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Coherent Electron Acceleration by Subcycle Laser Pulses
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Analytic three dimensional solutions for electromagnetic waves correct even for subcyclic pu
have been obtained. It is demonstrated analytically and via 1–2y2 dimensional PIC (particle in cell)
simulations that the irradiation of an intense subcyclic pulse on a thin plasma layer gives rise
pickup of all plasma electrons on the spot, accelerates them over a small distance, and leads to a
coherent, and ultracold electron beam. [S0031-9007(97)03038-X]
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Ultrafast laser pulse interaction with matter is an im
portant topic of research. The chirped pulse amplific
tion technique [1] has drastically advanced the laser pu
length compression in recent years [2]. Now we witne
even generation of subcyclic pulses in the microwave [3
far infrared [4], and femtosecond [5] regimes. We are i
terested in an intense subcyclic pulse interaction with m
ter (i.e., plasma, as the pulse is intense). While an inten
short (but not shorter than a single period) pulse injected
an underdense plasma is known to create a wakefield
the new physics in this ultrashort (subcyclic) regime b
yond the laser wakefield creation is largely unknown.
this Letter, we illuminate some of the issues that arise w
this type of interaction. Our work may also be looked upo
as a continuation of research for an efficient method to pi
up electrons in matter to accelerate to higher energies w
out severe spread, the so-called problem of injection [7

Electromagnetic waves (or pulses) shone on a foc
region take a three-dimensional expression. Laxet al. and
other researchers [8,9] have investigated such for a lo
beam. Here we investigate solutions for a pulse
arbitrary length (and thus inclusive of a subcyclic puls
propagating in thez direction. Using the vacuum wave
equation for thex component of the electric field, we find
the closed form expression
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for the Fourier frequency components ofEx. Since
we assume the electromagnetic field to be present
away from any sources and boundaries, the limits
integration in Eq. (1) must be chosen in a way th
the resulting modes do not exponentially grow o
decay, i.e., p, q, and

p
1 2 p2 2 q2 must be real.

Picking Ẽxsx, y, z  0; kd  E0skd expf2r2yw2
0 g and

assuming the three-dimensional pulse to have the sa
frequency spectrum as its one-dimensional count
part, Asp, q; kd is uniquely determined asAsp, q; kd 
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E0skdk2w2
0y2 expf2k2sp2 1 q2dw2

0y4g, where E0skd
is found from the Fourier transform of
E0 expf2sz 2 ctd2ys2s2dg cosfk0sz 2 ctdg to beE0skd 
E0s expf2sk2

0 1 k2ds2y2g coshfkk0s2g. Here,E0 is the
overall amplitude of the laser pulse,w0 is the spot size
of the laser pulse at the focal plane,s characterizes
the pulse length, andk0 is the k number affiliated with
the center frequency of the pulse. With the abov
choice of Asp, q; kd, Ex is cylindrically symmetric in
r 

p
x2 1 y2 and the double integral in (1) can be

reduced to an integral over the dimensionless variab
b 

p
1 2 p2 2 q2. Inserting Asp, q; kd into (1) and

back transforming into time space, we find
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Assuming further thatEysr , z, td ; 0 for all r, z, and
t, the other electromagnetic field components are foun
using the vacuum Maxwell equations$= ? $E  0 and
≠ $By≠t  2c $= 3 $E,
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and
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as
, this
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Other authors [9] have argued that the integral overb in Eqs. (2)–(6) can be evaluated to a good approximation
long askw0 . 0.4 for all frequencies present in the pulse. While this is true for long (monochromatic) pulses
approximation fails for our cases of short, large bandwidth pulses. In passing, we note that theEx field (2) can be
evaluated in a simpler expression forr  0 andz  0 or z large,
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and

Ex

µ
r  0, jzj . s; jzj .

w2
0

s
, t

∂


E0

2
exp

∑
2

sz 2 ctd2

2s2

∏
3

Ω
expfik0sz 2 ctdg

z 2 ct 2 ik0s2

z 2 ct 2 ik0s2 1 zyr2
1 c.c.

æ
, (8)
r,

r

d

where we definedr  w0ys
p

2 sd to be proportional to
the ratio of spot size and pulse length. In (7) and (8
Ex approaches the correct limit for a one-dimension
pulse of arbitrary length (r ! `) as well as for a three-
dimensional long pulse (r ! 0 ands ! `). Forsk0 #

O s1d, (7) indicates a propagating unipolarlike solution.
On axis, we findEzsr  0, z, td  Bxsr  0, z, td 

Bzsr  0, z, td  0 for all z and t such that we are left
with Ex and By (Fig. 1) as the only nonvanishing fields
For the fields (2)–(6) inside the focal region (r ø w0,
jzj ø w0) of a large spot size pulse (r ¿ 1), we can then
use the one-dimensional field expressionsEx  By 
E0 expf2sz 2 ctd2ys2s2dg cosfk0sz 2 ctdg to determine
the electron motion due to its interaction with the elec
tromagnetic radiation.

