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Cooperative Enhancement of Optical Quantum Gates
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Nonlinear phase shifts at the two-photon level can be greatly enhanced by a cooperative effect
involving pairs of atoms, which can give a phase shift proportional to the square of the number
of atoms in a medium. This is a nonlocal quantum effect that does not exist for classical states
of light. Cooperative effects of this kind may have practical applications in quantum computing.
[S0031-9007(97)03199-2]

PACS numbers: 42.50.Dv, 03.65.—w, 42.65.Vh, 89.70.+c

High-intensity fields are typically required to produce have the same phase and the total energy shift will be
any significant nonlinear effects [1,2] in optics, whereasproportional toN3.
the electric field associated with a single photon is nor- In the dipole approximation [10,11], the interaction
mally very weak. This poses a major challenge for theHamiltonianH' is given by
development of an optical approach [3,4] to quantum com-
puting [5-7], which would require nonlinear interactions H = _qz r; - E(R)), 1)
at the two-photon level. Although relatively large fields ;

can be obtained by confining a single photon to a smallyhereq is the charge of the electron; is the location of
cavity, that approach may not be feasible for the construcan electron relative to the center-of-mass coordimtef
tion of large-scale computers due to the size and cost ofjomi, andE(R;) is the electric field operator at position

the highQ cavities [3] required. This Letter describes aR,. Steady-state perturbation theory [10] gives a fourth-
cooperative mechanism involving pairs of atoms that capy ger energy shift of

give a nonlinear phase shift proportional to the square of

the numbev, of atoms in a medium. For large values of 1 {O|H'|n)<{n|H'|m){m|H'|l){I|H'|0)
Ny, the resulting enhancement in the nonlinear phase shift AE = Zlmn (€0 — €) (€0 — €) (€0 — €1)
is expected to be of practical use in optical quantum gates.

These nonlinear phase shifts are also of fundamental in- Y (O1H'[n){n|H'|0) (O|H'|1) {I|H'|0)
terest, since they are nonlocal quantum effects that do not In (€9 — €,) (eg — €1)?

exist for classical states of light. _ where [0) is the initial state with energy, while |1,
Most mechanisms [1-3,8,9] for the production of |,y and|,) are a complete set of intermediate eigenstates

nonlinear phase shifts involve the interaction of two,;in energiese;, €., ande,. The same results [12] can

photons with the same atom, which gives a phase shift|sq pe obtained using time-dependent perturbation theory

proportional to the number of atoms in the medium. Iniy gnai0gy with the usual forward-scattering amplitude

the cooperative mechanism of interest here, two phom”&pproach [10]. The phase shift$ can be related to the
interact with each pair of atoms in a medium, such a%nergy shiftAE by

those labeledA and B in Fig. 1. A typical interaction
is illustrated by the Feynman-like diagram of Fig. 2, in
which atomA absorbs photon 1 and reemits a photon with
frequencyw,, after which atonB absorbs a photon with
frequencyw, and reemits photon 1. This interchange of

Ap = —f AE(t)dt/h = —AEAt/h, 3

the two photons has no net effect other than to produce . ]
a shift in the energy of the system that can be calculated Y Y
; ) AR 1 N 1
using fourth-order perturbation theory. For simplicity, it AN A AR A A -

will be assumed that the medium is an atomic vapor cell,
although the theory applies equally well to a solid or

liquid for large detunings. It will be found that there is a . - AN
large probability that both atoms will be left in the same . Y
momentum state that they occupied initially, in which e . 2

case there are on the order df; different Feynman *

diagram_s leading to the same final St,ate’ one _Set fQ*—:IG. 1. The geometry of interest, in which two photons are
each pair of atoms. Under the appropriate experimentahcident upon a medium containing, atoms, two of which
conditions, the contribution from each pair of atoms will are labeledA andB.
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le> given by

AE, = M4N§fR[ ni(ny + 1) n (ny + Dny }

816y — &) 83(82 — &)

lg>

Atom A Atom B (7)
Heren; andn, are the number of photons with frequen-
ciesw; andw,, respectively, and the detunings and 6,
are defined by

 —
Time

FIG. 2. A Feynman-like diagram in which two atoms ex-

change two photons, which can give a nonlinear phase shift 61 =hwy — E, 6,=hw, — E,, (8)

proportional to the number of pairs of atoms.

