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We consider relaxation processes that exhibit a stretched exponential behavior. We find that in
systems, where the relaxation arises from two competing exponential processes, the size of the s
may play a dominant role. Above a crossover timet3 that dependslogarithmically on the size of the
system, the relaxation changes from a stretched exponential to a simple exponential decay, whe
decay rate also dependslogarithmically on the size of the system. This result is relevant to large-sca
Monte Carlo simulations and should be amenable to experimental verification in low-dimensional
mesoscopic systems. [S0031-9007(97)02972-4]
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In recent years it has become clear that many relax
tional processes in macroscopic systems can be charac
ized by a relaxation functionQstd that exhibits a stretched
exponential behavior

Qstd , Qs0d expf2stytdbg , (1)

where0 , b , 1. Examples include viscoelastic relaxa
tion [1], dielectric relaxation [2], glassy relaxations [3–
5], relaxation in polymers [6,7], and long-time decay i
trapping processes [8]. Many more examples [9–1
suggest that Eq. (1) is common to a very wide range
phenomena and macroscopic materials.

The origin of the stretched exponential is not alway
clear. In many systems it is assumed to be the res
of a competition between two exponential processes.
some cases, e.g., trapping processes at long times,
assumption is well established, while in others, su
as relaxation in glassy materials, this assumption h
been controversially discussed [14,15] and alternati
models have been also suggested [10,16–18]. Less
known, both experimentally and theoretically, on th
corresponding behavior in mesoscopic systems where
expect the relaxation to depend on the system size.

In this Letter we argue that if the stretched expone
tial is due to two competing exponential processes, the
exists a characteristic timet3, which depends logarithmi-
cally on the size of the system, above which there is
crossover to an exponential decay. Thus, by varying t
size of the system this crossover time changes. This c
serve as an experimental test for identifying the origin
the mechanism leading to stretched exponential decay.

We assume that the relaxation function of the who
system can be represented by an integration over
possible statesn, namely,

Qstd ­
Z `

0
FsndQsn, td dn . (2)

Here,Fsnd is the probability that staten is occupied and
Qsn, td is the dynamic relaxation of thenth state.
0031-9007y97y78(17)y3338(4)$10.00
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Usually, in the case of a stretched exponential behav
Fsnd is assumed to behave asFsnd , exps2anad, while
Qsn, td decays exponentially with time asQsn, td ,
exps2btyngd. A number of dynamical models that yiel
a stretched exponential decay can be formulated in te
of Eq. (2). These include the long-time behavior in t
trapping problem [8], the target problem [18], dire
energy transfer [18], hierarchically constrained dynam
[14] and others. We now concentrate on two exampl
The first example is a particle diffusing in ad-dimensional
system with randomly distributed traps, where we a
interested in the survival probabilityQstd of a particle.
Here the staten represents a particle in a trap-free regio
of linear sizen; Fsnd is the probability for the occurrence
of a sizen trap-free region, andQsn, td is the survival
probability of the particle in this region [8]. The expone
a is the dimensiond of the system, andg ­ 2 due to the
diffusional motion. The second example is hierarchica
constrained dynamics, a model that has been propose
account for glassy relaxation [14]. This model assum
that the relaxation of leveln populated by spins occur
in stages, and the constraint imposed by a faster degre
freedom must relax before a slower degree of freedom
relax. This implies that the time scale of relaxation in o
level is subordinated to the relaxation below. A possib
realization considered in [14] and here is a system wit
discrete series of levels where the relaxation time of le
n is tn , ng [corresponding to the exponential form o
Qsn, td in Eq. (2)], and the weight factor of leveln is
Fsnd , e2an [12], corresponding toa ­ 1. The first
exponential in Eq. (2) is, accordingly, the probability
occupy leveln and the second exponential represents
decay of that level.

We can evaluate the long-time behavior of the integ
in Eq. (2) using the method of steepest descent. T
main contribution to the integral arises from the maximu
of the integrand in (2), which is obtained from th
minimum of the function2ana 2 btyng appearing in
the exponent. This yields that the main contribution
© 1997 The American Physical Society
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(2) comes from

np > sgbtyaad1ysa1gd, (3)

leading to Eq. (1) withb ­ aysa 1 gd , 1, and t ­
saybgda2gyafgysg 1 adg11gya .

