skk, 0, 0d is directed along thex1 axis, and its
magnitude iskksvd ­ svycd h´svdyf´svd 1 1gj1y2 [1].
The second term in Eq. (1) represents the scatte
field determined by the scattering amplitudesApsqkd and
Assqkd for its p- and s-polarized components, respec
tively. In Eq. (1), qk ­ sq1, q2, 0d, a hat over a vec-
tor indicates that it is a unit vector, e.g.,q̂k ­ qkyqk,
b0sqkd ­ fq2

k 2 v2yc2g1y2 for qk . vyc and b0sqkd ­
2ifv2yc2 2 q2

kg1y2 for qk , vyc. We note that the
functionb0skkd is always real sincekksvd . vyc.

An expression analogous to Eq. (1) can be writte
for Esxjvd in the metal and then used together wit
Eq. (1) in satisfying the boundary conditions atx3 ­
z sxkd. However, it has been shown in Ref. [4] that th
field in the medium can be eliminated from the problem
The amplitudesAp,ssqkd then satisfy a matrix integral
equation, called the reduced Rayleigh equation,
© 1997 The American Physical Society 4269
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ing

gle
fispkdAispkd 1
Z d2qk

s2pd2 3

X
j­p,s

gijspk, qkdAjsqkd ­ 2gipspk, kkd,

i ­ p, s ,
(2)

where

fpspkd ­ f´svdb0spkd 1 bspkdgyf1 2 ´svdg ,

fsspkd ­ fb0spkd 1 bspkdgyf1 2 ´svdg ,

gppspk, qkd ­ Jspk, qkd fpkqk 2 bspkdb0sqkdp̂k ? q̂kg ,

gpsspk, qkd ­ 2Jspk, qkd sivycdbspkd sp̂k 3 q̂kd3 ,
n
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gspspk, qkd ­ Jspk, qkd sivycdb0sqkd sp̂k 3 q̂kd3 ,

gssspk, qkd ­ Jspk, qkd sv2yc2dp̂k ? q̂k ,

Jspk, qkd ­
1

bspkd 2 b0sqkd

3
Z

d2xk e2ispk2qkd?xk

3 fefbspkd2b0sqkdgz sxkd 2 1g ,

andbsqkd ­ fq2
k 2 ´svdv2yc2g1y2. Within the Rayleigh

hypothesis, Eq. (2) is the exact equation for the scatter
amplitudesAp,ssqkd for an arbitrary surface profile. From
this point we will exploit the circular symmetry ofz sxkd.
We factor out the dependence on the azimuthal an
wq ­ tan21sq2yq1d by means of the expansion
d,
Ap,ssqkd ­
bs0d

p,ssqkd

2
1

X̀
m­1

fbsmd
p,s sqkd cossmwqd 1 csmd

p,s sqkd sinsmwqdg , (3)

After substitution of Eq. (3) into Eq. (2) the equations for differentm’s decouple, reducing the problem to solving
one-dimensional integral equations. The amplitudeshbsmd

s sqkd, csmd
p sqkdj satisfy a pair of homogeneous equations an

therefore, vanish. This simplification occurs due to the fact that the incident field is an even function ofx2. The
functionshbsmd

p sqkd, csmd
s sqkdj satisfy the pair of integral equations

fpspkdbsmd
p spkd 1

Z `

0

dqk

2p
qkfhsmd

pp spk, qkdbsmd
p sqkd 1 hsmd

ps spk, qkdcsmd
s sqkdg ­ 22hsmd

pp spk, kkd , (4a)

fsspkdcsmd
s spkd 1

Z `

0

dqk

2p
qkfhsmd

sp spk, qkdbsmd
p sqkd 1 hsmd

ss spk, qkdcsmd
s sqkdg ­ 22hsmd

sp spk, kkd . (4b)
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We note that a single integral equation forbs0d
p sqkd is

obtained by settingcs0d
s sqkd ; 0 in Eq. (4a). In Eqs. (4a)

and (4b) we have used the notations

hsmd
pp spk, qkd ­ pkqkNm

2
1
2

bspkdb0sqkd fNm21 1 Nm11g ,

hsmd
ps spk, qkd ­ 2sivy2cdbspkd fNm21 2 Nm11g ,

hsmd
sp spk, qkd ­ 2sivy2cdb0sqkd fNm21 2 Nm11g ,

hsmd
ss spk, qkd ­ sv2y2c2d fNm21 1 Nm11g ,

HereNm stands for the function

Nmspk, qkd ­
2p

bspkd 2 b0sqkd

3
Z `

0
dxk xkfesbspkd2b0sqkddz sxkd 2 1g

3 JmspkxkdJmsqkxkd , (5)

where Jmszd is a Bessel function. For the Gaussia
surfacez sxkd ­ A exps2x2

kyR2d, which we consider in
this work, Nm can be represented in a form of a rapid
converging series [6].