whereE, is the atomic excitation energy. The detunings

are assumed to be much larger than the Doppler shift, in

which cased; andé§, are essentially the same for all of the

where Ar is the interaction time. Equivalent results can ¢ d the Doopler shift be i 4 Th i
be obtained by calculating the change in the dispersioﬁ1 oms and the Doppler Snifts can be ignored. € matrix

relation giving the wave numbé(w) as a function ofw elementM is the same for all four transitions and is given
The center-of-mass contribution to Eg. (2) can beby

written as a factorz given by M = qFE{(r), 9)
fr = Z Ole ™ 1 Rs|p N (n.le™ R |m,) where £ is the magnitude (variance) of the electric field
lejmen, associated with a single photon while) = |[{e|r|g)| is
% —ik, R, ik Ra [0 the ma_tr|x element of_the_dls_placement of the electron.
(mele e} CLele 10 “) For a single-mode cavityF is given by
Here|l.), |m.), and|n.) represent the atomic center-of- A Fw
mass intermediate states and it has been assumed that the T =Kn=0|E|ln=1) ~ ey (10)

recoil energy is sufficiently small that it has no significant

effect on the total energy of the intermediate states. Thesghere € is the permittivity of free space and is the
eigenstates are a complete set regardless of their forelume of the cavity, whileE? = (E~E™*) for the case
which allows Eq. (4) to be rewritten as of localized single-photon wave packets.
An additional set of Feynman-like diagrams in which

fr = Olcod(k; — k) - (Ra = Rp)JI0).  (5)  popp photons are absorbed before either is reemitted is
@ustrated in Fig. 3, while Fig. 4 shows a set of diagrams
in which each atom absorbs and reemits the same photon.
Including all of the possible sequences of the events, these

The fact that the sum over intermediate states include
each pair of atomsA B) relabeled in the opposite order
(B, A) has also been used. If the medium is sufficiently

thin that two sets of diagrams contribute energy shifts given by
(k; — k) - (Ry — Rp) < 1, (6) AEg = M*N3(1 + fr)niny
then the recoil factorfgz is on the order of unity. 1 N 1
The recoil factor fz is the probability amplitude that 51(8; + 8,8, 51(8; + 6,)8;
the final atomic momentum states will be exactly the 1 1
same as the initial states, in which case there will + + }
02(81 + 862)82  82(81 + 62)81

be no loss of coherence due to entanglement of the
photons with the recoil momentum of the atoms; this
is somewhat analogous to the recoillegsay emission

of the Modssbauer effect [13]. The remaining events in le>
which there is a change in the atomic momentum states , o, o, .
correspond to incoherent scattering events that occur at
a rate proportional tov, and notN3. As a result,

A B A B

(11)

the fraction of incoherent events due to atomic recoil is lo>
expected to be insignificant in the limit of largg,.

The process shown in Fig. 2 can occur with either —
photon being absorbed first and with either atom making Time
the first transition. This corresponds to four distinctFiG, 3. Additional Feynman-like diagrams in which both
diagrams whose total contribution to the energy shift isphotons are absorbed before either is reemitted.
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le> and (12) gives a total energy shift of
2M4N§n1n2fR w2
AE 53 & = 5, (15)
lg> _ _
Atom A Atom B to lowest order [14] inw/(8; — &,), where the nonlinear
term proportional tonn, is the only one that has been
— Q> retained. It can be seen that the nonlinear phase shift is
Time proportional to a collision factofc defined by
FIG. 4. Additional Feynman-like diagrams in which each )
atom absorbs and reemits the same photon. fo = w (16)

(61 — 82)%°

AE. = —M4N§n1n2[% + 21 } (12) Experiments can be designed in such a way fhat- 1,
616y 826 in which case the collisions effectively eliminate the

) ] ) contribution from one set of diagrams while having little
Higher-order perturbation calculations can be susceptigffect on the others. It should be noted that large values
ble to various errors, such as the omission of a diagramys the detuning itself|5] > w) are still possible under
As a precaution, the total contribution from all of the dia- these conditions and that a very wide range of collision

grams was calculated manually and then verifieqimes can be obtained by an appropriate choice of solids,
by a separate calculation that utilized a ruIe—base(ﬁquidS, or gases.

symbolic algorithm coded in Mathematica. The results The effects of collisions can be rigorously calculated by

obtained from perturbation theory were also comparegc|yding the buffer gas atoms and their scattering Hamil-

same results. , . to higher (sixth) order [15]. The results obtained have the
The total energy shift from all of the above diagramsgsgme form as those of Eq. (15), where the value of the pa-
can be reduced to rameterw depends on the details of the collision process
4 n18% — ny8i and the detuning. Higher—orde_r pgrturbation theory ;hpws
AE=M NAme . (13)  that there can be a large contribution from virtual collision
102

. 7 ~ processes that do not conserve energy and are temporary
This result may seem somewhat surprising, since it doe the sense that the system quickly returns to its original

not contain any nonlinear terms proportionakta,. All state. It should be noted that these virtual collision pro-
of the individual diagrams contain such terms but they alcesses cannot be included in a master-equation approach
cancel completely. in which the buffer gas is considered to be part of the “en-

