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We derive an upper limit ofB0 , 3.4 3 1029sV0h2
50d1y2 G on the present strength of any primordial

homogeneous magnetic field. The microwave background anisotropy created by cosmolog
magnetic fields is calculated in the most general flat and open anisotropic cosmologies contain
expansion-rate and 3-curvature anisotropies. Our limit is derived from a statistical analysis of t
4-year Cosmic Background Explorer (COBE) data for anisotropy patterns characteristic of homogene
anisotropy averaged over all possible sky orientations with respect to the COBE receiver. The lim
we obtain on homogeneous magnetic fields are stronger than those imposed by nucleosynth
[S0031-9007(97)03145-1]
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The origin of large-scale magnetic fields whethe
observed in galaxies or galaxy clusters is still a myste
Intracluster fields are largely dominated by ejecta fro
galaxies. The invocation of protogalictic dynamos t
explain the magnitude of the galactic field involves man
uncertain assumptions but still requires a small primord
(pregalactic) seed field [1]. Hence the possibility of
primordial field merits serious consideration. Other a
tempts to find an origin for the field in the early Univers
have appealed to battery effects, the electroweak ph
transitions, or to fundamental changes in the nature
the electromagnetic interaction. All introduce furthe
hypotheses about the early Universe or the structure
the electroweak interaction [2]. All aim to generate field
by causal processes when the Universe is of finite a
Therefore, any magnetic field created by these means w
exist only on very small scales with an energy densi
that is a negligible fraction of the background equilibrium
radiation energy density.

Nevertheless, while such fields might still provide th
seeds for nonlinear dynamos in the postrecombinati
era, any large-scale magnetic field with a strength of
order B . 1028 G, comparable to that inferred from
the lowest measured intergalactic fields and close
the observation all upper limits via Faraday rotatio
measurements [3], may well be of cosmological origi
A similar pregalactic (or protogalactic) field strength i
inferred from the detection of fields of order1026 G in
high redshift galaxies [4] and in damped Lyman-alph
clouds [5], where the observed fields are likely to hav
been adiabatically amplified during protogalactic collaps
In the absence of a plausible dynamo for generating larg
scale pregalactic fields, it is of interest to reconsider t
limits on a large-scale primordial field in view of new
observational constraints that we outline below.

Primordial magnetic field can leave observable traces
their influence on the expansion dynamics of the Univer
0031-9007y97y78(19)y3610(4)$10.00
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because they create anisotropic pressures, and these
sures require an anisotropic gravitational field to supp
them. The influence of a magnetic field on reaction ra
at nucleosynthesis only limits the equivalent current epo
field to be less than about3 3 1027 G [6]. This value is
only slightly stronger than the aforementioned dynamic
constraint at nucleosynthesis [7]. We show in this Let
that the cosmic microwave background isotropy provid
a stronger limit on the strength of a homogeneous com
nent of a primordial magnetic field.

We consider the cosmological evolution of the mo
general homogeneous magnetic fields, calculate th
gravitational effects on the temperature anisotropy
the microwave background radiation, and hence deriv
strong limit on the strength of any homogeneous cosm
logical magnetic field by using the 4-year Cosmic Bac
ground Explorer (COBE) microwave background isotro
measurements [8]. We employ statistical sampling te
niques appropriate for the non-Gaussian statistics of
large-scale temperature anisotropy pattern created b
general homogeneous cosmological magnetic field a
allow for the randomness of the angle at which COB
views the characteristic anisotropy pattern on the sky [
The addition of a homogeneous cosmological electric fi
will not be considered: a homogeneous intergalactic el
tric field would create a current of charged particles, a
rapidly decay.

Our limit derives from the nonlinear coupled evolutio
of the shear anisotropy and magnetic field density dur
the radiation era which we shall discuss below. In t
presence of an equilibrium background of blackbo
radiation with isotropic momentum distribution, pressu
pr , density rr , and equation of statepr 

1
3 rr , the

anisotropic magnetic pressure prevents the rapid de
of the expansion shear anisotropy [10]. The isotrop
expansion is stable at second order, and the anisotro
decay only logarithmically in time relative to the mea
© 1997 The American Physical Society
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expansion rate. Physically, the evolution of the anisotrop
is governed by the magnetic pressure anisotropy.