However, as we show below, these arguments are va
only in the thermodynamic limit where the system siz
is infinite. For afinite system with a finite numberN
of spins (in the hierarchical constraint system) or a fin
numberN of traps (in the trapping system), the relaxatio
function depends explicitly onN. Since our discussion
is quite general for systems described by Eq. (2), in wh
follows we refer to spins and traps in the above examp
as elements.

For a single finite system consisting ofN elements, the
relaxation functionQstd represents an average quanti
over theN elements

Qstd ­
1
N

X
hnj

msndQsn, td , (4)

where the sum is over all possible statesn and msnd is
the number of elements at staten, with

P
hnj msnd ­ N .

Since the sum in (4) is over exponential functions, th
value ofQstd will fluctuate for different sets ofN. There
will be a distribution ofQstd, and we are interested in the
typical Qstd, which is around the peak of this distribution

In the thermodynamic limitN °! `, all statesn are
occupied, msndyN can be identified withFsnd, and
Eq. (2) follows. ForN finite, in contrast, there exists
a characteristic “maximum” staten ­ nmaxsNd, and this
nmax should replace the upper limit (`) in Eq. (2),

Qstd ­
Z nmax

0
FsndQsn, td dn . (5)

To estimate hownmax depends onN , we note that the
typical number of statesn in a sample ofN elements is
Zsnd > NFsnd > N exps2anad. States withZsnd ø 1
will not occur in a typical system ofN elements, and this
yields

nmax >
µ

ln N
a

∂1ya

. (6)

If np ø nmax, the upper limit in (2) can be approxi-
mated by infinity and thus leads to Eq. (1). However,
np ¿ nmax the main contribution to Eq. (5) will not be
from the maximum of the integrand, which is outside th
range of integration, but fromnmax. Thus, fornp ¿ nmax

we expect

Qstd > Qs0de2btyn
g

max, (7)

where the time constant of the relaxation,n
g
max, scales as

sln Ndgya. The crossover time from a stretched expone
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tial [Eq. (1)] to an exponential [Eq. (7)] can be estimate
from the conditionnp ­ nmax, from which follows

t3 >
aa
gb

µ
ln N

a

∂11gya

. (8)

The striking point in Eq. (8) is the logarithmic depen
dence onN , which putst3 in the range of observable
time scales measurable in mesoscopic systems. Inde
the corresponding relaxation valueQst3d scales as

Qst3d , N2ayg , (9)

independent of the microscopic parametersa and b. In
the case of the trapping relaxation mechanism whe
a ­ d andg ­ 2 we obtain

Qst3dyQs0d , N2dy2 , (10)

Qst3dyQs0d , N2dy2, while in the hierarchical constraint
dynamics

Qst3dyQs0d , N21yg . (11)

It is known [8(e)] that in both examples, for an infinite
system, the stretched exponential behavior of Eq. (1) s
in only at very long times. Thus we expect that i
the finite system, the crossover will mask the stretche
exponential pattern.

To test our analytical approach, we performed Mon
Carlo simulations on both the trapping model and th
hierarchical constraint model. In the trapping mode
we consider one- and two-dimensional systems with
fixed concentrationc ­ 0.5 of randomly distributed traps
and vary the sizeNyc of the system. We calculated
numerically the survival probabilityQstd of a particle
as a function oft and N. In the hierarchical model
we have chosentn , n, i.e., g ­ 1. We calculated
the relaxation function for system sizes varying from
N ­ 102 to N ­ 105.

As mentioned earlier, the relaxation function fluctuate
for different sets of N. For obtaining the typical
behavior of Qstd, we have considered therefore th
“typical” average Qstdtyp ; expskln Qstdld, where the
brackets denote an average over many sets ofN elements
[19]. For simplicity, we shall drop the index “typ” in the
following.

