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Phonon Scattering of Composite Fermions
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We study the principal aspects of the interaction between acoustic phonons and two-dimens
electrons in quantizing magnetic fields corresponding to even denominator fractions. Using the c
posite fermion approach we derive the vertex of the electron-phonon coupling mediated by the Ch
Simons gauge field. We estimate the acoustic phonon contribution to electronic mobility, phonon-d
thermopower, and hot electron energy loss rate, which all, depending on the temperature regime
either proportional to lower powers ofT than their zero-field counterparts or enhanced by the sam
numerical factor as the coefficient of surface acoustic wave attenuation. [S0031-9007(97)02968-2
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The discovery of gapless compressible states at even
nominator fractions (EDF)n , 1yF, F ­ 2, 4, etc. [1]
motivated the theoretical idea [2] to describe these sta
as a new kind of Fermi liquid, which is formed by spin
less fermionic quasiparticles named composite fermio
(CFs). On the mean-field level the CFs, regarded as sp
polarized electrons bound toF flux quanta, experience
zero net field and occupy all states with momentak ,

kF,cf ­ s4pned1y2, wherene is the 2DEG density, inside
the effective CF Fermi surface. In the framework of th
Chern-Simons theory of Ref. [2] the residual interactio
of CFs appear as the gauge forces mediated by local den
fluctuations. Conceivably, a 2D Fermi system governed
long-ranged retarded gauge interactions could demonst
quite unusual properties and thereby provide an exam
of a genuine non-Fermi liquid (NFL).

Therefore, a qualitative success of the mean-field C
picture in explaining the experimentally observed Ferm
liquidlike features atn ­ 1y2, 3y2, and 3y4 [1] caused
a great deal of theoretical activity intended to reconc
these experimental observations with the implications
the CF gauge theory [3].

The present understanding of the situation is that t
electrical current relaxation processes, which correspo
to smooth fluctuations of the ostensible CF Fermi surfa
can be safely described by means of the Boltzma
equation, where the singular self-energy and the Land
function terms largely compensate each other [4].

Yet, even in a hydrodynamic regime described by t
Boltzmann equation for CFs with a finite (mean field
mp

cf , kF,cfe0ye2, one might expect that, when it come
to a coupling to another subsystem, the CF “margin
Fermi liquid” will behave differently from the standard
Coulomb-interacting 2DEG at zero field. Such NF
deviations from the conventional behavior would the
provide new tests for the CF theory.

As an example of this sort, it was recently shown [5
that a combined effect of the CF gauge interactions a
impurity scattering leads to the experimentally observ
nonuniversal lnT term in the resistivity, which is strongly
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enhanced compared to its zero-field universal coun
part [6].

In the present Letter we discuss another such exam
provided by the electron-phonon (e-ph) scattering at EDF.

In the well-studied zero-field case the electron-phon
scattering in GaAs heterostructures is dominated by
piezoelectric (PE) coupling at temperaturesT , 3 4 K
(see [7] and references therein).

We will concentrate on the range of temperatures bel
1 K and treat phonons as bulk acoustic modes coup
to the local 2DEG density via the vertexMPE

l sQd ­
eh14sAly2rulQd1y2, where $Q ­ s $q, qzd is the 3D phonon
momentum,r is the bulk density of GaAs,ul is the speed
of sound with polarizationl, h14 is the nonzero componen
of the piezoelectric tensor which relates a local electrost
potentialf to a lattice displacement$u s=if ­ ehijk

≠uj

≠xk
d,

and the anisotropy factorAl is given by the formula [7]
Al ­

9q2
z q4

2Q6 , Atr ­
8q4

z q21q6

4Q6 .
It had been a long-standing issue of whether or not

2DEG-3D phonon vertices get screened by the 2D
[7], and it became customary to dress the bare 3D
vertex with the static 2D dielectric functionesqd ­
1 1 Hsqds2pe2nFye0qd, where e0 ø 12.9, nF ­

sm
2p

is the density of states on the Fermi level proportion
to the number of spin componentss, and Hsqd ­R R

dzdz0j2szdj2sz0de2qjz2z0 j is the form factor of the
quantum well given in terms of the lowest occupie
subband wave functionjszd , ze2zyw .

