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Fragmentation by Crack Branching
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Two-dimensional lattice models of crack branching give rise to fragmentation if disorder is introduce
in the model. The resulting fragment-size distribution is analyzed within a simple analytical model an
by numerical simulations. The analytical model gives, under rather general conditions, a power-la
distribution over the entire size range. In the specific case studied, the exponent ranges from2` to
20.5, depending on the stopping probability of cracks. The analytical results are consistent with t
numerical simulations. [S0031-9007(97)03200-6]
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Results of fragmentation processes are visible almo
everywhere. Rock fragments, for example, are so com
mon that the fragments have different names dependi
on their size: boulders, stones, gravel, sand, and du
in decreasing order of size. The rather slow process
rock weathering is, of course, not the only fragmentatio
process in nature. Almost all kinds of explosions and co
lisions break pieces of matter into fragments. A commo
feature of almost all these fragmentation processes is t
the fragment-size distribution is given by a power law
in the small-size limit [1]. The origin of this power law
has attracted much attention lately [2–5]. It cannot orig
nate from randomly located microcracks that act a
nucleation centers for cracks, as this mechanism wou
produce an exponential distribution of fragment size
[1,6,7]. The exponential distribution is, of course
asymptotically a power law in the small-size limit, bu
power-law distributions found in experiments and numer
cal simulations usually extend over at least 1 order
magnitude [2–4,7].

It was argued in Ref. [7] that in two dimensions
the exponential distribution, created by the merging o
randomly nucleated cracks, holds in the large-fragme
limit, while another mechanism, fragmentation by crac
branching, dominates in the small-fragment limit. A
fragment-size distribution which is a power law in the
small-size limit and a more rapidly decreasing functio
in the large-size limit is also commonly found in both
experiments and numerical simulations [2,4,7].

To test our previously reported suggestion [7] that
branching of cracks [8–12] is responsible for the powe
law distribution of fragment sizes in the small-size limit
we employ here a type of lattice model recently used
investigate crack branching in a material without disorde
[13–15]. To create fragments, however, disorder mu
be introduced in this lattice model. This is achieved b
having randomly varying masses at the lattice sites.

The resulting lattice can be seen as a model of granu
materials in which each lattice site corresponds to
grain, and lattice bonds correspond to elastic interactio
between the grains. We wish to stress that our lattic
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model should be seen as a small piece of a larger ob
that is being fragmented. This justifies our assumpti
that the applied stress is constant both in space and
time. The dynamic stress field from, e.g., a rapid impa
should be continuous if the sample contains no preexist
microcracks. The stress field is therefore constant
space if considered over a small enough area. As cra
propagate rapidly (and more or less perpendicularly to
local stress), the local stress field can be considered to
constant over the time it takes for a crack to propag
across such a small area.

The lattice models which we consider here are a squ
and a triangular lattice in which the lattice bonds a
elastic beams with a square cross sectionw2, length l,
and Young’s modulusE. Massesmi are placed at the
lattice sitesi and the beams are massless. The mas
mi are chosen independently of each other from a unifo
distributionms1 2 ddrd, whered is the “strength” of the
disorder, anddr is a stochastic variable whose value
belong to the uniform distributionf20.5, 0.5g. If d , 2,
the disorder is “weak” in the sense of Hansenet al. [16].
The lattice is strained by an amounte in the y direction,
which in the square-lattice case is one of the principal bo
directions, and in the triangular lattice perpendicular
one of the principal bond directions. The sites at the t
and bottom edges of the lattices are constrained to rem
at their original positions. In the square-lattice case t
sites at the left and right edges are free to move with
constraints. In the triangular lattice the sites at the left a
right edges are only allowed to move in they direction to
avoid a global Poisson contraction of the lattice.