We need to describe the evolution of the magnetic fie
strength and the accompanying shear anisotropy, whi
will distort the microwave background in the most genera
homogeneous and anisotropic universes. The patte
of evolution of magnetic universes during the radiatio
era can be deduced from earlier studies of the evolution
the most general homogeneous universes in the abse
of magnetic fields [11,12]. In general, if the Universe
contains a noninteracting mixture of isotropic blackbod
radiation and any matter source possessing an ener
momentum tensor with zero trace (e.g., magnetic
electric fields, long-wavelength gravitational waves, or a
anisotropic distribution of collisionless massless or rela
tivistic particles [13]), then the evolution follows the same
characteristic pattern. The most general anisotropic fl
and open universes (Bianchi type VII) which asymptot
cally include the isotropic model are equivalent to simple
flat or open anisotropic spacetimes (Bianchi types I or V
to which gravitational waves have been added [11,12
The Einstein tensor for the more general homogeneo
models can be split into two pieces: one corresponding
a simpler anisotropic universe, the other to an effectiv
energy-momentum tensor for the gravitational wave
(with zero trace). This means that simple homogeneo
anisotropic universes containing blackbody radiation plu
trace-free matter sources with anisotropic pressures ha
similar time evolution to the most general homogeneou
anisotropic universes containing blackbody radiatio
and a magnetic field. The 3-curvature anisotropies a
the magnetic stresses display the same asymptotic ti
evolution.

When the deviations from isotropy are small, th
evolution of the shear and the energy density of an
trace-free matter field with anisotropic pressures is we
approximated by setting the blackbody density and th
volume-averaged Hubble expansion rate equal to th
values in the isotropic flat Friedmann universe (rr 
3y4t2 and H  1y2t, since we set8pG  1). One
then solves for the nonlinear evolution of the shea
anisotropy and the magnetic field. The anisotropy
conventionally parametrized by the dimensionless rat
of the shear anisotropy,s, to the mean Hubble rate,H,
and determines the overall amplitude of the microwav
anisotropies directly. This ratio has a generic behavi
for p #

1
3 r; the ratiosyH relaxes to a constant value

determined by the ratio of the total energy densities
anisotropic traceless fluids and 3-curvature anisotropie
rga, and magnetic fields,rB, to that of the isotropic
perfect fluid density,r (radiation or dust). Whenp .
1
3 r the anisotropic stresses dominate at larget and the
solution ceases to be a small perturbation of an isotrop
Friedmann universe ast ! `.

For an isotropic fluid with an equation of statep 
sg 2 1dr and0 , g # 4y3, the time evolution is deter-
mined by the Einstein equations
y
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Here,rB  B2y8p is the magnetic field density. Hence
as t ! `, we have syH ! const. In the radiation
era sr  rr , g  4y3d, at redshifts1 1 z . 1 1 zeq 
8 3 103V0h2

50, whereV0 # 1 is the cosmological den-
sity parameter andh50 is the present value of the Hubble
constant in units of50 K ms21 Mpc21. We have

rByrr ! Qyf1 1 4Q lnstyt0dg; with Q constant. (2)
During the dust erasr  rd , g  1d, when z , zeq

the evolution is determined at linear order andsrga 1

rBdyrd ~ 1 1 z falls linearly with redshift.
In general, the shear distortion created by magne

fields and any other trace-free anisotropic stresses is gi
by

s

H


4
2 2 g

√
rB

r
1

rga

r

!
1 dtsg22dyg , (3)

whered is a constant. Thed term gives the simple shea
decay for universes with isotropic 3-curvature containin
only matter with isotropic pressure; this term becom
negligible at late times. In both dust and radiation er
the anisotropic and magnetic stress terms dominate
d term at late times and produce a slower decay
the shear distortion [7,14,15]. Note that the presence
curvature anisotropy or any ansiotropic trace-free mat
stress changes the shear evolution from the simple d
term that is usually studied in the literature (e.g.,
[16]). Also, note that the ratio of the magnetic an
blackbody radiation densities is not constant (as assum
for example, in [6] and [17]), but falls logarithmically
during the radiation era.