In fact, the PE vertex undergoes a full dynamical scre
ing, as follows from a systematic approach to the electr
phonon coupling as resulting from fluctuations of th
Coulomb potential associated with lattice vibrations [8
Summing up the RPA sequence of diagrams, one arr
at the expressionMPE

l sQdyesv, qd, where the dynamic
dielectric functionesv, qd ­ 1 1 HsqdVe-esqdP00sv, qd
is given in terms of the 2D Coulombe-e interaction
Ve-esqd ­ 2pe2ye0q and the scalar 2D polarization
P00sv, qd. In the presence of disorder characterized
the elastic transport timet ­ lyyF , the expression for
the polarizationP00 ­ nFs1 1 ivyyFqd obtained in the
© 1997 The American Physical Society 3531
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clean limit ql . 1 andvt . 1 changes toP00sv, qd ­
nF

Dq2

iv1Dq2 at ql , 1 and vt , 1 (here D ­ y
2
Fty2 is

the diffusion coefficient).
Then, provided the ratiouyyF , 1 is fairly small (in

what follows we will not distinguish between longitudina
ul and transverseutr sound velocities while making
qualitative estimates), the use ofP00suQ, qd in the
screened matrix elementMsQd leads to the same result
as the naive static screening at allq . uyD which is
equivalent toT . T1 ­ tu2yl2 , 0.1 mK. The latter
temperature is small compared toT2 ­ uyl , 1 mK,
below which one must use the expression forP00suQ, qd
which contains the diffusion pole.

In turn, T2 is much smaller than the Debye temperatu
TD ­ 2ukF , 10 K, below which both in-planeq and
out-of-planeqz components of the phonon momentu
Q are controlled by temperature. Indeed, for typic
electron densitiesne , 1011 cm22 one hask . kF , and
then the width of the quantum wellw , skned21y3

provides a cutoff forqz , 1yw which is larger thankF

(in all our estimates throughout this paper we use
typical values of the parameters from [7]). Furthermo
at these densities the PE vertex is effectively scree
fjMPE

l sQdyesVq, qdj2 , q2yQg at all T , TD .
Phonon-limited mobility.—The low-T momentum re-

laxation due toe-ph scattering is usually slow compare
to the impurity transport rate1yt0, which allows one to
estimate the phonon contribution to the electronic mob
ity of the 2DEG by means of the standard formula [7],

m21
e-ph ­

2pmp

e

X
$Q,l

jMPE
l sQdj2

jesVQ , qdj2
jFsqzdj2

VQ

T
N

µ
VQ

T

∂
3

∑
1 1 N

µ
VQ

T

∂∏
cos2 ud

µ
q2

2mp
2 yFq cosu

∂
,

(1)

whereVQ ­ uQ is the dispersion of phonons distribute
with Nsxd ­ sex 2 1d21 and Fsqzd ­

R
dzj2szdeizqz .

In the Bloch-Gruneisen regimeT , TD , Eq. (1) yields
m

21
e-ph , T 5 which changes to a linear behavior aboveTD

[7]. The theoretical prediction of the nonlinearT depen-
dence of the phonon-limited mobility was experimenta
confirmed in [9].

The above dependence, however, can only hold
T2 , T , TD , whereas at lowerT the Matthiessen’s rule
breaks down because of the effects of quantum inter
ence between impurity scattering ande-ph interactions.

This low-T regime, which is hardly accessible in th
zero-field case, becomes essentially more relevant in
case of CFs, since the absolute value of the resistivity
primary EDF is more than 2 orders of magnitude high
than at zero field [1], and therefore the CF transport ti
tcf is much shorter than the electronic onet0.

The low-T mobility measurements similar to those o
[9] were recently performed atn ­ 1y2 [10]. The authors
of Ref. [10] reported a stronger temperature depende
of m

21
cf-ph consistent withT3 at T , TD,cf ­

p
2 TD .
3532
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They also supported their findings by the results of t
analytic calculation presented without derivation.

