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Low-temperature decaying superfluid turbulence is studied using the nonlinear Schrédinger equation
in the geometry of the Taylor-Green (TG) vortex flow with resolutions upst@’. The rate of
(irreversible) kinetic energy transfer in the superfluid TG vortex is found to be comparable to that of the
viscous TG vortex. At the moment of maximum dissipation, the energy spectrum of the superflow has
an inertial range compatible with Kolmogorov's scaling. Physical-space visualizations show that the
vorticity dynamics of the superflow is similar to that of the viscous flow, including vortex reconnection.
The implications to experiments in low-temperature helium are discussed. [S0031-9007(97)03046-9]

PACS numbers: 67.40.Vs, 47.37.+q, 67.40.Hf

Superfluid flows are described mathematically in termg13—-15]. The relation between the experimental flow and
of Landau’s two-fluid model [1]. When both normal fluid the TG vortex is a similarity in overall geometry [13]:
and superfluid vortices are present, their interaction, called shear layer between two counterrotating eddies. The
“mutual friction,” must be taken into account as pioneeredlT G vortex, however, is periodic with free-slip boundaries
by Schwarz [2]. At temperatures low enough for the nor-while the experimental flow is contained inside a tank
mal fluid to be negligible (in practice beloWw = 1 K for  between two counterrotating disks.
helium at normal pressure), an alternative mathematical We now show how to construct a vortex array whose
description is given by the nonlinear Schrédinger equaNLSE dynamics mimics the vortex dynamics of the large
tion (NLSE), sometimes also called the Gross-Pitaevskiscale flowv™C. The first step of our method is based on a
equation [3,4]. The NLSE reads global Clebsch representation vfS and the second step

a0 = (ic/\/i W — WPy + V). (1)  minimizes the emission of acoustic waves [16].

The complex wave fields is related to the superflow’s The Clebsch potentiald(x, y, z) = cogx)y2[ codz)l,
density p and velocityv by Madelung’s transformation #(x.y.2) = POS(y)\/Zl cogz)| sgr(cogz)) (where sgn

p = |yl pv; = (icg/\/i)(’,baja — Yo;4), whereg is ~ 9ives the sign of its aTrgument) correspond to the TG
the so-called “coherence length” andis the velocity oW in the sense théfv'™ = VA X Vu. The complex
of sound (when the mean densiy, = 1 [5]). The field e, c;orre;spondmg to the large scale TG floyv Cir-
superflow is irrotational, except near the nodal lines ofculation, is given byy.(x,y.z) = (44(A, w74 with

& which are known to follow Eulerian dynamics [6,7]. ¢ = 2V2/(mc§) ([1is the integer part of a real) and

These topological defects correspond to the superfluid (A ) = (A — 1/3V2, WA, w — 1//2)
vortices that appear naturally, with the correct velocity o No
circulation, in this model [8]. X (A + N2 @pe(A e+ 1/82),

The basic goal of the present Letter is to qualifywhere oA, 1) = (A + ip)taniyAZ + p2//28)/
the degree of analogy between turbulence in low- /32 + 42
temperature superfluids and incompressible viscous fluids. The second step of our procedure consists of integrating

We will do this by comparing numerical simulations o convergence the advective real Ginzburg-Landau equa-
of NLSE with existing numerical simulations of the tijon (ARGLE):

Navier-Stokes equations, in particular the Taylor-Green 5 - TG

(TG) vortex [9]. The TG vortex is the solution of the 9 = (/V26) (@ = |yPPy + EV2y) — V™0 - Vy
Navier-Stokes equations with initial velocity fielddS = — [V /22 €1y, (2)
(sin(x) cogy) cogz), — cogx) sin(y) coqz),0). This flow

is well documented in the literature [10—12]. It admits
symmetries that are used to speed up computations: rot
tion by 7 about the/a>;is{x =z=m/2),(y=z=m/ F=(/N28&) | Px[~lyl* + yl*)2

2), and (x = y = 7 /2), and reflection symmetry with 2 . TG 2

respect to the planes= 0,7,y = 0,7,z = 0,7. The + VY= (VIO N2 eI, (3)
velocity is parallel to these planes which form the sides oft is shown in [17] that replacingg™ by a constant
the impermeable boxvhich confines the flow. The TG vector yields as a minimum of (3) a boosted straight
flow is related to an experimentally studied swirling flow vortex line that is an exact radiationless solution of (1).