The dynamics of the lattices is calculated using a d
crete form of Newton’s equations of motion, includin
a small linear viscous dissipation term. The time evo
tion is calculated [17] by iteration of time steps startin
from equilibrium at timet ­ 0. At t ­ 0, a few bonds
in the middle of the left edge are suddenly removed. T
other bonds break if the strain on them exceeds a thre
old value, which in our case is taken to be a consta
e 1 d for the total displacement difference of the sites
the ends of the bond.
© 1997 The American Physical Society 3677
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The fracture processes occurring in the two lattic
models are illustrated in Figs. 1 and 2. Figures 1(
and 2(b) display branching at small values ofd, while
Figs. 1(a) and 2(a) show the kind of fragments that a
created for large values ofd. It is evident, in Fig. 1(a), in
particular, that crack branches merge to form fragmen
From each merger of two branches usually only on
branch continues to propagate. It is also possible tha
branch stops spontaneously as can be seen in Figs.
and 2(a).

To get a more quantitative picture of this proces
we study a simple model of merging branches [18
The model is sketched in Fig. 3. Branches appear
both sides of the central crack that propagates throu
the lattice perpendicularly to the external stress. The
branches merge pairwise to form a single merged bran
which continues to propagate. At each merger of tw
branches a fragment is formed. The merged branch
continue to merge pairwise and thus form new fragmen
The sizes of the fragments formed in this way, as sketch
in Fig. 3, are given by

S ­
BX

n­0

22n, (1)

whereB ­ 0 for the fragments formed in the first merge
of branches,B ­ 1 in the second merger, and so on. I
2A is the number of fragments formed in the first merge
then at each value ofB, 2A2B fragments are formed if
there is no spontaneous stopping of cracks. If, due
crack stopping, only a fractionp of the possible fragments
are formed at each value ofB, then the numberNsBd of
fragments formed at levelB is

FIG. 1. (a) Crack pattern formed in a square lattice of siz
120 3 120 after 700 time steps. Herew ­ l ­ E ­ 1, m ­
0.1, and d ­ 0.8. (b) Branch pattern formed in a similar
lattice, but with d ­ 0.1. The real displacements after 300
time steps are shown.
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NsBd ­ 2A2BpB. (2)

Notice that p is not necessarily a constant, but may
depend onB. As calculated from Eqs. (1) and (2), the
fragment-size distributionNsSd of fragments of sizeS is
given by

lnfNsSdg ­

Ω
2

1
2

1
lnfpsSdg

ln 4

æ
ln S

1 ln

∑
psSd

2

∏ µ
ln 3
ln 4

2 1

∂
1 A ln 2 . (3)

If p is constant, then Eq. (3) is of a power-law form,
NsSd ~ S2a , wherea ­ 21y2 1 ln py ln 4.

As the number of fragments decreases with increasin
B, a fragmentation process has a finite penetration depth
the number of fragments formed atB ­ 0 is limited. We
define the penetration depthDx as the distance from the
central crack to the furthest edge of the largest fragmen
Then, for a constantp, we have

Dx ­ 2m 2 1, m ­
lns2N0d 2 ln p

ln 2 2 ln p
, (4)

whereN0 ­ 2A is the number of fragments formed in the
first merger. Single cracks can propagate further but n
more fragments are formed.

The model leading to Eq. (3) is an example of a
fragmentation process that can be divided into stepssBd
for which the size of the fragments formed is given by
S ~ aB, and the number of such fragments isN ~ bB.
Here a and b are model-dependent parameters. If ther
exists a range ofB for which a and b are constant,
the fragmentation process will create a fragment-siz
distribution of a power-law form;NsSd ~ S ln by ln a. These

FIG. 2. (a) Crack pattern formed in a triangular lattice of
size 160 3 80 after 400 time steps. Herew ­ 0.8, E ­ 1,
m ­ 0.1, andd ­ 0.3. (b) Branch pattern formed in a similar
lattice, but withd ­ 0.05.
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FIG. 3. Schematic picture of the fragmentation model. Frag
ments formed at stagesB ­ 0, 2 are shaded.

conditions are not the most general ones, but they shou
nevertheless encompass a large class of fragmentat
processes.

The total amount of elastic energy that is lost when th
branches are formed is given by

dW ~
Z B

0
NsB0d

q
SsB0d dB0.