Since, to the best of our knowledge, a systema
analysis of the CF-phonon problem so far had not be
made available, to facilitate our further discussion we fi
derive the effective CF-phonon vertex for CFs with Ferm
momentumkF,cf ­

p
2 kF , effective massmp

cf , 10m0,
wherem0 is the band electron mass in GaAs, andtcf ,
s1021 1022dt0.

The dynamical screening in compressible EDF sta
is described in terms of a polarization tensorPmnsv, qd
of CFs coupled to a 2D Chern-Simons (CS) gauge fi
am ­ sa0, $ad [2].

In the Coulomb gauges $= $a ­ 0d, the CF polarization
is a 2 3 2 matrix P̂ ­ diagsP00, P'd corresponding to
the scalara0 and the transverse vectora' components of
the CS gauge field. The CS gauge propagatorUmnsv, qd
depends on the actual form of thee-e interaction,

U21
mn sv, qd ­

√
0 iqys2pFd

2iqys2pFd q2Ve-esqdys2pFd2

!
.

(2)

The form of the scalar CF polarizationP00sv, qd is
similar to that of ordinary electrons, which we discuss
above. The transverse vector component is given by
formula P'sv, qd ­ xcfq2 1 ivscfsqd, where xcf ,
1ynF,cf and scfsqd equals nF,cfDcf if qlcf , 1 and
kF,cfys2pqd otherwise.

Summing up the RPA sequence of polarization d
grams, we obtain that a PE scalar potentialf gener-
ated by lattice vibrations induces both scalar and vec
components of the gauge field acting on CFs:am ­
s1 2 ÛP̂d21

m0ef.
Thus, the CF-phonon vertex acquires both the dens

like and currentlike parts,

Mcf
l ­ M

cf,s
l 1 M

cf,y
l ­

MPE
l sQd

ecfsv, qd

3

∑
1 1 s2ipFdHsqd

$y 3 $q
q2 P00sv, qd

∏
, (3)

where ecf ­ 1 1 HP00Ve-e 1 H2s2pFyqd2P00P'.
By virtue of the vertex (3) the CFs couple to bot
longitudinal sld and transversestrd phonons, unlike the
isotropic 3D case of electrons interacting via the elect
magnetic gauge field, which only generates coupling
tr-phonons [8].

In the diffusive regimeqlcf , 1 corresponding toT ,

T2,cf the vertexM
cf,s
l gets dressed by the impurity ladde

,t
21
cf sDcfq2 2 ivd21, whereas the vector partM

cf,y
l

does not acquire such a pole. Even in the clean reg
qlcf . 1 the latter remains unscreenedsjMcf,y

l j2 , 1yQd
at all T . T3,cf ­ u2kF,cfe0ye2.

In the range of temperaturesT3,cf , T , TD,cf, where
the limiting 3D momentum of thermally excited phonons
controlled byT and, at the same time, the dynamics of th
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CFs remains nondiffusive, one can use Eq. (1) and ob
m

21
cf-ph , sh2

14e
2
0ye3ru4kF,cfdT 3. The main contribution

to m
21
cf-phsT d comes from the vector part of (3).

In contrast to Eqs. (1) and (2) from [10] our expressi
for m

21
cf-phsT d contains neithermp

cf nor electron band mas
in GaAs. Well belowTD the ratiomcf-phyme-ph varies
simply assTyTDd2.

It is worthwhile mentioning that, in principal, it could
exist as a range of temperaturesT2,cf , T , T3,cf, where
jMcf

l j2 , q2yQ and m
21
cf-ph , T5. However, for typical

parameters,T3,cf appears to be close toT2,cf , 300 mK,
which is about the lower bound of the temperature ran
where the reliable data were obtained [10].

At T , T2,cf the processes of small momenta transf
contribute tomcf-phsTd as

m21
cf-ph ­

mp
cf

e
Im

X
$Q,l

Z dv

2p
jFsqzdj2Dlsv, Qd

3 f

µ
v

T

∂ µ
jM

cf,y
l j2

sDq2 2 ivd
1

y
2
F,cfq2jM

cf,s
l j2

sDq2 2 ivd3

∂
,

(4)

where fs v

T d ­
≠

≠v fv cothsvy2T dg, Dlsv, Qd ­
fv 2 VlsQd 1 i0g21 2 fv 1 VlsQd 1 i0g21 is the
(retarded) phonon Green function. From this express
we obtain that, within the rangeT1,cf , T , T2,cf, the
phonon-limited CF mobility varies as lnsT2,cfyT d pro-
vided the ratiouyyF,cf is small enough. AtT , T1,cf

the correction ceases to grow logarithmically and sho
only a ,T2 downward deviation from itsT ­ 0 value
m

21
cf-ph , sh2

14e
3
0kF,cfyrue5tcfd lnsT2,cfyT1,cfd.

