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Single and Double Photoionization from Dipole Response Function
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A method for including the correlated motion of the electrons in the calculation of single and do
ionization of atomic and molecular systems by the absorption of a single photon is described.
correlated dipole response function is central to the formulation. The single and double photoioniz
cross sections of helium are calculated. We show that the method accurately corrects for the
that is present at high energies when the length gauge is used to characterize the photon inter
The cross sections obtained from the length, velocity, and acceleration gauges are brough
agreement with each other and with cross sections calculated from the many-body perturbation t
[S0031-9007(97)03175-X]
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A central problem in theoretical atomic and molecula
physics is the inclusion of the correlated motion of th
electrons of the system. Much attention [1] has bee
given to the double ionization of helium by a single
photon because the process occurs only through
effects of correlation. Taking correlation into account i
the description of the final continuum state wave functio
presents severe difficulties. Several approaches have b
pursued, including the many-body perturbation theory [2
4], close-coupling [5,6], andR-matrix procedures [7,8]
with a discretization of the continuum. Others [9–13
have employed explicit distorted wave approximations
the final state wave function.

In this Letter, we explore the applicability of a formu-
lation in which the emphasis is placed on the inclusio
of correlation in the dipole response function of the sy
tem. The method is then similar in physical content to th
previous studies, but has the advantage that the diffic
ties associated with final state correlation can be hand
using well-establishedL2 methods. The sameL2 meth-
ods can also be used to describe correlation in the init
state wave function. The accuracy of the calculated cro
sections is then limited only by the convergence of th
L2 basis sets. In the present work, we employ correlat
Hylleraas basis sets which are known to converge quick
[14]. We carry out calculations in the length, velocity
and acceleration gauges. Previous calculations [6,7] ha
demonstrated that the length gauge is prone to error
high frequencies [15]. We show that our procedure co
verges rapidly and brings the results obtained with th
different gauges into agreement.

The photoionization cross section of a photon wit
energyh̄v is given in atomic units in terms of the dipole
matrix element by the expression

s  4p2avjkC2
f jê ? djCilj2, (1)

whereCi is the initial wave function,C2
f is the final wave

function, d is the dipole moment, and̂e is the direction
of linearly polarized light. Ifr1 and r2 are the position
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vectors of the two electrons andp1 andp2 their momenta,
the dipole moment can be expressed in the length, veloci
and acceleration gauges in the forms

dL  r1 1 r2, dV  iv21sp1 1 p2d ,

dA  Zv22

µ
r1

r3
1

1
r2

r3
2

∂
,

(2)

where Z is the nuclear charge. In the case of singl
ionization, the final state wave function describes th
processh̄v 1 He ! He1sn,d 1 e2s´0,0d, wheren and
, are the quantum numbers of the final state of He1,
and ´0 and ,0 are the energy and angular momentum o
the ejected electron. In double ionizationh̄v 1 He !
He21 1 e2s´,d 1 e2s´0,0d, where´ and ´0 are the en-
ergies of the ejected electrons and, and ,0 are their re-
spective angular momenta. In the limit of high photon
energies, only,  0 and ,0  1 contribute to the cross
sections [16].

The final state wave functionC2
f may be written

jC2
f l  jc2

f l 1
1

E 2 ih 2 H
V jc2

f l , (3)

in which E is the total energy of the system,H  H0 1

V is the system Hamiltonian, andjc2
f l is the solution

in the absence of the interaction potentialV between the
separated systems. The dipole matrix element is [17]

kCijdjC2
f l  kCijdjc2

f l 1 kxjV jc2
f l , (4)

where

jxl 
1

E 1 ih 2 H
djCil (5)

defines the dipole response function. If we represe
jxl by an expansion in a discrete basisjuml, such that
kumjHjum0 l  Emdmm0, then

jxl 
X
m

juml kumjdjCil
E 2 Em

. (6)
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With this choice forjxl, the difficulties associated with
the final state correlation can be handled using we
established bound-stateL2 procedures. In the present for-
mulation, basis functionsjuml are comprised of correlated
Hylleraas-type functions [14].