Since the unperturbed system (without the defect) su
ports surface excitations ofp polarization, the scattering
amplitudeApsqkd and, hence,hbsmd

p sqkdj, must have a pole
at qk ­ kksvd 1 ih, where the positive imaginary infini-
tesimal ih is added to ensure that the scattered surfa
waves are outgoing. Therefore, in solving Eqs. (4) w
will seek the functionshbsmd

p sqkdj in the form

bsmd
p sqkd ­ b̃smd

p sqkdyfpsqkd , (6)

where hb̃smd
p sqkdj are nonsingular, and the denomina

tor fpsqkd vanishes atqk ­ kksvd. In substituting
Eq. (6) into Eqs. (4), we use the identity1yfpsqkd ­
Pf1yfpsqkdg 1 hipbskkdykkf´svd 1 1gjdsqk 2 kkd.

We solve the resulting equations forhb̃smd
p sqkd, csmd

s sqkdj
numerically by discretizing the range of integration an
transforming the integral equations into matrix equatio
thereby [6]. After computingAp,ssqkd in Eq. (1) using
Eqs. (3) and (6), we apply the technique described
Ref. [7] to calculate the scattered field in the far zon
If x ­ xssinux coswx , sinux sinwx , cosuxd is the obser-
vation point in the vacuum, then the far field scattered aw
from the surface is given by the outgoing spherical wa
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Esscd
vac sxjvd ­ 2

iv cosux

2pc
eisvycdx

Ω
êpAp

µ
x̂

v

c
sinux

∂
1 êsAs

µ
x̂

v

c
sinux

∂æ
, svycdx ¿ 1 , (7)
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where êp ­ scosux coswx , cosux sinwx , 2 sinuxd, and
ês ­ s2 sinwx , coswx , 0d are polarization vectors. The
far field scattered into other surface waves measured
xk ­ xkscoswx , sinwx , 0d has the form of an outgoing
cylindrical wave,

E
sscd
SPPsxjvd ­

eikkxk1ispy4d2b0skkdx3

s2pkkxkd1y2

cbskkd
v

3
fix̂kb0skkd 2 x̂3kkg

´svd 1 1
Ãpsx̂kkkd ,

kkxk ¿ 1 ,
(8)

where Ãpsqkd ­ b̃s0d
p sqkdy2 1

P`
m­1 b̃smd

p sqkd cossmwqd.
We define the differential cross sections, measured
units of length, for scattering into the vacuum and in
other surface waves as

svacsux , wxd ­
Pvacsux , wxd

Pinc
,

sSPPswxd ­
PSPP swxd

Pinc
,

(9)

wherePvacsux, wxd is the power scattered into the vacuum
away from the surface in the directionx̂, PSPP swxd is the
power scattered into the surface waves in the directionx̂k,
and Pinc is the incident power per unit length in thex2

direction.
We present numerical results for a Gaussian indentat

characterized byA ­ 20.05 mm and R ­ 0.25 mm on
a silver surface with́ svd ­ 217.8, which parameters
correspond approximately to one of the cases conside
experimentally [3]. This value of́ svd corresponds to
the wavelength in vacuuml ­ 0.6328 mm for the He-Ne
laser.

In Fig. 1 we present a contour plot ofsvacsux , wxd. The
maximum of the scattering intensity occurs atux ­ 28±,

FIG. 1. A contour plot ofsvacsux , wxd. The concentric circles
are the lines of constantux , with ux ­ 0± in the center,
ux ­ 90± at the border. The azimuthal anglewx varies from
0± to 360±. A ­ 20.05 mm andR ­ 0.25 mm.
at
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ed

wx ­ 0±. The total cross section for the waves radiate
into the vacuum,sstotd

vac in this case is only3.7 3 1023 mm,
which is not a surprising result for such a shallow defec
The result forsstotd