The magnetic field and the accompanying shear dist
the microwave background temperature isotropy in acco
with the most general anisotropic universes of intere
By combining Eq. (3) and the expression for the angu
anisotropy pattern in type VII [18],

DTAsr̂d 

µ
s

H

∂
ls

Ysu, f; V0, h50x, zlsd , (4)

where ls denotes the epoch of last scattering. Th
exact form of the pattern functionY can be read off
from Eqs. (4.11)–(4.16) of Barrow, Jaszkiewicz, an
Sonoda [18]. The constant parameterx, introduced
by Collins and Hawking [11] is a measure of the 3
curvature anisotropy configuration in these anisotrop
universes, and corresponds physically to the characteri
wavelength over which the principal axes of shear char
orientation. The angular pattern is a spiral with2ypx
twists to the angular pattern [18]. IfV0 , 1 there will
be a focusing of the quadrupole towards the axis
anisotropy, generating a hot spot.
3611
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The problem of constraining global anisotropy is su
stantially different from the traditional statistical task o
estimating parameters in Gaussian models. In the la
case, the ensemble is entirely characterized by the po
spectrum while in the former, a given set of paramete
corresponds to a completely specified pattern in the s
up to an arbitrary rotation. This problem was dealt with
some detail in [9]. A brief outline of our procedure is a
follows. One can model the microwave background si
nal as the sum of two components: astatistically isotropic
Gaussian random fieldDTI , which we assumed to have a
scale invariant power spectrum on the scales we are
terested in, and aglobal, anisotropicpattern,DTA, as in
Eq. (4), which is uniquely defined by the set of paramete
x, V0, h50, ssyHd0, andu, f (its orientation on the sky).
Each pixel of a data set of measured microwave ba
ground anisotropies is given bydi  sDT ? bd srid 1 Ni

whereb represents the differential microwave radiomet
(DMR) beam pattern,ri is a unit vector pointing in the
direction of pixel i, Ni is the noise in pixeli, and ? is
the convolution operator. To an excellent approximatio
one can assume thatN is Gaussian “white” noise, i.e.,
kNiNjl  s2

i dij.
Our task is, given a pairsx, V0d, to find the orientation

su, fd which allows the maximum observed value o
ssyHd0. One can do this using standard frequent
statistical methods: we define a goodness-of-fit statis
that depends on the data, compute its value for the ac
data, and then compute the probability that a random d
set would have given a value as good as the actual d
In [6] h was defined to be

h  min
s,u,f

h1, whereh1 
D

2
0 2 D

2
1

D
2
0

; (5)

D
2
0 is the noise-weighted mean-square value of the d

and D
2
1 is the noise-weighted mean-square value of t

residuals after we have subtracted off the anisotropic p
Note that removing the incorrect anisotropic portion w
only increase the residuals to the difference between
two terms is an obvious choice for a goodness-of-fit. D
viding by D

2
0 ensures a weak dependence on the amplitu

of the isotropic component, while defining the statistic
the minimum ofh1 allows us to deal with the uncertainty
in su, fd.

This statistical method was applied to the 4-yr COB
DMR data set. The two 53 GHz and the two 90 GH
maps were averaged together, each pixel weighted by
inverse square of the noise level, to reduce the no
level in the average map. All pixels within the galacti
cut were removed so as to reduce galactic contaminati
and a best-fit monopole and dipole were subtracted o
The map was degraded from pixelization 6 to pixelizatio
5 (i.e., binning pixels in groups of four). Simulation
were performed for a set of models from thesV0, xd
plane; for each choice of the three parameters [V0, x, and
ssyHd0] approximately 200 to 500 random DMR sets we
generated, so allowing us to determine an approximate
to the probability distribution function ofh.
3612
b-
f
tter
wer
rs

ky,
in
s
g-

in-

rs

ck-

er

n,

f
ist
tic

tual
ata
ata.

ata
he
art.
ill
the
i-
de

as

E
z
the
ise
c
on,
ut.
n

s

re
fit

The most conservative limit on the cosmological mag
netic field arises when we assumerga , rB so the whole
anisotropy is contributed by the magnetic field stresses.
reasonable fit of the upper bound at a 95% confidence lev
is √

rB
r

!
0

,
s2 2 gd

4
fsx, V0d 3 1029 ,

f . 2.1V0.33
0 x20.01yV0 , (6)

with x [ f0.01, 3g andV0 [ f0.1, 1g ,

where we have considered the largest possible contributi
from the magnetic component. Note that the “shape
factor is roughly bounded by0.6 , f , 2.2. This gives
us a final bound on the magnitude of the magnetic fie
today of

