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Single-Electron Box and the Helicity Modulus of an Inverse SquareXY Model
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We calculate the average number of electrons on a metallic single-electron box as a function o
the gate voltage for arbitrary values of the tunneling conductance. In the vicinity of the plateaus th
problem is equivalent to calculating the helicity modulus of a classical inverse squareXY model in one
dimension. By a combination of perturbation theory, a two-loop renormalization group calculation, and
a Monte Carlo simulation in the intermediate regime we provide a complete description of the smearin
of the Coulomb staircase at zero temperature with increasing conductance. [S0031-9007(97)03141-4

PACS numbers: 73.23.Hk, 75.10.Hk
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One of the most elementary devices which exhibits th
effect of Coulomb blockade [1,2] is the so called single
electron box, first realized by Lafargeet al. [3]. It con-
sists of a small metallic island which is connected to a
outside lead by a tunnel junction and is coupled capac
tively to a gate voltageV. By elementary electrostatics the
classical Coulomb energy for a given integer numbern of
additional electrons on the box is [3]

En 
U
2

sn 2 nxd2 (1)

up to an irrelevant constant. HereU 
e2

C1Cg
is an effec-

tive single electron charging energy andnx  CgVye the
continuous polarization charge induced by the gate. O
viously, on varyingnx , the actual integer value ofn is
the one minimizingEn. As a result,nsnxd is a staircase
function with unit jumps atnx 

1
2 (mod 1). The basic

requirements for such a device to work are twofold: Firs
it is obvious that the temperatureT (we setkB  1) has to
be much smaller than the relevant charging energy. Th
point is easily taken into account by considering a the
mal distribution of the energiesEn [3]. The thermal av-
erageknl snxd will then approach the simple straight line
at T ¿ U (note thatn is measured over a sufficiently
long time interval, giving a continuousknl even though
the number of additional electrons in the box is an inte
ger at any given instant of time). Second, however, the
is an intrinsic broadening of the staircase even atT  0
since the tunneling probability through the junction is nec
essarily finite. As a consequence, the number of electro
in the box is not strictly conserved and the variablen
exhibits quantum fluctuations, which are neglected in
simple electrostatic description. A quantitative measu
of these fluctuations is provided by the average tunnelin
probability at the Fermi energýF which determines the
dimensionless tunneling conductance [4]

g  p2jtj2´F
rboxrlead =:

h
4e2Rt

. (2)

Here t is the transfer matrix element [see (3)] andr

are the densities of states at´F . Obviously the perfect
staircase atT  0 is realized only in the limitg !
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0, while we expect thatknl snxd ! nx even at zero
temperature ifg ¿ 1. In the following we will give a
quantitative description of the behavior ofknl snxd near
the plateaus atnx  0 (mod 1) for arbitrary values ofg.

We start from a tunneling Hamiltonian [4]

Ĥ 
U
2

sn̂ 2 nxd2 1
X
ab

tabcy
a cb 1 H.c. 1 Ĥ0 (3)

describing the Coulomb energy of the box and the trans
of electrons between statesb and a from the box (index
b) to the lead (indexa) and vice versa. The contribution
Ĥ0 is the Hamiltonian of noninteracting Fermions o
both sides of the junction which act as reservoirs. T
Coulomb interaction is incorporated only by the classic
capacitive energy, which is a good description for metal
systems [1,2]. In the following we shall employ a
effective model for the thermodynamics of the box whic
is obtained by integrating out the Fermionic degrees
freedom. Using a second order cumulant expansion
the transfer term, which is exact in the experimenta
relevant limit of a large number of conductance channe

the reduced partition functionZ  Tr exps2bĤd
Z0

can be
written as a path integral [4]

Zsnxd 
Z p

2p

du

3
Z u

u

D u exp

(
2Sfug 1 inx

Z Ly2

2Ly2
dx

du

dx

)
(4)

over a compact angular variableu conjugate to the
integer n. Here x is a dimensionless coordinate of
1D system with lengthL  bU where L ! ` as the
physical temperature approaches zero. The action is gi
by s2Ly2 # x # Ly2d

