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Transition from Phase Locking to the Interference of Independent Bose Condensates
Theory versus Experiment
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The macroscopic interference of two Bose condensates released from a double minimum potential has
been demonstrated recently [M. R. Andrewset al., Science275, 637 (1997)]. In this Letter we show
the excellent agreement between those experiments and theoretical predictions based on the nonlinea
Schrödinger equation. In addition, the transition from interference of coupled condensates, comparable
with the Josephson effect in superconductors, to the interference of independent Bose condensates i
studied. [S0031-9007(97)03260-2]
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The recent experimental breakthrough to Bose-Einst
condensation with small numbers of atoms collected
magnetic traps [1–4] has now culminated in the demo
stration of the macroscopic coherence of Bose cond
sates [5]. The interference of two condensates relea
from a divided magnetic trap has provided compelling ev
dence for the intrinsic coherence of the many-atom grou
state in the trap. This observation is closely related to t
Josephson effect in superconductors. Quantum inter
ence of many particles suggests aclassicalinterpretation of
the matter wave, resembling the classical limit of electr
magnetic fields. Such a description using a macrosco
wave function with a definite, stable phase implies br
ken gauge symmetry. Hence the production of a coh
ent particle beam also amounts to the first demonstrat
of a pulsed “atom laser”—a milestone for the further d
velopment of atom optics, atom interferometry, and ato
lithography.

The experiment reported in [5] illuminates two aspec
of broken gauge symmetry. First, it proves the coheren
properties of a single Bose condensate by the interfere
with a second one. In this Letter we will confirm the cohe
ence of the condensate wave function by a detailed co
parison between the measured condensate dynamics an
theoretical description in terms of a nonlinear Schröding
equation [6]. Second, it enables one to study the tran
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tion from independent to coupled Bose condensates, s
in the current experimental setup the separation betw
the condensates can be varied. For large separation
interference of initially independent condensates is st
ied; for small separation the initial condensates merge,
the situation can be regarded as an analog of a Josep
junction.

The broken gauge symmetry of a classical field impli
that an interference pattern created by independent B
condensates must depend on an arbitrary relative ph
between the condensates. This phase varies rando
between different experimental runs to ensure the ga
symmetry of the ensemble, but not during a single ru
Such a view has been confirmed by a detailed analysis
correlation functions [7,8]. The postulated variation of th
interference pattern between different runs would rev
the spontaneous aspect of broken symmetry.

In contrast, if the external potential and the repu
sive self-interaction lead to a non-negligible overla
between the two condensates, tunneling occurs and
condensates are no longer independent. Instead
system possesses a nondegenerate ground state, w
for small coupling can be approximated by a we
defined coherent superposition of the two previous
independent condensate wave functions. Since o
this combined ground state is macroscopically occupi
© 1997 The American Physical Society 4143
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the spatial phase of the interference pattern becom
locked.

The recent experimental data [5] show that a pha
locking indeed occurs for small separations between
condensates. For larger separations, the experiment d
not yet allow one to determine whether the spatial phase
the pattern varies randomly from shot to shot as expec
for independent condensates. In this Letter we show
strong qualitative change in the shape of the interferen
pattern occurring when the chemical potentialm equals
the barrier heightV0. Form , V0, we find an interference
pattern of slowly varying amplitude, nearly insensitive to
spatial phase shift. In contrast, form $ V0, a pronounced
central peak occurs, locking the position of the interferen
pattern.

In the recently used Ioffe trap [5]5 3 106 sodium
atoms are collected in a cigar-shaped trap volume which
divided into two halves along the longitudinal (x) direction
by a sheet of far-blue detuned laser light. The longit
dinal and transverse frequencies arevx ­ 2p 3 19 Hz
and vy,z ­ 2p 3 250 Hz, respectively. A laser beam
of wavelength 514 nm is focused into a light sheet
12 mm by 97 mm with a variable power of typically
several mW. The height of the potential barrierV0 is
directly proportional to the laser power and can be vari
accordingly. The condensate expansion is started
switching off both the magnetic and the laser field an
eventually leads to an overlap of the two clouds and to
expanding interference pattern.