In this regime, we can calculate the single electro
motion in an electromagnetic wave traveling in thez
direction: Thez component of the relativistic Lorentz

FIG. 1. Ex at (a)ct  0 and (b)ct  10s for w0  5s.
The vertical axis is normalized toE0, and thex andz axes are
in units of s. While the field evolves into a full cycle pulse
on axis [see Eq. (8)], the subcyclic character remains visible
the edges. This is due to faster spread of the lower frequen
components so that the fields on axis far away from the foc
region mainly contain the high frequency components.
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equation together with the time dependence of the powe

d gs1 2 bzd
dt

 2es $b ? $E 2 Ez 2 bxBy 1 byBxd

. 0 , (9)

can be used to find the approximate constantgs1 2 bxd
of the electron motion. Also, for the motion in they
direction, we find

m0c
dsgbyd

dt
 2esEy 1 bzBx 2 bxBzd . 0 . (10)

Within this parameter regime, we can follow the analysis
of Scheid and Hora [10] to determine the electron
motion due to its interaction with a laser pulse of the
form (2)–(6) inside the focal region: For$yinit  0,
we integrate thex component of the relativistic Lorentz
equation with respect tou  z 2 ct to obtain gbx 
A ; eysm0c2d

R`
2` Exsud du, which, with the help of

Eq. (9), enables us to write the relativistic Lorentz facto
in terms of the initial electric field

gfinal  1 1 A2y2 .

For a wave train with more than a few oscillations,
A vanishes in accordance with the Lawson-Woodwar
theorem [11]. For subcyclic (unipolarlike) pulses, this
theorem does not apply and accelerationsjAj . 0d takes
place.

Introducing the normalized vector potential
a0 ; seE0dysm0k0c2d, the electron energy gain for
an initial wave packet of the form (2)–(6) becomes

DE  m0c2psk0sd2a2
0 expf2sk0sd2g . (11)

Maximum gain for a given field amplitudeE0 is thus
obtained atk0s  1, which entails the optimum pulse
width being shorter than one wavelength.
3311
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In our proposed setup, we inject such an ultrashort las
pulse of high intensity into a plasma slab of finite lon
gitudinal extent. Because of their interaction with th
wave packet, the electrons will be expelled from the initia
plasma region, while the massive ions remain inertial o
such a short time scale. Since an ambipolar electrosta
field Eamb will be generated by the separation of plasm
electrons and ions, the initial laser pulse must be power
enough for the electrons to overcome this repulsive forc
Using (11), we find the conditionDE .

R`

0 Eambszd dz,
but sinceEambszd will decay in both the longitudinal di-
rection (due to a finite spot size) as well as in time (due
the response of the remaining plasma outside the transv
sal focal region), we can estimate the condition to b
come m0c2psk0sd2a2

0 expf2sk0sd2g .
RLp

0 4pn0e2z dz,
or, assumingk0s  1,

a2
0 .

exps1d
2p

√
Lp

cyvp

!2

. (12)

Here n0 is the electron density of the initial plasma,Lp

is its longitudinal extent, andvp is the plasma frequency.
This shows that even small plasma lengths of the order
the plasma skin depthcyvp require relativistically strong
field amplitudes (a0 $ 1). Similar to this, we find an
upper limit for the number of particles per unit area tha
can be accelerated per shot,

NyS  n0Lp , a2
0yf2reLp exps1dg , (13)

where re  e2ysm0c2d and S is the transversal area
over which the intensity of the wave packet is nearl
constant [typically O s1yk2

0d]. For plasma lengths of
the order of 1 mm, the upper limit for the number
of electrons per unit area isNySfmm22g , a2

0O s1013d,
which even for moderate values ofa0 seems to be
sufficient to fulfill the needs of particles per bunch in
modern acceleratorsyinjectors.

In our setup for the 1-2y2 dimensional particle in
a cell (PIC) simulations [12], we initialized the pulse
in a vacuum region outside the plasma slab and
it evolve into the layer (Fig. 2). After propagation
through the finite plasma, the pulse enters the vacuu
region behind the slab, carrying with it the expelle
electrons. The number of macroparticles used in th
simulations was 8000 on a211D large grid and the plasma
was quasineutral. The initial electron distribution wa
Maxwellian with an electron temperatureTe  10 eV.
For the results displayed in Fig. 2, we used a wav
packet with a0  10, v0yvp  30, and Lp  1cyvp.
Since the one-dimensional electrostatic potential creat
by the charge separation does not decay, we stopp
the simulation at a point when the electrons are ju
about overtaken by the wave packet (tend  15yvp). In
reality, multidimensional effects let the potential decrea
at increasing distant (see above). Those effects we
manually implemented into our 1-2y2 dimensional PIC
code, but since they do not yield any qualitativel
different results, we left them out for this Letter.
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FIG. 2. Initial and final transversal electric field and phas
space forLp  1cyvp, v0yvp  30, and a0  10. Inset:
blowup of the final longitudinal phase space.