B0 , 3.5 3 1029f1y2sV0h2
50d1y2 G . (7)

This bound can be improved by a factor of
p

3 if one con-
siders the results from [19]. In this case, a slightly differen
goodness-of-fit statistic is used: instead of working with th
noise-weighted quantities,D

2
0 andD

2
1, the authors chose to

weight the pixels with the covariance matrix of the tota
Gaussian components (i.e., the noise and isotropic cosm
logical components). This gives a limit of

B0 , 2.3 3 1029f1y2sV0h2
50d1y2 G . (8)

Note that the microwave background limits on the am
plitude of anisotropies are much stronger than those im
posed by nucleosynthesis [15]. In unrealistic models wit
no anisotropic matter stresses (and therefore no magne
field) and isotropic curvature, the shear falls off rapidly in
accord with thed term in (3) and the limits from nucle-
osynthesis would be stronger. But with anisotropic ma
ter stresses, magnetic fields, or anisotropic curvature, t
anisotropy falls only logarithmically during the radiation
era. The limits onrByrr at nucleosynthesis are onlyOs1d
and the logarithmic decay means they are weaker than lim
its Os1025d imposed atz  1.1 3 103 by the microwave
background. If there is reheating and last scattering o
curs atz ø 1100 then the analysis is slightly changed,
but last scattering would need to occur at a redshift lowe
than6V0h2

50 for the nucleosynthesis limit to be competi-
tive with the microwave limit. This never happens.

Adams et al. [17] have argued that a cosmologica
magnetic field could lead to observable distortions of th
acoustic peaks in the microwave background. Our lim
on B0 rules out any observable effect of ahomogeneous
magnetic field on the acoustic peaks. In fact, whe
the sln td21 decay of rByrr of Eq. (2) is taken into
account, the nucleosynthesis limit on a homogeneous fie
is strong enough to render the acoustic peak distortio
unobservable. A large scale, inhomogeneous, magne
field may, however, introduce observable distortions i
the acoustic peaks. Our limit permits a field strength o
1029 G required to induce a measurable Faraday rotatio
in the polarization of the microwave background [20].



VOLUME 78, NUMBER 19 P H Y S I C A L R E V I E W L E T T E R S 12 MAY 1997

J.

.
.

.

ns

-

ti-
-
d

.

.

n,

.

5

Any period of inflation long enough to explain the
horizon and flatness problems would necessarily redu
homogeneous magnetic field effects and their associa
anisotropies to unobservably low levels. IfN e-folds of
de Sitter inflation occursp  2r  constd then syH
will be reduced by exps23Nd andrByr will be reduced
by a factor exps24Nd and N , 70 is sufficient to solve
the horizon problem [21]. The formula (3) forsyH ap-
plies to the case of inflation if thed term is changed
to d exps23Nd. Note that if generalized inflation occurs
s0 # g , 2y3d, the d term of Eq. (3) always dominates
the srga 1 rBdyr term ast ! ` unlike in the noninfla-
tionary case when2y3 , g , 4y3. All anisotropies de-
cay in accord with the no-hair theorem when the curvatu
is nonpositive because the anisotropic trace-free stres
obey the strong energy condition [22]. Any variants o
inflation designed to generate large-scale fields wou
presumably result in a constant curvature spectrum
magnetic inhomogeneities rather than in a homogeneo
field. The discovery of microwave background pattern
characteristic of large-scale homogeneous anisotropy o
homogeneous primordial magnetic fields in future obse
vational programs would certainly challenge the standa
picture of inflation.

In summary, we have used the equivalence betwe
the dynamics of homogeneous, anisotropic universes w
some matter content, and universes with a homogene
magnetic field to relate the shear induced by anisotrop
curvature with that induced by a magnetic field. I
doing so we have been able to relate the amplitude
the magnetic field to the amplitude of the microwav
background anisotropies on large scales. We have th
used the COBE 4-year data set to constrain this amplitu
In restricting ourselves to the case of a homogeneous fie
our results are insensitive to higher resolution. In fac
the only limitation on these larger angular scales is giv
by cosmic and sample variance. This will not improv
greatly on the scales of interest with the next generati
of satellite experiments.
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