vac is of the same order of magnitude

ass
stotd
SPP ­ 2.6 3 1023 mm. The angular dependence o

sSPP swxd is shown in Fig. 2. We see that the scattering o
SPP in the forward and backward directions is suppress
The main portion of the scattered energy goes into tw
SPP beams separated by approximately 70±. This result
is even better illustrated by Fig. 3, which shows the fiel
intensity jEsxjvdj2 at 5 nm above the surface profile
[x3 ­ z sxkd 1 5 nm], which corresponds to the quantity
measured in Ref. [3]. Both Figs. 2 and 3 confirm th
experimental data [3], especially the shadow behind th
defect [see Fig. 3(b) of Ref. [3]]. Although the authors
of Ref. [3] mentioned that these rather large “angle value
cannot be accounted for by diffraction,” we believe tha
they can be. Since it is difficult to understand the origin o
this phenomenon from the exact calculation, we invoke th
first Born approximation which corresponds to neglectin
the integral term on the left-hand side of Eq. (2) an
keeping only the linear term in the profile’s amplitude o
the right-hand side. AlthoughkkjAj > 0.53 for the defect
we consider, this approximation should give the leadin
contribution tosSPPswxd:

sBorn
SPP swxd > 2pRsAyRd2skkRd5hj´svdjyf´svd 1 1g2j

3 sin4swxy2d expf22k2
kR2 sin2swxy2dg .

(10)
We have compared results of exact numerical calculatio
with those obtained on the basis of Eq. (10), and fin
that sSPPswxd is very well approximated bysBorn

SPP swxd
for kkjAj ø 1 and´svd not close to21, whens

Born
SPP swxd

diverges. Scattering in the forward direction is absent

FIG. 2. A polar plot of sSPP swxd for A ­ 20.05 mm and
R ­ 0.25 mm.
4271
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FIG. 3. The field intensityjEsxjvdj2 as a function ofxk for
x3 ­ z sxkd 1 5 nm, A ­ 20.05 mm, andR ­ 0.25 mm.

the first Born approximation. IfkkR is small as well as
kkjAj, then the scattering is close to isotropic (them ­ 0
channel is dominant), and the frequency dependencev5

represents the Rayleigh scattering law. ForkkR . 1 the
function (10) has two maxima atwmax ­ 62 sins1ykkRd.
For example, for the defect we considerkkR > 2.63,
which would give an angular separation of 88± for the
maxima if the conditionkkjAj ø 1 were well satisfied.
Thus, large diffraction angles even for small defects a
not surprising. Smolyaninovet al. [3] also point out that
the shadow source appears to be too large for the ac
size of the scatterer, suggesting quite a large value for
cross section. We believe that this is not so, since ev
the Born approximation (10) can give large diffractio
angles for very small values ofs

stotd
SPP compared toR. We

also note that some features one sees in Fig. 3 (additio
weaker diffraction maxima, etc.) but does not see in t
experimental image are due to the fact that the tip used
measuring the intensity in Ref. [3] is not a point detect
in both the vertical and lateral directions. Its actu
lateral resolution is around 0.1–0.2mm [8]. Therefore,
the comparison can be performed only on average.

We conclude our analysis by considering resonant sc
tering of SPP. Maradudin and Visscher [6] showed tha
localized surface defect supports electromagnetic surfa
shape resonances—excitations with a finite lifetime, whi
decay into volume and surface waves. The resonan
with the longest lifetime were found to exist in the regio
of v, in which´svd is slightly smaller than21. Assuming
the free-electron modeĺsvd ­ 1 2 v2

pyv2, we have cal-

culated and plotted in Fig. 4sstotd
vac svd ands

stotd
SPP svd for the

same defect. We see thats
stotd
SPP svd becomes comparable

with R nearv ­ vpy
p

2, and peaks at the resonance fre
quencyv > 0.687vp. In contrast,sstotd

vac remains small in
this region ofv. This is not surprising since it was shown
recently [9] that resonant states associated with surface
fects do not always reveal themselves in the field scatte
into the vacuum away from the surface.

In conclusion, we have developed a theory of scatteri
of SPP from a circularly symmetric defect on an otherwis
planar metal surface. The method based on the redu
4272
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FIG. 4. The cross sectionss
stotd
SPP and sstotd

vac as functions of
vyvp for A ­ 20.05 mm andR ­ 0.25 mm.

Rayleigh equations proves to be a simple, computationa
feasible approach that yields nonperturbative solutions
a wide class of surface defects for which the Raylei
hypothesis is valid. For surface profiles that can
approximated by a cylindrically symmetric function, w
reduce the problem to solving one-dimensional integ
equations. The results show a good agreement with rec
experimental data [3]. In many experimental situatio
both vertical and lateral sizes of the defect are sm
compared to the wavelength of the incident SPP. For t
case, we have derived an analytical formula (10) in t
Born approximation for the cross section for scatterin
into other SPP. Finally, we have shown that when t
frequency of the SPP matches that of one of the surfa
shape resonances supported by the surface defect, the c
section for the scattering of SPP into SPP is enhanced.
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