This cancellation between the diagrams can be avoidedironment” whose effects are assumed to be irreversible
by adding a buffer gas to increase the rate of collisionsand represented by various decay rates for the density ma-
which affects the different Feynman diagrams by differentrix of the “system.”
amounts. To see why this is the case, suppose that This dependence on collisions is somewhat similar
|61 — 62| < |6], whereé = 8, ~ &2, and consider the to the collision-induced resonances observed in four-
amount of time Az, that the system spends in the wave mixing, where the probability amplitudes for certain
various virtual (intermediate) states. From the Heisenbergrocesses are zero in the absence of collisions but

uncertainty relation give rise to extremely narrow (subnatural) linewidths at
i high pressures [16]. Collisions need not introduce large
Atyiry ~ AE (14) amounts of decoherence or random phase fluctuations.
virt

For example, consider the usual linear phase shift (index
where AE,; is the lack of energy conservation in a of refraction) of visible light in air or a transparent solid
particular virtual state. As a result, the system spends auch as glass. Although there are a large number of
relatively large amount of time in the second intermediatecollisions taking place, there is also a large probability
state of Fig. 2, wherd\E,;;; = |8; — §>| <« |8], and is amplitude for the virtual processes responsible for the
much more likely to undergo a collision during that time change in the index of refraction to occur without a
than is the case for the diagrams of Fig. 3. collision process. The remaining processes are incoherent
The effects of collisions can be estimated by assumingnd correspond to a relatively small scattering rate, since
that each of the virtual states has a finite lifetime duethe incoherent processes have a stronger dependence on
to collisions, which is equivalent to replacing the energythe detuning than does the coherent phase shift. Phase
e, Of each intermediate state with a complex energyfluctuations due to the random nature of the collision
e, — iw, Wherew is equal to the spectral linewidth due process are not significant since the observed phase is an
to collisions. Making this substitution in Egs. (7), (11), average over a macroscopically large number of atoms.
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A similar situation is expected for the nonlinear phasemain concerns in quantum computing. This approach

shifts of interest here in the limit of larg¥y, and large may eventually allow the construction of large numbers

detunings. of quantum gates on a single substrate using optical
The magnitude\ ¢, Of the nonlinear phase shift can waveguides and microfabrication techniques.

be put in perspective by comparing it to the magnitude | acknowledge valuable discussions with B. C. Jacobs

Ad¢y, of the usual linear phase shift, which can beand T.B. Pittman. This work was supported in part by

calculated [10] from the second-order energy shift: the Office of Naval Research and the National Security
Agency.
o _ 5 OHINDUIHEN0) _ Na
AE ; p— M (17)
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ergy is not conserved at the location of at@xnnor at Benjamin, Reading, MA, 1969).

atomB but it is conserved globally, which requires non- [11] It shou_ld pe noted that the_ dipole approximation is an
local correlations between the effects of the two atoms.,  expansion inr; but notR;, which need not be small.
It can be shown that nonlinear phase shifts of this kind12] The correct form of the second term in Eq. (2) will not be
cannot be derived from the commonly used assumption obtglned frgm pme-dependent perturbation theory. unless
[1,2] that the polarization of the medium is proportional the interaction is slowly turned on and then off again.
- o . )\ [13] For example, see H. Frauenfeld@he Mossbauer Effect
to a set of nonlinear susceptibility coefficierfg'”); the (Benjamin, New York, 1962)
Iocal.nature Qf the polarizations induced in this way is IN“114] The expansion of Eq. (15) can be replaced with a lengthy
consistent with the nonlocal nature of the effect. It can” ~ pyt exact expression whew/(8, — 6,) is no longer
also be shown that nonlinear phase shifts of this kind can  gmayl.
be produced only by photon number (Fock) states, whilg15] A detailed discussion of the higher-order collision calcula-
high-intensity coherent states will produce a small amount  tions and the design of an appropriate experiment are too
of incoherent scattering instead. lengthy for inclusion here and will be submitted for publi-
Some of the potential advantages of an optical approach  cation elsewhere. _

for quantum computing based on this effect have beeht6] L. Prior, A.R. Bogdan, M. Dagenais, and N. Bloember-
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the phase shift can be used to relax the requiremenﬁ teel, Phys. Rev. &8, ¢ ( ). .
on the system and may eliminate the need for Ih- 7] The Kramers-Kronig dispersion relations require that any

o y . y . increase in the phase shift must be associated with an
cavities [3], atomic beams, etc., none of which appear to

. 4 increase in the total scattering rate at other frequencies.
be well suited for the construction of a full-scale quantum  The fourth-order diagrams discussed here do give an

computer. More importantly, it should be possible to increase in the scattering rate, as required, but those losses
use large detunings to avoid the decoherence associated can be made insignificant compared to the phase shift by

with scattering [17] and absorption, which is one of the using large detunings, just as in the linear case.
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