with initial datay = .. This amounts to minimizing the
tdunctional
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Minimizing (3) with the space-dependent’® applies vantage over the more conventional ongp v; =
to the vortex lines a local Galilean boost with velocity ./p (v;)¢ + /p (v;)’, of not involving a mixed
vIG. The TG symmetries can be used to expand,y, compressible-incompressible energy spectrum. We have
i) = SN2 N2 gfo Ji(m, n, p, 1) cosmx cosny X  checked that both decompositions give the same behavior
cospz where N is the resolution ands(m,n, p,1) = 0,  for Ein(k) in the runs presented below. _
unlessm, n, p are either all even or all odd integers. Im- An exact solution of NLSE, describing a 2D axisym-
plementing this expansion in a pseudospectral code yield®etric vortex, is given by *"'(r) = /p(r) explime),
a saving of a factor 64 in computational time and memory” = *1, where(r, ¢) are polar coordinates. The vortex
size when compared to general Fourier expansions. Therofile \/p(r) ~ r asr — 0 and/p(r) = 1 + 0(r7?)
ARGLE converged periodic vortex array obtained in thisfor » — . It can be computed numerically using mapped
manner is displayed on Fig. 1. Note that the radius ofchebychev polynomials expansions and an appropriate
curvature of the vortex lines is large compared to theifunctional [17]. The corresponding velocity field is azi-
radius. muthal and is given by (r) = v2¢&/r. Using the ex-
The total energy of the vortex array, conserved bypansion fory/p(r), the 2D angle-averaged spectrum of
NLSE dynamics, can be decomposed into three partg/p v; can then be computed with the formulg (k) =
Ew = (1/27)} [ &x (Fxin + Eie + E,), with kinetic (c2€2/2mk) [ [o dr Jo(kr)d,/p 2, whereJ, is the zeroth
energy Fun = %pvivi, internal energy F;, = (c2/ ~ order Bessel function. It is shown in [17] that, when a
2)(p — 1)%, and quantum energyf, = &9, p ). 3D isolated vortex line is almost straight, the 3D angle-

Each of these parts can be defined as the integral of ti@/eéraged spectrum of the line is given Bl (k) =
square of a field, for exampl&y, = %(\/ﬁvi)z_ Using (1/2m)Exsy (k), vyherel is thg Iength of_ the line.
Parseval’s theorem, the angle-averaged kinetic energ ilndeed, the incompressible kinetic energy spectrum
spectrum is defined as kin(k) of the ARGLE converged vortex array of Fig. 1
| displayed on Fig. 2(a) is well represented, at laige
Eyin(k) = — f k2 sin@ dé de¢ by an isolated line spectrurﬂﬁi‘;f(k) with total vortex
2 length given byl /27 = 175. In contrast, the small wave
x‘ 1 fd3 ik, A 2 number region cannot be represented B¢ (k). This
2m)3 re pYj|- stems from the average separation distance between the
which satisfies Exy = 1/Q27)° [ d®x Fyn = f§ dk X V(Erltex lines in Fig. 1. Calling this distancéyump ~
Ewin(k). The angle-average is performed by summing bump — 1/16, the wave number range be“"’ee’.‘ 'the
over shells in Fourier space. A mode,(, p) belongs to Iarge-sqale wave number =2 and the chara}cterlstlc
the shellk = [y/m2 + n% + p2 + 1/2]. Exy is further separation wave numbek,,,, can be explained by

decomposed into compressiblg;, and incompressible

Eiin parts, using /pv; = ((Jpv;)° + (Jpv;) with "
V(J/pv;)' = 0. This simple decomposition has the ad-