Sfug 
1
2

Z
dx

µ
du

dx

∂2

1
2g
p2

Z Z
dx dx0 sin2susxd2usx0d

2 d
sx 2 x0d2

. (5)

The long range part of the interaction has already be
written in the form appropriate forL ! `. Introducing
© 1997 The American Physical Society 3737
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a two component unit spinSsxd  fcossssusxdddd, sinsssusxddddg
at any point of the line, the actionSfug is just the
classical energy of anXY model with an inverse square
interaction proportional to the conductanceg. The first
term, which arises from the classical charging ener
C
2 V 2, is then identical with the spin wave approximatio
to a short range interaction. Finally, the external char
nx acts like a purely imaginary external torque on th
XY model. Since

R
du  2pm determines an integer

winding numberm [ Z which is a topological invariant
for each configurationusxd, the external charge appear
as a pure boundary term. Defining the free energy p
length by fsnxd  2 ln ZsnxdyL the average number of
electrons in the box can be expressed as

kn̂l  nx 2
≠fsnxd

≠nx
. (6)

The fact thatnx arises only as a phase factore2pimnx

shows thatZsnx 1 1d  Zsnxd quite generally. Thus, all
quantities are periodic innx with period 1 which allows
one to restrict the discussion to the interval2

1
2 , nx #

1
2 . In the following we confine ourselves to the zer
temperature (i.e., thermodynamic) limitL ! ` and to the
vicinity of nx  0. Taking inx  mx to be a real torque
for the moment, a finite value ofmx will induce a nonzero
average gradient of the phase

lim
L!`

1
L

*Z
dx

du

dx

+
mx


mx

g
, (7)

which is linear inmx in the limit mx ! 0. The associated
torsional rigidity g is then precisely identical with the
helicity modulus as defined by Fisheret al. [5]. It may
be obtained fromfsnxd via

1
g


≠2fsnxd

≠n2
x

Ç
nx0

, (8)

which is a measure for the sensitivity to a change in t
boundary conditions. Using (6) the slope of the Coulom
staircase nearnx  0 is related to the helicity modulus by

x 
≠kn̂l
≠nx

Ç
nx0

 1 2 g21. (9)

In the trivial limiting case g  0 this describes the
expected resultx s0d  0, i.e., perfect plateaus. Indeed i
g  0, the helicity modulus is equal to one, being just th
coefficient in front of the1

2 s du

dx d2 term [5]. In order to
describe the behavior at finiteg we apply three different
methods.

Perturbation theory.—While the nonlinearity of the
sin2 in the action (5) makes an exact evaluation of th
path integral impossible, we may expand the long ran
contribution down to second order ing. Evaluating
the resulting averageskexps6iudl with the remaining
Gaussian action, the free energy can be calculated up
order g2. After a straightforward but tedious calculatio
3738
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we obtain

xs gd  c1g 1 c2g2 1 · · · (10)

with c1 
4

p2 and c2 ø 20.052. For the coefficientc2

we have evaluated a remaining definite integral nume
cally. The result (10) is identical with a previous calcu
lation by Grabert [6], who has used direct perturbatio
theory to fourth order int in the original Fermionic
Hamiltonian (3). The agreement to orderg2 which we
have verified to eight digits, confirms that the invers
squareXYmodel employed here is a correct representatio
for the reduced thermodynamics of the original model.