The dynamics is determined by a numerical integrati
of the time-dependent Gross-Pitaevskii equation (GP
[6,8–10]

ih̄
≠

≠t
csr, td ­

µ
2

h̄2=2

2m
1 Ujcsr, tdj2

∂
csr, td , (1)

where U is the strength of the atom-atom interaction
U ­

4p h̄2a
m , andc is normalized to the condensate numbR

jcj2dr ­ N0. For the scattering length we use a valu
of a ­ 3 nm [11]. The validity of the GPE is limited to
a time scale where the perturbing effects of collisions
the condensate phase are negligible. The joint experim
tal and theoretical investigations of the interference pro
that thiscoherence timeis much longer than the interac
tion time. Previous experimental and theoretical resu
concerning the Bose gas dynamics could be explained
a hydrodynamical treatment of the GPE. However, in t
present work, true wavelike features of the dynamics, e
the interference, are also included and directly compa
with the experiment for the first time.

The initial ground state of the double well potential
calculated numerically by an imaginary time propagatio
accounting for the kinetic energy. In the case of coupl
condensates this method unambiguously yields the non
generate ground state. However, for well separated c
densates the ground state is virtually degenerate and
4144
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be written as a coherent superposition

csrd ­ c1srd 1 c2srdeif

of the two independent condensate wave functionsc1,2srd
with an (a priori) arbitrary relative phasef. Also in this
case the imaginary time propagation yields the symmetr
combination withf ­ 0 as initial state.

We now turn to the comparison of the theoretical resul
with the experimental data. First we study the dependen
of the fringe period on the potential barrier, i.e., the lase
power. We recall that in the case of noninteracting atom
the expected interference term superimposes an equidist
density modulation upon the two spreading density distr
butions, reaching 100% visibility in the central region [10]
Two initial Gaussian wave packets of widths0 separated
by a distance2d produce a spatial modulation term

cos

µ
2mdx

h̄st 1 t2
0ytd

1 f

∂
,

wheret0 ­ ms
2
0yh̄ [12]. For independent condensates th

spatial phasef is the random parameter that ensures th
gauge symmetry of the ensemble. For well separated co
densates thet2

0yt term can be neglected and the distancexf

between adjacent interference maxima thus varies asym
totically asxf ­ p h̄tysmdd. This linear time dependence
is approached very rapidly also for interacting atoms, pro
vided that the initial condensates are initially well sepa
rated, i.e., by more thans0. For an interacting atom cloud,
the interference pattern is modified mainly because of th
initial acceleration of the atoms. However, our numeri
cal results show that the acceleration decreases due to
decreasing density, and an asymptotic behavior of the ce
tral fringe spacing according toxf ­ ỹft 1 x0 is reached.
The shift x0 . 0 depends on the initial distribution and
can be found only by the integration of the GPE. It ha
not been allowed for in Fig. 3(a) of Ref. [5]. However,
the numerical data for the asymptotic expansion veloci
are well extrapolated bỹyf ­ p h̄ymd̃ [10], whered̃ de-
pends on the shifted center of gravitykjxjl ­

R`
0 xrsrd of

the initial condensates

d̃ ­
p

kjxjld . (2)

Figure 1 gives the separation of the first and second fring
as a function of the laser power.The agreement betwe
experimental (crosses) and theoretical extrapolation (so
line) is best at large laser power, i.e., for large ligh
shifts and large initial separations of the condensates. T
expansion velocity of the fringes, as well as the actua
fringe spacing at a given time, are found to vary inverse
proportionally to the length̃d. For small light shifts, how-
ever, the potential barrier no longer provides a comple
separation of the condensates. As a result the width of t
central fringe increases. It is no longer inversely propo
tional to d̃, but still in excellent agreement with the inte-
gration of the GPE (triangles).
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FIG. 1. Separation of the fringe minima next to the cen
as a function of the laser power, which is proportional to
height of the potential barrier between the condensates.1)
mark experimental points, (n) calculated points. The uppe
line gives the predictionxf ­ p h̄tymd, the lower onexf ­
p h̄tymd̃, for t ­ 40 ms. The theoretical points are connect
by straight lines to guide the eye.

The buildup and broadening of the central peak c
be traced back to an initial wave function which do
not show complete separation. Figure 2(a) gives the
tial condition, showing nearly separated condensates, f
barrier created with a laser power ofP ­ 1.4 mW. Fig-
ure 2(b) shows the calculated interference pattern at t
t ­ 40 ms. Figure 3 shows the experimental patterns
the same laser power, at timet ­ 0 ms (a), andt ­ 40 ms
(b). In both Figs. 2 and 3 the central fringe clearly dom
nates att ­ 40 ms, and the initial condition does not sho
a clear separation. Thus, we are close to the point at w
the condensates become coupled due to their incomp
initial separation. The observed patterns [see also Fig.
in Ref. [5]) are only consistent with calculated patter
with a fixed phasef ­ 0. The theory thus allows us to
pin down a definite phase of the initial wave function. T
transition is reached at a laser power around 3.6 mW in

FIG. 2. Theoretical density patterns for a laser powerP ­
1.4 mW. (a) Cut through the initial distribution; (b) cut take
at timet ­ 40 ms.
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FIG. 3. Experimental density patterns for the same value
the laser powerP ­ 1.4 mW. (a) Cut through the initial
distribution; (b) cut taken at timet ­ 40 ms.

recent experiment, and happens quite sharply. Of cou
uncertainties with regard to the atom number and the la
beam profile translate into an uncertainty of the abo
transition.