3
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FIG. 2. Plot of the incompressible kinetic energy spectrum,
Ein(k). The bottom curved) (circles) corresponds to time
FIG. 1. Three-dimensional visualization of the vector fields = 0 (same conditions as in Fig. 1). The spectrum of a
V X (pv) for the Taylor-Green flow at timer = 0 with single axisymmetric 2D vortex multiplied b{//27) = 175 is
coherence lengtlt = 0.1/(8+/2), sound velocityc = 2, and  shown as the bottom solid line. The top curg (plusses)
resolutionN = 512 in the impermeable boj0, 7] X [0, 7] X corresponds to time = 5.5. A least-square fit over the interval
[0,7]. The visualization is obtained by drawing té 000 2 =< k = 16 with a power lawE};, (k) = Ak™" givesn = 1.70
vectors of highest norm. (top solid line).
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interference effects. Because of constructive interferencenaximum energy dissipation, whereka®? range can be
the energy spectrum at =2 has a value close to observed [10]. Figure 2(b) shows the energy spectrum at
its corresponding value in TG viscous flow (namely: = 5.5. A least-square fit over the interval= k = 16
0.125), which is much above the value @&fi°(k = 2).  with a power lawEL;, (k) = Ak~ givesn = 1.70 (solid
In contrast, for2 < k = Kbump , destructive interference line). For5 < ¢ < 8, a similar fit givesn = 1.6 = 0.2
decrease.;, (k) below E{2¢ (k). This spectral situation (data not shown). Although uncertain, the value rof
can be understood by analogy with the reproduction ofs compatible with Kolmogorov’s% value. The time
a grey scale picture using black dots. The small waveevolution of //27 obtained by representing the high-
number spectrum of the reproduction will be that of theregion of EL;, by a line spectrum£i® is displayed in
original picture, while the large wave number spectrumFig. 3. The length saturates beyong, at roughly three
will be that of the individual dots. Here the dots aretimes itss = 0 value. Although the volume occupied
vortex lines and the picture 6", by the vortices has increased, it remains a small fraction
The evolution in time via NLSE (1) of the incompress- (7 £2/(27)® ~ 0.4% of the total volume of the box. The
ible kinetic energy is shown in Fig. 3 for various valuescomputations were performed with= 2 corresponding
of £, the resolutionV being adjusted to maintain accu- to aroot-mean-squaréach numbemM,,, = |v1S¢|/c =
racy. The main quantitative result of this Letter is the re-0.25. As it is very costly to decreas¥,,,s, we checked
markable agreement of the energy dissipation rat§l7] that compressible effects were nondominant at this
—dEy;,/dt with the corresponding data in the in- value ofM,,s. In particular,Ey;, is well above the other
compressible viscous TG flow. Both the momentenergy spectra throughout the run foK kpump-
tmax ~ 5—10 of maximum energy dissipation (the inflec- It is known [19] that NLSE vortex lines can reconnect.
tion point of Fig. 3) and its value(tn.x) ~ 1072 at that The vortex lines are visualized in physical space in
moment are in quantitative agreement with the viscous$igs. 4 and 5 at times =4 andr = 8. At r =4, no
data [10,18]. Furthermore, both.x and e(t.,x) depend reconnection has yet taken place while a complex vortex
weakly on &, This is remarkably similar to the weak tangle is present at = 8. Detailed visualizations (data
dependence of the corresponding viscous dissipationot shown) demonstrate that reconnections occur for
in the limit of small viscosity. This weak dependence5. Note that in the viscous TG vortex reconnection also
is considered a hallmark of numerical evidence for asets in forr > 5.
Kolmogorov regime in decaying turbulence [18]. As seen above, the spectral behavior of NLSE can be
Another important quantity studied in viscous decayingcompared to viscous turbulence only for= kpymp, ~
turbulence is the scaling of the kinetic energy spectrunugu;lp, where dy,mp is the average distance between
during time evolution and, especially, at the moment ofneighboring vortices. We now estimate the scaling of
kvump In terms of the flow integral scalg and velocity
uo and of the velocity of sound and coherence length
&, The numbern, of vortex lines crossing a large-
scale I area is given by the ratio of the circulation
1 700 loug to the quantum of circulatiod” = 47rc§/\/§, i.e.,
ng ~ loug/cé€. Assuming that the vortices are uniformly
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FIG. 3. Total incompressible kinetic energg;, plotted
versus time for ¢ = 0.1/(2+/2) and resolution N = 128
(long-dash line); & = 0.1/(4+/2), N =256 (dash); ¢ =
0.1/(6.25v2), N =400 (dot); and & = 0.1/(8v2), N =
512 (solid line). All runs are realized withc = 2. The
evolution of the total vortex filament length divided 2y
(crosses) for theV = 512 run is also shown (scale given on
the righty axis). FIG. 4. Same visualization as in Fig. 1, but at time= 4.
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obey Kolmogorov's scaling. A question, open to ex-
perimental investigations, is to know the exact limits
of this analogy between superfluid and viscous turbu-
lence. Some important experimental properties, such as
Kolmogorov’'s scaling, still evade first principle deriva-
tion from the Navier-Stokes equations [18]. These hard
problems may be easier to solve, when the analogy is
valid, using the NLSE rather than the Navier-Stokes
equations.

Computations were performed on the C94-C98 of
the Institut du Développement et des Ressources en
Informatique Scientifique. We would like to thank
L. Tuckerman for her helpful discussions on this work.

FIG. 5. Same visualization as in Fig. 1, but at time= 8.
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