If the input of elastic energy is limited, thendW must
also be finite for allB. This means thatb

p
a , 1, which,

when applied to Eq. (3), givesp , 1. In other words, all
cracks will sooner or later stop spontaneously. A possib
picture of the fragmentation process would then be that
proceeds with a more or less constantp until the energy
is dissipated andp drops to zero. This picture would lead
to a fragment-size distribution that has a power-law form
at small sizes, and a distinct cutoff at a finite fragmen
size. If, on the other hand, there is an unlimited input o
energy, no cutoff will occur.

A third possibility would be thatp varies so that there
is a constant probability that a crack will stop at each tim
a lattice bond is broken at the crack tip. Thenp will
decrease with increasingB, as longer cracks have to be
formed for larger fragments. If1 2 n is the probability
that a crack will stop at any lattice bond at the tip, the
psBd ­ expfs2B11 2 1d ln ng, and this means that

NsSd ~ s1yndS21y2e
p

3y4 ln n
p

S . (5)

This distribution becomes a power law for very smallS
(i.e., S ø 1d, but is essentially an exponential function op

S, and decreases therefore with increasingS much more
rapidly than a power law.

We have used numerical simulations with the lattic
models described above to test whether the fragment-s
distribution is of the power-law form of Eq. (3) or
whether it decreases faster [Eq. (5)]. In many exper
ments and numerical simulations the distribution
obtained display power laws in the small-size limit, bu
decrease faster in the large-size limit [1,2,4]. If Eq. (3
is correct, then a more rapid decrease should be due
some mechanism other than the crack branching [7].
on the other hand, Eq. (5) is correct, then crack branchi
may explain the entire fragment distribution found in
experiments and numerical simulations.
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To get smooth distributions from the simulation data
we replace the distributionNsSd by

MsSd ~ S21
Z `

S
NsS0d dS0.

The simulations give, as is evident from Fig. 4, for th
square lattice a distribution that is very close to a pow
law for the entire size range. The simulated distributio
is, on a log-log scale, a little curved, however, whic
suggests thatp decreases slightly with increasingB, but
the change inp is very small. For the triangular lattice,
however, the distribution follows perfectly the power-law
form for the entire size range.

Even though the model leading to Eq. (3) is ver
schematic, it seems to catch much of the qualitativ
behavior of the fragmentation process. In Fig. 1(a) th
fragments are almost equally distributed along the cent
crack (except close to the left edge where the cra
starts from). Most of the smallest fragments are clos
to the central crack and the fragments become, on t
average, increasingly larger away from the central crac
If we fit the powera to the simulation results, we obtain
a ­ 21.5 for the square lattice, anda ­ 21.8 for the

FIG. 4. Simulated fragment-size distributions for (a) squar
lattices, and (b) triangular lattices, for different numbers of tim
steps (200–700), and averaged over different values ofd (0.1–
1.5), and different values ofd (0.005–0.03). The symbols refer
to the number of time steps used. The lines areS21.5 andS21.8

for (a) and (b), respectively.
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triangular lattice. Both these powers are smaller tha
20.5, which is consistent with Eq. (3).

We can also calculate the probability parameterp from
the fitted values ofa. Equation (3) givesp ­ 0.25 for
the square lattice, andp ­ 0.16 for the triangular lattice.
The parameter1 2 p is the probabilty that a crack stops
spontaneously, which means thatp is also the ratio of
fragments created to the number of cracks that for
dead ends. This quantity can be determined, e.g., fro
Fig. 1(a), and the result isp ø 0.275. This is close
to the value 0.25. For the triangular lattice [Fig. 2(a)]
it is rather difficult to determine the exact number o
dead ends, but there are clearly more of them than f
the square lattice, which is consistent with the valu
a ­ 0.16.

In summary, we have demonstrated that fragmentati
of a lattice where the boundary conditions are such th
only one central crack is formed, produces a fragmen
size distribution through crack branching that is a powe
law for the entire size range. This suggests that the co
monly found size distributions which are power laws in
the small-size limit and exponentially decreasing func
tions in the large-size limit, originate from two differ-
ent mechanisms. The small fragments are formed by t
branching of propagating cracks, while the large frag
ments are formed by the merging of the randomly nucl
ated cracks [6]. The essential features of fragmentati
by branching can be understood within a simple model
pairwise merging branches.
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