We finally compare the measured fringe patterns a
the theoretical predictions with respect to the finite optic
resolution in the experiment. Figure 4(a) displays a the
retical interference pattern at timet ­ 40 ms, for given
experimental parameters, whereas Fig. 4(b) shows the
perimental data for the same parameters and should be
rectly compared with Fig. 4(a). We note three feature
First, the agreement concerning the fringe spacing in
central region is excellent. No marked central peak c
be singled out. Second, the experimental contrast of
interference is reduced in the central region and vanis
rapidly outside the center. Third, a narrowing of the fring
spacing occurs in the wings of the theoretical interferen

FIG. 4. Interference patterns in a horizontal plane for tw
independent Bose-Einstein condensates expanding during
fall at t ­ 40 ms. (a) Result from numerical integration of th
time-dependent GPE, (b) experimental data for a laser pow
P ­ 5.5 mW, and (c) the result from (a) convoluted with a
optical transfer function with contrast of 40%.
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pattern. We relate the last two observations by consider
the combined role of interactions and of imperfect optic
resolution. Andrewset al. have already roughly estimated
that the actual visibility of the central interference fringe
should be close to 100%. The resolution of the imagi
system was determined in Ref. [5] by recording the inte
ference from a standard optical test pattern, giving a co
trast of 40% at the spatial period of the condensate.
account for this, we have to consider the convolution
the density pattern with a Gaussian kernel

Ksxd ­ exps2x2y2g2dy
p

p g ,

where g measures the smallest resolved distance.
convolution with Ksxd, an ideal sinusoidal pattern with
spatial period 2pyk acquires a reduced visibility of
V ­ exps2k2g2y2d. From the experimentally deter-
mined value V ­ 40% at k ­ 2pys15 mmd we can
therefore deduceg ­ 3.2 mm, and now convolute our
theoretical data with the kernelKsxd using this value of
g. The resulting theoretical pattern is given in Fig. 4(c
The dramatic improvement in matching the experimen
data is strong evidence for a true visibility close to 100%
The narrower fringes at the wings of the pattern are n
resolved anymore after convolution withKsxd. The theo-
retical patterns clearly show that the reduction of visibili
in the wings of the distribution is not due to a loss o
coherence of the overlapped condensates. The effec
fringe narrowing itself is solely due to the repulsive mea
field of the condensates and vanishes at small nonlinear

In principle, a reduction of the visibility can be deduce
from the decay of the correlation function. Such a d
cay follows from the particle number dispersion in an in
teracting Bose gas [13,14]. The resulting decay of t
first order correlation function takes the formgs1dstd ­
expf2t2ys2t2

c dg. For Poissonian atom number fluctua
tions we estimatetc for the data of the MIT experiment
with m ­ h 3 5.1 kHz andN0 ­ 5 3 106 to be on the
order oftc ­

5 h̄
p

N0p
2m

. 0.24s. In the current experimental
situation, this correlation time is larger than the full expa
sion time and much larger than the exposure time to rec
an interference pattern. Inserting the interaction time
40 ms, the phase diffusion should induce no more tha
2% decay of the correlation, which translates directly in
the visibility. This is an upper bound for the effects of th
particle number dispersion.

The detailed comparison between theory and experim
has not only yielded perfect agreement for independ
as well as for coupled condensates. It has also lead
4146
ng
l

s
g
r-
n-
o
f

y

.
al
.

ot

y
f
of

n
ity.

-
-
e

-

-
rd

of
a

o

nt
nt

conclusions that could not be obtained from the experime
alone. Most importantly, it has been proven that the pha
is maintained during the entire interference experiment a
over a spatial extension of up to400 mm. Maintenance
of coherence can therefore be expected also in possi
applications of atomic Bose-Einstein condensation.

We thank W. Ketterle and H. J. Miesner for very
fruitful discussions about the regime of phase locking
and for the permission to include their experimental da
in Figs. 3 and 4. Financial support by the Deutsch
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