We describe the asymptotic scattering solution corr
sponding to simultaneous excitation and ionization to th
statesn,, ´0,0d by the uncorrelated product state function

c2
f sr1, r2d 

1
p

2
fun,sr1dF´0,0sr2d 1 un,sr2dF´0,0 sr1dg ,

(7)

where F´0,0 is an energy-normalized regular Coulomb
function andun, is an eigenfunction obtained by diago
nalizing the single electron Hamiltonian in a 25-term Stu
mian basis set. The energý0 that specifies the Coulomb
function is obtained fromE  ´0 1 ´n, where´n is the
eigenvalue associated withun,. Heller, Reinhardt, and
Yamani [18] have shown that the use of a Sturmian bas
set is equivalent to performing a Gaussian quadrature
the energy spectrum. Therefore, it is possible [6] to wri
for the total cross section for single ionization by a photo
of energyh̄v,

s1 
n021X
n0

X
,,,0

ssn,, ´0,0d , (8)

and for the cross section for double ionization

s21 
NX

nn0

X
,,,0

ssn,, ´0,0d , (9)

whereN 1 1 is the total number of terms in the Sturmian
basis set andn0 is the index corresponding to the lowes
positive eigenvalué n.

The initial state wave function was expanded in
correlated Hylleraas basis set [14]

f  s1 1 P12dra
1 rb

2 rc
12 exps2ar1 2 br2dYLM

,1,2
sr̂1, r̂2d ,

(10)

where YLM
,1,2

are total angular momentum eigenfunction
with orbital momentumL and magnetic quantum numbe
M, and P12 is the antisymmetrization operator. In (10
all terms are included such thata 1 b 1 c # V. The
parametersa and b were optimized in order to obtain
the lowest eigenvalue. To test for sensitivity to the initia
state wave function, we variedV from 1 to 6 yielding
eigenvalues ranging in accuracy from1023 to 1029. We
found that the cross sections are very sensitive to t
representation ofCi when calculated in the length and
velocity gauges, and are least sensitive in the accelerat
gauge. For the dipole response function (6) we retain
112 terms in the correlated Hylleraas basis set (10) w
the appropriate singletP symmetry. We restricted our
calculations to high energies where we may assume,  0
and ,0  1. At lower energies, higher partial waves
would need to be included.
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The total cross sections obtained with the length form
lation using the first term of expression (4) and using bo
terms for single and double ionization are compared
Fig. 1. Also included in Fig. 1 are the many-body pertur
bation theory results of Hinoet al. [3]. The close agree-
ment between our results and the results of the many-bo
perturbation theory suggests that the dipole response fu
tion has corrected the error associated with using only t
first term in (4). In similar calculations using the velocity
and acceleration gauges, the contribution from the dipo
response term is small, and accurate results are obtain
using only the first term. The different behavior of the
three gauges can be understood by the perturbation the
analysis of Dalgarno and Lewis [19].

The method also yields reliable values of the cros
sections for simultaneous excitation and ionization. Th
ratios of the1s, 2s, 3s, and4s cross sections to the total
cross sections are independent of energy above 1 keV a
equal to the respective values 0.9296, 0.0446, 0.005
and 0.0018 obtained from the asymptotic formulation o
Dalgarno and Stewart [16,20]. The ratio of double t
single photoionization cross section is nearly consta
above 2 keV, consistent with the precise asymptotic valu
of 1.64% obtained by Forreyet al. [20].

Figure 1 shows that the representation of the final sta
wave function in (7) is inadequate at low energies and o
cross sections lose accuracy. Preliminary calculations
a model problem suggest that the method will be succe
ful at low energies provided we use the correct asympto
form in (3). We are modifying our computational proce
dures to include the irregular Coulomb function in a dis
torted wave treatment that can be used at low energies.

FIG. 1. The cross sections for single and double ionization
helium by a single photon. The dashed curves are calculat
in the length gauge with the first term of (4) and the soli
curves with both terms. The upper two curves refer tos1

and the lower two tos21. The diamonds are the many-body
perturbation theory results of Hinoet al. [3].
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