Figure 1 shows2 lnfQstdyQs0dg as a function oft in a
double logarithmic plot for (a) the trapping model ind ­
1 and d ­ 2, and (b) the hierarchical constraint mode
both for several system sizes. In all cases, a crosso
from an exponentb , 1 (at smallt) towardsb ­ 1 (at
large t) can be easily recognized. The crossover timet3

shifts towards larger values whenN increases.
To study the crossover behavior in a more quantitati

manner, we have plotted in Fig. 2 the local exponentsb
3339
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FIG. 1. Plot of 2 lnfQstdyQs0dg as a function of t in a
double logarithmic presentation for (a) the trapping model
d ­ 1 and d ­ 2, and (b) the hierarchical constraint mode
for several system sizes. For the trapping model, the syst
sizes areN ­ 2 3 103 (open square),2 3 105 (open circle),
2 3 107 (open up triangle),2 3 109 (open down triangle) in
d ­ 1, and N ­ 9 3 102 (full square),9 3 104 (full circle),
9 3 106 (full up triangle) ind ­ 2. For the hierarchical model,
the system sizes areN ­ 102 (full square),103 (full circle), 104

(full up triangle),105 (full down triangle).

obtained from the local slopes of Fig. 1, as a function
t. In both systems, for a fixed system sizeN, b first
decreases witht, reaches a minimum value at a certai
time that can be identified witht3, and then increases
monotonically with time towardsb ­ 1. The figure
shows that the minimum value ofb has not yet reached
its asymptotic value predicted for infinite systems, i.e
b ­ 1y3 (d ­ 1) andb ­ 1y2 (d ­ 2) for the trapping
system andb ­ 1y2 for the hierarchical system.

To show the dependence of the crossover timet3 on
the system sizeN we have plotted, in Fig. 3, the values o
t

aysa1gd
3 as a function of lnN . The crossover time was

obtained numerically from the position of the minima o
the curves in Fig. 2. The resulting straight lines are in fu
agreement with the prediction of Eq. (8), supporting o
analytical approach.

FIG. 2. Plot of the local exponentsb calculated from the
successive slopes of the corresponding curves in Figs. 1(a),
the trapping model and 1(b) for the hierarchical model. Th
horizontal dashed lines represent the corresponding asymt
(N °! `, t °! `) values ofb.
3340
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In the following we discuss the relevance of our result
to Monte Carlo simulations and experiments. There exis
a long standing puzzle in Monte Carlo simulations o
the trapping problem ind ­ 2 and 3, that the predicted
stretched exponential could not be observed [8], even f
survival probabilitiesQstdyQs0d down to10221 in d ­ 2
[8(b)] and10267 in d ­ 3 [8(g)].

Our finding of the logarithmic dependence ofQstd on
the system sizeN explains this puzzle. The Monte Carlo
simulations in d ­ 2 and 3 were typically performed
on 103 configurations with about104 traps, which is
equivalent to having a single system withN , 107

traps. Using Eq. (10), we expect forN ­ 107 traps
Qst3dyQs0d > 1027 in d ­ 2. Indeed, for times above
t3 the exponentb approaches unity as predicted by
our theory and as seen clearly in Fig. 2(a). Moreove
for this system sizeb never reaches the predicted
thermodynamic valueb ­ 0.5, the minimum value of
b is about0.65. For d ­ 3, Qst3dyQs0d > 10211 thus
for smaller survival values (t . t3) one again expects
increasing values ofb approaching unity. This explains
the exponential decay found in the early Monte Carlo
simulations. Our results show that this is not an artifac
but due to the finite size of the system. Moreover, the
clearly indicate that the thermodynamic limit cannot eve
be reached in one-dimensional macroscopic systems.

It would be of interest to test the above prediction exper
mentally by preparing experimental realizations where siz
effects can be controlled. Equations (8) and (10) sugge
that the behavior around the crossover can be measured
perimentally. For the trapping problem in linear systems
which has been studied experimentally [20,21], we expe
for 108 sites and concentrations of trapsc between1024

and1022, thatQst3dyQs0d , 1022 1023, which is a sur-
vival range that can be detected experimentally. The sam
arguments are valid for the target problem and therefore
similar crossover from stretched exponential to exponen
tial decay is expected in relaxation experiments in low
dimensional geometries [22]. Mesoscopic systems su

FIG. 3. Plot of t
aysa1gd
3 as a function of lnN , for (a) the

trapping model and (b) the hierarchical model. The straigh
line supports Eq. (8). The crossover timest3 were obtained
from the positions of the minima of Fig. 2.
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as quantum dots, are also promising candidates for
periments where the crossover can be relevant. Ident
ing the logarithmic size dependence in experiments m
provide support to the theories claiming that the observ
stretched exponential is due to competing exponential p
cesses, represented by Eq. (2).
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