The initial normalized longitudinal emittance is

einit
N 

s
1

12
L2

p
Te

m0c2
, (14)

or about 4.04 3 1024 Lpfmmg
p

TefeVg mm mrad. Be-
cause of the quasi-instantaneous acceleration of the el
trons to relativistic velocities, space charge effects a
practically absent, so that for strong pulses the longitudin
emittance remains unchanged. In Fig. 3(a) we displaye
the phase space volume, an approximant in the adiaba
regime to the emittanceeN , as a function of time for runs
with a0  10, v0yvp  30, and the 3 different plasma
widths Lp  s1y3, 1, and 3dcyvp. The wave packet is
initially centered at 1 and the plasma slab starts at2cyvp ,
so that the pulse enters the plasma at a timet . 1yvp,
causing a big spread in momentum space between t
electrons at the left and those at the right edge of th
plasma. Once the pulse passes the slab, the spread
creases again and the longitudinal emittance decays to

FIG. 3. Normalized phase space volume andgav as a function
of time for (a)a0  10, Lp 

1
3 (dotted), 1 (solid), and 3

(dashed line)cyvp and (b)a0  5 (dotted), 10 (solid), and
20 (dashed line)Lp  1scyvpd.
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original value, even though the actual distribution becom
stretched along the momentum and compressed along
space axis (see inset of Fig. 2). Figure 3(a) also displa
the average relativistic Lorentz factorgavstd as a function
of time for the same three runs. In all three cases, the a
celeration of the particles is almost identical as soon as t
pulse reached the far end of the plasma slab. In partic
lar, we find the finalgav for Lp  1 to be well above 150
(see inset of Fig. 2), compared with the predicted one
g

pred
av . 116.6 [Eq. (11)]. This finds its explanation in the

change of group velocity of the laser pulse and hence
increase in interaction time between particles and wa
packet. The strong modulation of the final pulse sha
(Fig. 2) can be explained by the loss of the pulses dc fie
component and dispersion effects within the pulse due
the interaction with the electron bunch.

Figure 3(b) shows the average relativistic Lorentz fa
tor gav and the normalized longitudinal emittanceeN for
runs with v0yvp  30, Lp  1cyvp , and varied laser
intensity a0  5, 10, and 20. WhileeN returns to its
initial value, gav increases with highera0. The peak
values for gav are found to scale witha2

0 as expected
from Eq. (11), compared to the laser wakefield acceler
tion with gav ~ a2

0 v
2
0yv2

p [6,13].
Similar to Eq. (14), the initial normalized transvers

emittance is e
init
N ,trans 

p
sSTedyspm0c2d or about 7.9p

Sfmm2gTefeVg mm mrad, whereS is the irradiated area
of the initial plasma as used in Eq. (13). Because
the three-dimensional nature of the electromagnetic field
the electron beam might encounter an emittance grow
owing to unstable regions of betatron oscillations durin
the process of acceleration. Additional spread due
the transverse accelerating structure is possible, but th
growth rates can be minimized for a geometry with
loose focus [r  w0ys

p
2sd ¿ 1].

Here we should point out that the present mechanis
does not necessarily require a subcyclic pulse. Interact
of electrons and a finite (multicycle) wave train with a
sharp rising edge (such that high intensities are reach
within the first half-cycle) gives rise to the same acceler
tion, but requires decoupling of the wave and particle
before the electrons enter the second half-cycle.

For the properties stated above (the total electro
pickup, ultralow emittance, and energy scaling), th
mechanism should work well for a compact particl
injector to conventional or novel accelerators as we
as a source for high brilliance x rays. In terms of
tabletop electron injector to accelerators, a Ti:sapph
laser sl0 ø 800 nmd operating at an intensity of
3.6 3 1018 Wycm2 sa0 . 1.3d and targeted onto a few
mm thick plasma layersne ø 2 3 1018ycm3d, we can
expect about3 3 1012 electronsymm2 at 1 MeV kinetic
energy and with a normalized longitudinal emittanceeN

of about3 3 1023 mm mrad.
Another future application of this acceleration mecha

nism might be the use as a bright x-ray source. Becau
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the longitudinal particle bunching is small to begin with
[O scyvpd] and becomes compressed by a factor of abou
100 in the process of acceleration (Fig. 2), we may be abl
to achieve extremely short bunch lengths. Synchrotro
radiation becomes coherent (and thus enhanced over t
incoherent one by a factor of the number of particles pe
bunch) if the wavelengthl of the synchrotron radiation is
less than the electron bunch lengthlb [14]. With a metal-
lic film [ n0  O s1023ycm3d] of several ten atomic layers
for the initial plasma slab, the electrons can be bunched t
only a few Å or less, so that coherent synchrotron radia
tion in the soft x-ray regime around the “water window”
(l  2.3 4.4 nm [15]) can be generated.

Lastly, this mechanism may be also worthy of consid-
eration for eruptive astrophysical acceleration such asg-
ray bursts. Whiplike motion of strong shear-Alfvén waves
generated by an instability in an accretion disk or by othe
phenomena might be able to couple into subcyclic, stron
electromagnetic radiation which causes vast acceleratio
andg rays.
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