Besides the nonuniversal prefactor given in terms
the PE coupling, the above term is down by an ex
factor of 1yscf compared to the lnT term resulting from
interference between impurity scattering and the CF ga
interactions [5].

Surface acoustic wave (SAW) attenuation.—It was
the SAW anomaly atn ­ 1y2 which provided the first
evidence of the compressible CF states at EDFs [1]
inspired the formulation of the CF theory [2].

Following the procedure of Ref. [11], one can deri
the coupling of electrons to SAW phonons from t
bulk PE vertex:jMSAW sqdj2 ,

R
dqzjM

PE
l sQdj2jFsqzdj2.

By contrast to the case of bulk PE phonons, the ver
MSAW sqd remains finite atq ! 0.

The SAW attenuation is given by the imaginary pa
of the 2DEG density-response functionK00sv, qd ­
P00sv, qdyesv, qd which incorporates the effects of th
dynamical screening [12]:

Gq ­
2p

u
jMSAW sqdj2 Im K00sVq, qd

, q Im
1

1 1 issqdysM
, (5)

where in the last equation we used the standard de
tion of the complex momentum-dependent conductiv
ssqd ­ isMf1 2 esVq, qdg and sM ­ e0uy2p , 5 3

1027 V21.
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In the zero-field case,s0sqd , 1yq at qll . 1, whereas
the momentum-dependent conductivity of a CF state
EDF n ­ 1yF is inversely proportional to the CF quas
particle conductivity [2]: snsqd ø se2ny2pd2yscfsqd,
which implies thatsnsqd , q at qlcf . 1. At small
q both physical conductivities approach their sta
values, which typically satisfy the relations,s0 ¿ e2y
h ¿ sn , sM . In this regime the SAW attenuation
becomes linear in momentum;Gq ­ gq and the coeffi-
cient gn appears to be strongly enhanced compared to
zero-field counterpartg0:

gnyg0 ­
sn

1 1 s2
nys

2
M

1 1 s
2
0ys

2
M

s0
ø

s0sn

s
2
M 1 s2

n

¿ 1

(6)
in agreement with the available data on SAW propag
tion [1].

Phonon-drag thermopower.—Thermoelectric measure
ments probing the low-T dynamics of the CF and their
interactions with the phonons were recently report
[13,14]. Below 100 mK the thermopower (TEP)SsT d
measured at EDF corresponding toF ­ 2 and 4 has an
approximately linear behavior and is believed to be
the diffusion origin [13]. At higherT the measured TEP
shows a nonlinear dependence which was assigned to
phonon-drag contributionSg resulting from the momen-
tum transfer from phonons, which acquire a net flux
momentum in the presence of a thermal gradient$=T , to
the CFs through their interaction.

In analogy with the standard theory of thee-ph interac-
tion the thermoelectric effect can be treated in the fram
work of the Boltzmann equation [15], which yields th
closed expression for the phonon-drag TEP:

Sg ­
tph

eneT 2

X
$Q,l

jMPE
l sQdj2jFsqzdj2V2

Q
q2

Q2 N

µ
VQ

T

∂
3

∑
1 1 N

µ
VQ

T

∂∏
Im K00sVQ , qd (7)

derived under the assumption that phonons equilibrate
virtue of the boundary scattering, which is characteriz
by the relaxation timetph proportional to the system size

In the case of electrons Eq. (7) yields the known res
Sg,e , T4 [16], which holds in the clean regimeT . T2.
Below T2 it crosses over toSg,e , T 3. According to the
above discussion this can be viewed as the change f
the momentum-dependent conductivitys0sqd , 1yq to a
constant one.