Renormalization group (RNG).—To obtain the exact
behavior of the helicity modulus at large values ofg, we
use the RNG. Indeed the limitg ¿ 1 has previously been
treated by approximate instanton calculations [7,8]. How
ever, they give different results for the pre-exponentia
factor of the effective charging energy which is essen
tially the inverse of the helicity modulus. Here we will
show that a definitive solution of this problem may b
obtained by a two-loop RNG, which uniquely determine
both the exponent and theg dependence of the prefactor
of the correlation lengthj in the limit g ¿ 1. Indeed the
helicity modulus is directly proportional to the correlation
length. To see this we define

rm  2pZsnx  0d21
Z 2pm

0
D u exph2Sfugj (11)

as the probability for a given winding numberm. It
is then straightforward to show that the inverse helicit
modulus

g21  lim
L°!`

ks2pmd2l
L

(12)

measures the normalized variance of the winding numb
with respect to the probability distribution (11). Atg ¿

1 a given value ofkm2l requires a system size which
is larger by a factor ofjs gd than that atg of order 1
wherejs1d , Os1d. Therefore, by applying (12) we have
gs gd , js gd. In order to determinejs gd, we use the
fact that d  1 is the lower critical dimension of the
inverse squareXYmodel [9,10]. Since the kinetic energy
term in (5) is irrelevant atg ¿ 1 and Teff  p2yg is
the effective temperature of our classicalXY model, we
may perform ad  1 1 e expansion around an ordered
state ate . 0, which is effectively a low temperature
expansion. It is convenient to generalize theXYspinSsxd
to aOsnd spin S parametrized by [11]

Ssxd 

µ
Psxd,

q
1 2 P2sxd

∂
. (13)

Here thePisxd, i  1, . . . , n 2 1 are Goldstone modes
whose expectation scales likekP2l , Teff. We thus
expand the long range part of the action in powers ofP.
In Fourier space and withH as an external magnetic field
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which serves to regularize the infrared divergencies, t
action takes the formsd  1d

S 
Z

dq
jqj 1 H

2Teff

∑
PqP2q 1

1
4

P2
qP2

2q

1
1
8

P2
qsP2d2

2q

∏
(14)

up to terms of orderP8. Following the method of Amit
[11] we calculate theb function by field theoretic renor-
malization using dimensional regularization. In one-loo
order two diagrams contribute, only one of which diverge
as e °! 0. Because of cancellations, the fourteen two
loop diagrams reduce to three types of integrals yieldin
single and double poles ine. The two-point function at
zero external momentum is given by

Gs2ds0, Hd 
H
T

2
n 2 1

2e
H11e

1 TH112e

∑
sn 2 1dsn 2 2d

4e
1

3sn 2 1d2

8e2

∏
(15)

in two-loop order, whereT  Teffy2p2 is a rescaled ef-
fective temperature.Gs2d can be made finite by introduc-
ing renormalized parameters [10]

t  keZ21T , h  Z2 1

2 H (16)

and fields

PR  Z21y2P, G
s2d
R  ZGs2d. (17)

The renormalization constantZ turns out to be

Z  1 1
n 2 1

e
t 1

∑
sn 2 1d2

e2
1

n 2 1
2e

∏
t2 1 Ost3d .

(18)

This implies that under a reductionL °! L exps2ld of
the cutoff the parameterg21  2T at e  0 scales like

dg21

dl


1
2g2

1
1

4g3
1 Os g24d . (19)

By integrating this differential equation, we find that th
associated correlation length diverges like

js g ¿ 1d  cs gdg21 exps2gd (20)

with a functioncs gd which is finite asg °! `. The ex-
ponential behavior is typical for a system at its lower crit
cal dimensionality, and is also obtained in an instanto
approach [4,9]. However, the prefactor proportional t
g21 which is fixed by the coefficient of the two-loop con-
tribution in (19) and which implies that

xs g ¿ 1d  1 2 cg exps22gd (21)

is quite different from theg2 [7] or g3 [8] prediction of
the instanton calculation. In fact, a very similar situatio
arises in the closely relatedOsnd nonlinear s model
in two dimensions. Because of the scale invariance
the action there are instantons of arbitrary size and t
he
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calculation cannot be controlled in the thermodynam
limit. It is only the two-loop RNG which allows one
to determine the correct prefactor ofj [12], although—
in contrast to the instanton results—it does not fix t
numerical constantc. It should also be pointed ou
that the finite correlation length (20) does not imply a
exponential decay ofkSsxdSs0dl. Indeed it can be shown
[13] that this correlation function asymptotically decay
like 1yx2 for all 0 , g , p2y2 and—possibly—even
more slowly for larger values ofg. For our discussion
of the helicity modulus, however, the detailed behavior
kSsxdSs0dl is irrelevant.

Monte Carlo simulation.—In order to bridge the gap
between the perturbative result (10) valid for smallg
and the asymptotic behavior (21) we have performed
Monte Carlo simulation of the inverse squareXY model
(5) including the short range interaction term for values
g between 0.1 and 5. Following previous work [14,1
we have sampled the winding number probabilitiesrm

defined in (11) using the standard Metropolis algorith
with periodic boundary conditions on a discrete cha
with up to 2000 spins. We have checked carefully th
further increase in the system length does not change
results for the helicity modulus. To estimate the statistic
error we have performed about 40 runs for each cho
of the parametersg and L. The calculations were done
with HP 700 workstations and a CRAY T90 and too
about one hour of CPU time per run. The numeric
data are shown in Fig. 1. Evidently the slope ofkn̂l
versusnx follows the perturbative result (10) closely u
to values aroundg ø 1 and finally approachesx  1

FIG. 1. MC results for the zero temperature slopex of the
Coulomb staircase atnx  0 as a function of the dimensionles
conductanceg. The dashed line is the perturbative result (10
3739
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exponentially fast as predicted by (21). Assuming that t
asymptotic behavior (21) is already valid forg . 3, the
MC results allow one to determine the constant in (21
giving c  80 from a two-point fit. One should note tha
a prefactor of this magnitude has also been obtained
the low-temperature behavior of the correlation length
the nonlinears-model [16]. It is difficult to estimate,
however, whether the asymptotic behavior has alrea
been reached at these values ofg. Unfortunately, the
exponential increase of the correlation length does n
allow us at present to verify numerically our analytica
result (21) for theg dependence of the prefactor [17]
Indeed the situation is again analogous to the mu
studied Osnd nonlinear s-model in d  2. While the
purely numerical constant equivalent tocs`d in (20)
was determined approximately by Shenker and Toboch
[16] via a Monte Carlo RG method, the exact couplin
constant dependence of the prefactor which follows fro
the two-loop RNG [18] has only been verified in recen
years by extremely extensive numerical computatio
[19]. Since the range of physical interest in the sing
electron box problem is restricted tog values smaller
than about five (i.e.,Rt $ 1.3 kV, see Fig. 1) it is
evident that our present numerical results fully cover th
experimentally accessible regime.

In conclusion, we have calculated the zero temperatu
smearing of the Coulomb staircase in the single electr
box for arbitrary values of the tunnel conductanceg. In
contrast to previous work on this problem, which has co
centrated on the behavior nearnx 

1
2 and g ø 1 [20],

we have discussed the slope at the center of the plate
It has been shown that this is determined by the helic
modulus of an inverse squareXYmodel. Quantitative MC
simulations in the physically relevant regimeg  0.1 5
yield the expected crossover between perturbation th
ory and the asymptotic behavior. Moreover, the two-loo
RNG calculation uniquely determines the analytical b
havior at large conductance and shows that previous
stanton calculations are problematic. Further support
our result is given by the case of theOsnd nonlinear
s-model in two dimensions, where the RNG result fo
the behavior of the correlation length has been verified
the exact solution [21].

Regarding the experimental situation, the conductan
in the existing measurements [3] had a fixed value
order gexp ø 0.02, i.e., well in the perturbative regime.
3740
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In fact the first order correction in (10) was used to
calibrate the slope atnx  0 to zero. To verify our
results one therefore needs measurements with differen
and considerably larger values ofg at temperatures where
the thermal broadening is negligible.
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