However, in the case of CFs we obtainSg,cf , T2 at
T . T2,cf (provided thatT3,cf , T2,cf) andSg,cf , T3 at
T , T2,cf. Remarkably, the exponent is higher in th
dirty limit, as opposed to the situation at zero field. Th
is a direct consequence of the fact that in the clean reg
the momentum-dependent EDF conductivitysnsqd grows
linearly with momentum.

Although in the regime of strong disorder both the ze
field and the EDF phonon-drag TEP share the same t
perature dependence,T 3, the prefactors are drastically
3533
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different. A straightforward comparison between Eqs. (
and (7) shows that the ratioSg,cfySg,e is equal to that of
the SAW attenuation coefficients (6).

The experimental data from [14] show, according to th
authors, an “only marginally weakerT dependence for
CFs than for electrons,” which suggests that the CFs
well in the disordered regime. The data, fitted in [14
with Sg,e , T460.5 and Sg,cf , T3.560.5, demonstrate a
2 order of magnitude enhancement of the prefactor
the CF case. As a remark, we note that the authors
Ref. [14] analyzed their data by using the expression
Sg derived for the case ofe-ph coupling via deformation
potential in the clean limit [15].

It also follows from our analysis that the above simila
ity of the T dependence of the phonon-drag TEP at ze
field and at primary EDF is not, in fact, inconsistent wit
the drastic difference in the corresponding phonon-limit
mobilities found in [10].

Hot electron energy loss rate.—Another informative
experimental probe of thee-ph interaction is provided by
measurements of an effective temperature of the 2D
as a function of applied currentTesId , I2ya, where the
exponenta characterizes the energy loss rate due
phonon emission,P , Ta

e .
In the framework of the Boltzmann equation,PsT d is

given by the formula

PsTe, Tld ­
2p

ne

X
$Q,l

jMPE
l sQdj2jFsqzdj2

3 VQseVQyTl 2 eVQ yTe d

3 N

µ
VQ

Tl

∂
N

µ
VQ

Te

∂
Im K00sVQ , qd . (8)

At zero field andTl ø Te, Eq. (8) gives in the clean limit
the standard resultPe , T5

e , which is consistent with
the inelastice-ph scattering ratet21

in,0 , T3 [7]. In the
disordered regime, it changes to a lower powerPel , T 4

e .
However, the situation at EDF again appears to be

versed: the power-law dependencePcf , T3
e , which refers

to the clean regimeT2,cf , T , TD,cf and implies the in-
elastic cf-ph scattering ratet21

in,n , T , changes to a greate
powerPcf , T 4

e in the dirty limit T , T2,cf. Comparing
the above results obtained in the regime of strong disor
we conclude that, just like the case of the phonon-dr
TEP, the ratioPcfyPe is given by the factor (6).

Recently, the dependenceP , T 4
e was discussed in

the context of transitions between adjacent quantum H
effect plateaus (both integer and fractional) without a
reference to CFs [17]. It is tempting to identify the near
2 order of magnitude enhancement (compared to the ze
field case) of the emission rate, which was observed
the transition betweenn ­ 1y3 and n ­ 2y5 [17], with
the CF behavior governed by the EDF state atn ­ 3y8.
A systematic experimental verification of this conjectu
could lend additional support for the CF theory.

To summarize, we carry out a comparative analysis
the effects of the PE electron-phonon interaction in t
3534
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2DEG at zero magnetic field and at strong fields corre
sponding to EDF states viewed as the “CF marginal Ferm
liquid.” We show that in the latter case the acousti
phonon contribution to the electronic mobility, the phonon
drag TEP, and the energy loss rate for hot electrons, d
pending on temperature, either contain smaller powers
T or are enhanced by the numerical factor related to th
ratio between the SAW attenuation at zero field and that
the EDF. Our results reconcile the seemingly contradic
ing conclusions which otherwise could have been draw
from the experimental data on phonon-limited mobilitie
[10] and phonon-drag TEP [14]. In addition to the alread
existing experimental observations, we predict a strong e
hancement of the hot electron energy loss rate at EDF
which is expected to be comparable with that of the SAW
attenuation.
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